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PREFACE. 


THIS  edition  is  intended  for  teachers,  and  for  ihem  only.  The 
publishers  will  under  no  circnmstances  sell  the  book  except 
to  teachers  of  Wentworth's  Algebra ;  and  every  teacher  most  con- 
sider himself  in  honor  bound  not  to  leave  his  copy  where  pupils 
can  have  access  to  it,  and  not  to  sell  his  copy  except  to  the  pub- 
lishers, Messrs.  Ginn  &.  Company. 

It  is  hoped  that  young  teachers  will  derive  great  advantage 
from  studying  the  systematic  arrangement  of  the  work,  and  that 
all  teachers  who  are  pressed  for  time  will  find  great  relief  by  not 
being  obliged  to  work  out  every  problem  in  the  Algebra. 

0.  A.  WENTWORTH. 


Ui 


ALGEBHA. 


Exercise  1. 

When  a=  1,  6  =  2,  c  =  3,  J=4,  e  =  fi,  /=0! 


1.  9a-f  26  +  3C-2/ 
=9+4+9-0 

=  22. 

2.  4e-3a-.36  +  5c 
=  20-3-6  +  15 
=  26. 

3.  8a6c  — 6c<i  +  9c<fe  — d^ 
=  48-24  +  540-0 

=  564. 

J,    4ac  ,  86c     5ci 
6         a         e 
=  6  +  12-12 
=  6. 

2ac 
=  35  +  24-20 
=  39. 

6.  a6c«  +  6crf'-cfea«+/' 
=  18+96-20  +  0 

=  94. 

7.  <;*  +  6e262  +  6*-4«»6-4c6» 
=  625  +  600  +  16-1000-160 
=  81. 

g    8a»  +  36'     4c»  +  6y     c«  +  cg^ 

8  +  12     36  +  24     ^  +  16 
"     4  5      A(  25 

=  5  +  12-, 
»16.  /" 


9    * 


10. 


11. 


6* 

"2* 
-2. 

c^  +  6« 
c»-6« 

"3»-2» 
125  +  2 
9-8 
=  127. 

6<^  +  (fr 
ja  +  d«  -  6rf 
2»  +  4» 
2»  +  4«  -  8 
8  +  64 
"4+ 16-8 
=  6. 

e^  +  ecZ  +  rf' 
5»-4» 
""  5«  +  20  +  4« 
125  -  64 
25  +  20  +  16 
=  1. 


13.  100  +  80  +  4 

=  100  +  20 
=  120. 


12. 


ALGEBRA. 


14.  75  -  25  X  2  20.  3a?  +  7y  -J-  7  +  a  X  y 
=  75-50  =9  +  35-^7  +  2x5 
=  25.  =9  +  5  +  10 

15.  25  +  5x4-10-^5  ^  ^'** 
=  25  +  20-2 

=  43  21.  Qb~Sy-sr2yxb-2b 

=  60-40-^100-20 

16.  24-5x4-^10  +  3  =60-|-20 
=  24  -  20  -^  10  +  3  =  394. 

=  24-2  +  3 

^^'  22.  (6b-8y)^2yxb  +  2b 

17.  (24-5)x(4^10  +  3)  =(60-40)^10x10  +  20 
=  19x(i  +  3)  =20^100  +  20 

=  19x¥  =20i. 

=  64|.  23.  6b-{Sy-r-2y)xb~2b 

18   a?i/  +  4ax2  =  60  -  (40 -i- 10)  X  10  -  20 

10.  xy  +  4  a  X  i2  =  fio  _  40  _  50 


=  15  +  16 
=  31. 


=  60-40-20 
=  0. 


19.  a;y-156-5-5  24.  6b-i-{b-y)-Sx  +  bxy+lOa 
=  15_ip  =60-^(10 -5) -9 +  150+20 

=  15-30  =12-9  +  7} 

=  - 15.  =  10  J. 


Exercise  2. 

1.  Express  the  sum  of  a  and  b.    o  +  6. 

2.  Express  the  double  of  a:.    2x. 

3.  By  how  much  is  a  greater  than  6?    a  —  6. 

4.  If  a;  be  a  whole  number,  find  the  next  number  above  it. 

a;  +  1. 

5.  Write  five  numbers  in  order  of  magnitude,  so  that  x  shall 
be  the  middle  number. 

■  a?  — 2,   a  — 1,   X,  x  +  1,   a;  +  2. 

6.  What  is  the  sum  of  a:  +  x  +  a:  + written  a  times? 

ax. 

7.  If  the  product  is  xy  and  the  multiplier  x,  what  is  the  multi- 
plicand ? 

xy^x  =  y. 
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8.  A  man  who  has  a  dollars  spends  6  dollars;  how  many 
dollars  has  he  left? 

a- 6. 

9.  A  regiment  of  men  can  be  drawn  np  in  a  ranks  of  b  men 
each,  and  there  are  c  men  over;  of  how  many  men  does  the  reg- 
iment consist? 

ab  +  e. 

10.  Write,  the  sum  of  x  and  y  divided  by  c  is  eqnal  to  the 
product  of  a,  &»  and  m,  minus  six  times  c,  and  plus  the  quotient 
of  a  divided  by  the  sum  of  x  and  y, 

c  aj  +  y 

11.  Write,  six  times  the  square  of  n,  divided  by  m  minus  a, 
plus  five  6  into  the  expression  c  plus  d  minus  a. 

-^^  +  66(c  +  d-o). 
m  —  a 

12.  Write,  four  times  the  fourth  power  of  a,  diminished  by 
five  times  the  square  of  a  into  the  square  of  &,  and  increased 
by  three  times  the  fourth  power  of  b. 

4a*-5a«6«  +  3M. 

Exercise  3. 

1.  +16  +  (-ll)  4.  -74-(+4) 
=  16-11  =-7  +  4 
=  5.  =  -  3. 

2.  _  15  +  (-  25)  6.  +  33  +  (+  18) 
=  ^15_25  =33  +  18 

=  -40.  -51. 

3.  +  68  +  (-  79)  6.  +  378  +  (+  709)  +  (-  592) 
=  68-79  =  378  +  709  -  592 

=  -11.  -495. 

7.  A  man  has  $5242  and  owes  $2758.  How  much  is  he 
worth? 

1 5242  +  (-  f  2758)  =  $  5242  - 1 2758  =  f  2484. 

8.  The  First  Punic  War  began  b.c.  264,  and  lasted  23  years. 
When  did  it  end? 

_264  +  (+23)  =  -264  +  23  =  -241;  i.e.  241  b.c. 
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9.  Augustus  Caesar  was  born  B.C.  63,  and  lived  77  years. 
When  did  he  die  ? 

-63  +  (-f  77)  =  +  14;  i.e.  14A.D. 

10.  A  man  goes  66  steps  forward,  then  37  steps  backward, 
then  again  48  steps  forward.    How  many  steps  did  he  take  in 
all  ?    How  many  steps  is  he  from  where  he  started  ? 
65  +  37  +  48  =  150.        65  -  37  +  48  =  76. 

Exercise  4. 

1.  5ab  +  (-5ab)  6.   1ab  +  (-5ah) 
=  5ab  —  bab  ==lab  —  bab 
=  0.                                                      =2a6. 

2.  8ma;  +  (-2?7Uc)  7.   120my  +  (-95my) 
=  ^7nx  —  2mx  =120my  — 95my 
=  6  mx,                                              =  25  my. 

3.  -lZmng-^{-1mng)  8.  - 33 aft' +  (11  a6«) 
=  -  13mng-7mng  =  -  33a6*  +  llai' 
=  -20mng.  ^~22ab\ 

4.  -5x2  +  (+8(c«)  9.  -15xy  +  {+20xy) 
=  — 5a;»  +  8a^  ^  —  Ibxy  +  20xy 
=  3ic*.                                                   =  — 55jry. 

5.  25my«  +  (-18mv»)  10.   +  15  aV  +  (-aV) 
=  25  mf  -  18  my'  =  15  a^x^  -  aV 

=  7  my*.  =14aV. 

11.  5a  +  (-36)  +  (+4a)+(-76) 
=  5a-36  +  4a-7i 

=  9a -106. 

12.  4 a^c  +  (-  lOxyz)  +  (+  6 a^c)  +  (-  9 xyz)  +  (-  11  a«c)  +  (+  20 xyz) 
=  ia^c  —  lOxyz  +  6a'c  —  Qjcyz  — 11  a^c  +  20a^2 

=  —  a*c  +  xyz. 

13.  3a;22/  +  (- 4a6)  +  (- 2mn)  +  (+  5x^y)  +  (- jc'y)  +  (- 4tx^y) 
=  3  3^y  —  4  a6  —  2mn  +  5  xh/  —  ic*y  —  4  jc*y 

=  3  x^y  —  4a6  —  2mw. 

Exercise  5. 

1.  5a  +  36+    c  2.     7a-46+    c 

3a  +  36  +  3c  6a  +  36-5c 

a  +  36  +  5c  —12a          +4c 

9a  +  96  +  9c  a-    b 


TEACHERS     EDITIOX. 


3.  a-\-    b  —  c  7.    x*-2a:»  +  3j» 

—  a+    b  +  c                                               a:»+    a:»+    X 
a—    b+c                                4a:*  +  5j^ 
g-f-    b  —  c  +2a^  +  3ar-4 

2a +  26  ~3j»-2.r-5 

4.  a +  26  + 3c 
2a-    6-2c  g^    a«  + .Ta6»-3a»6-    6* 


-a+    6—    c 

—  a—    6  +    c 

a  +    6  +    c 


2a'--(;a6«  +  5a«6            -76* 
^'-    a6» +26» 

4a»  -4a6»  +  2a«6  i    >   -76* 


6.         a-26  +  3c+4rf  ^       «   ,      «  ,         «     , 

-2a  +  36-4c  +  5rf  »•    i?,^  '  ?^  ^- i?/^' 

+  3a-46  +  5c-6rf  12a6-0ajx  +  lOax^ 

-4a  +  56-4c  +  7<^  -  «a6-5a»j ^_jii^ 

-2a  +  26  +10ci  Ga6-9a^xi     7(U^  f  ar» 

6.  cc»-   4ic«+   5a;-  3       10.        c*   -  3r»  +  2c» -4r  +  7 

2a:»-14a:«-14x+  5  2c*  t  3^3  +  2^^  f  fir  i  i\ 

-    0:*+    9a:«+      ar  +  8  -4r*  4r-»  -  5 


2a:»-    9a:«-    8a;  +  10  -    c*  +    c  t  « 

11.  3a;*  —    an/  +  XZ-  Zy^  +    4y2  -    2» 

—  5a;*—    xy  —  xz  +    5y2 

6a;*  -Gy    -C2 

4y2 

-    b'yz  \  32* 

—  4a;* +    .V*  +    *^.V~  '  -'^-^ 

—  2a;y         —  2y*  h  1 1  y^  I  r>2''     (Jy  —  O2 

12.  m*-3m*n-6m'n' 

—  5m*n+    TO*n*  +    m*n* 

+  7m' w'  +  4  m*  /i'  —  3mn* 

—  2  w*  n'  —  3  mn^  -\-  4  ?i* 
3m*  +2mn*4  2;<* 

2m*  +  7m*n z__2L* 

6  m*—    m*  n  +  2  7/1*  ?i*  f-  3  w-'  «=*   -  I  mn^  f  5  n* 


Exercise  6. 

1.  +25 -(+16)  3.   -31 -(+58) 
=  25-16  =  »  31  -  58 
=  9.  =-89. 

2.  -50 -(-25)  4.   +107 -(-93) 
=  -50  +  25  -107  +  93 

=  -  25.  -  200. 
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G.  Rome  was  ruled  by  emperors  from  b.c.  30  to  its  fall,  a.d. 
476.    How  long  did  the  empire  last? 

476  _  (-  30)  =  476  +  30  =  506 ;  i.  e.  506  years. 

6.  The  continent  of  Europe  lies  between  30°  and  71°  north 
latitude,  and  between  12°  west  and  03°  east  longitude  (from 
Paris).  How  many  degrees  does  it  extend  in  latitude,  and  how 
many  in  longitude? 

71_(+36)  =  71~36  =  35. 

12-(-63)=12  +  63  =  75. 


Exercise  7. 

1.  5a;-(-4ar)  8.   -4rry-(-5a:y) 
=  5a;4-4a;  =  —  Axy  -\-bxy 
=  9a?.  =xy. 

2.  -3a6-(+5o5)  9.  8ax-(-3ay) 
=  —  ^ab~bah  =8aaj  +  3ay. 

"""    ^  '  10.   2a52y-(+a6y) 

3.  3a&2-(+10a62)  ^2(ih^y-aby. 

=  3a6^  — 10o6*  --     o^  .  /r  5N     / .  o  «\ 

_     K   T2  11.  9a:2^(5a.2)_(+8a;«) 

--^'^^'  =9a;2^5a,2_8a:2 

4.  15m2x2-(-7m2a;2)  =6a^. 

=  22m«.^.  =5^2yVl8(r2/-10^y    ^ 

5.  _7a3/-(-3a3/)  =1^^^' 

=  _7ay  +  3a3/  13.   17aa:3  .(.^aJJ) -(+ 24aar») 

=  -4ay.  =17aic»  +  aic»- 24  ar» 

6.  17aa^-(-24aa:3)  =-6ar». 

=  170x3 +  24aar»  14.   -3a6  +  (+ 2ma;)-(-4ma;) 

=  41cwr'.  =  — 3a&  +  2ma;  + 4wa; 

=  —  3a&  4-  Gmaj. 

7.  ba^x-i-^d^x) 

=  5a2a;  +  3a2a?  15.  3a-(+ 26)-(-4c) 

=  8a^a:.  =3a  — 26+4c. 


Exercise  8. 

1.   6a-26-    c  2.   3a-26  +  3c 

2a  — 26  — 3c  2a -86-    c 

4a  +2c  a  +  66+4c 
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3.  7a:'-8a;-l  6.  x^-Zxy-   y«-fy2-22» 

5x^-6x4-3  a:»-h2jy-3y» -2;«  +  5jj 

2ir»-2a:-4  -5'ry  +  2y^+y2  -r>j: 

4.  4a^-3ar'-2a;»-   7a:  +   9        7.       a»-3a«6  f  3aA«-    i» 

g4_2a:3-2a:»4-    7ar-   9  -  a»  +_3a^6  --  3aA«  f  Jr" 

3a;4_    aJ»  -14a: +18         ,      ^i(V~\\d^b  \  Cuib-"  -21^ 

5.  2a:2_2oa;  +  3a«  8.  i*-5xy  f    rz -y' f  Tyz  I  2c^ 

re'  —    oa;  +    a'  a:*  -~    ry  —    xz         4  2vc  <  3;^ 

ar^—    oa:  +  2a'  --4.ry}2x2     y'M  Tiy^--    c» 

9.  2(ia:«  +  3a6x-.462a:  +  122»» 

aai:'  — 4a&j  — 5yg f  fc.r'  —  a-' 

ax*  +  7a6i'  +    i^j;  f  12^r»  -  iar*  +  ar» 

10.  Gar»-7ar*y +  4jy»-2y'-    r)x»  f    x»/ -    1 »/»  f  2 
8ar^-7a:*y-f    xy^  -    i/^  f    9 a^  -    a;/  f    <>)/     4 

-2ar»  +32y»-    y=»  -  1 4  x^*  f  li'y    -  lOy^  i- G 

11.  a*-    6* 

-f4a»6-Ga^6'  \  4a6» 

2a*-2b*-4a'h^6aH''  \4 al? 
-  a*+    M   "  -8a63" 

12.  a:»y2-3a:2y»  +  4.Ty*-    y* 

—  4.n/*  —  4;/^ --  a:*  +  2a:*j^ 

s?y^~?,3^y^  -V  ^xy*  f  3?,'^  }  .r"*  ~2x*y 

a^y^  —  3  x^y*  +  4  a^*  —    t/* 

—  4.ry^  —  4?/^  —    .t^  i  2a;*y 

a^y^  —  'Sx^y^  —t)y^-     a-»  I  2a:*y 

a^y^  ~  3jc^y^  +  8ry*  +  Si/'  ^    ^      '^^*y 

-  Sa-y*  --  8y*  -  2ari  +  4a-*y 

13.  a«6«-    aV;c-8a62c_a»c2+    a/^r^-G^^c' 

a2  6»-3a^6c-3a62c-a-^c2-    a6c=»-    Z/^^c^ 

14.  12a  +  36-5c-2^=69  16.   2ar»-y*-2a:y 4-    z' 
10a-    6  +  4c-3c?  =  45  a:'-?/'  +  2gy-    c^ 

2a  +  46-9c+    c?=24  a:*         -4a:y+22« 

15.  5 -a. 

2a»-6a26  +  6a62-265  17.     12ac  f    8«?-  9 

c^-*Ja^h -3Z;3  -7ac-   9ci4-  8 

oS-f    d^h  +  (^ab'*-¥    ^  19ac  +  17cd-17 
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18.  -   6a2  +  2a6-3c2  22.      3ar»  +  2a?v-    'u' 

4a«  +  6a6-4c«  -   g^'-Sa^  +  Sy^ 

-10a2-4a6+    c"  4r»  +  5ary-4y2 

3a^  +  4gy  —  5y^ 

19.  9jr3/-4a;-3y  +  7  ^'' +^  ^  +    y^ 
8:ry-2.-K3y^G                     ^3^   ^^_ 

aaj^  —  hy'^  —  (^-\-  dy^ 

20.  —  a^bc^   ab'^c+    ah(?^  abc 

a:^bc+    a¥c-    abc^+  abc   24.   aa;  f    bx -h    by-\rcy 
-2a:'bc-2ab^c  +  2ab(^-2abc  go;-    bx-    by  +  cy 

2bx  +  2by 

21.  7ar«-2a;  +  4  25.  Sa;^  +  4a;-4i/ +  Sy^ 
2a;''  +  3a;-l  5a;'^- 3a;  +  3y  +  y^ 
5a;2-5a;  +  5  'jx  —  7y  +  2y^ 


a^b^-^12abc~9ax^ 


4:ab^  —  Qacx  +  3a^x 


a^b'^  +  12abc  -dac^-  4:ab^  +  6acx -Sa^x 

27.  a«-2a6+c2-362  29.    2x^-2y^~    ^ 
2€?-2ab         +36^  2ar'  +  3.v'^-    2« 

—  a^  —  2i/*'^  +  32* 

28.  a2+    62+    ^+    ^  ar^-3v2-3? 


~d} 

+ 

c'-Qh' 

a? 

+ 

6^  + 

c2  + 

ci* 

6^  + 

C2  + 

ci2 

a* 

+ 

6*- 

c2- 

ci* 

a* 

— 

&«  + 

c2  + 

^2 

3  a' 

+ 

262  + 

2c2  + 

2ci3 

6^  + 

c2  + 

cP 

a? 

+ 

6«- 

c2- 

ci* 

c? 

_ 

6^  + 

c2  + 

^ 

-c? 

+ 

V'-V 

c2  + 

<i2 

30.  -2a?  +    a^c^2a(? 
J- a?  —    c?c—    a^ 

a2  +  262+2c2  +  2^  _    «»•             +    ac* 

3  a2  +  262  +  2c2  +  2(^2  aS  _  2a2c  +  3ac2 

a2  +  262  +  2c2  +  2cP  -    a» +    ac^ 

2a2                             "  2a3-2a2c  +  2ac2 


Exercise  9. 

1.  (a  +  6)  +  (6  +  c)--((i  +  c)  2.  (2a-6-c)-(a-26  +  c) 

=  a  +  6  +  6  +  c  — a  — c  =2a--6  — c  — a  +  26  — c 

=  26.  =a  +  6-2c. 
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3.   {2x-y)-(2y-z)-{2z-x)     4.   {a^x-^y)-^b-x-\-j/)+{e+2y) 
=  2x  —  y  —  2y  +  z  —  2z  +  x  '^a'-x-'y  —  b  +  x-y-k-e'\-2y 


=  3x  — 3y  —z. 


«  a  —  J  +  c. 


6.  (2x-y  +  32)  +  (-a?-y-42)-(3x-2y-«) 
=  2a;  — y+3z  — X  — y  — 42  — 3j;+2y  +  « 
=^  —  2x. 

6.  (3a-6  +  7c)-(2a  +  36)~(r)6-4r)  +  (3c-a) 
=  3a-6  +  7c  — 2a  — 36~66  +  4c+3c-a 

=  -96  + 14c. 

7.  l-(l-a)+(l-a+a«)-(l-a  +  a«-a«) 
=  1  —  1+a  +  l— a  +  a»  —  l  +  a-a'  +  o* 
=  a  +  a*. 


8.  a-{2b-(Sc-h2h)  -a} 
=  a~{2b-Sc-2b-a} 
=  a  — 26  +  3c+  26  +  a 
=  2a  +  3c. 

9.  2a-{6-(a-26)} 
=  2a-{6-a+26} 
=  2a-6-Ha-26 

=  3a-36. 


10.  3a -{6  \  (2a -6) -(a -6^} 
-3a  -J6  i-2a-6-a-f  6} 
=  3a  —  6  — 2a  + 6 +a-  6 

-  2a  -  6. 

11.  7a-[3a-{4a~(5a--2a)}l 

--7a-r3a-{4a~r)a  +  2a}; 
-^  7a   -[3a  -4af5a-    2*'] 
=-i  7a  -3a-{  4a  — 5a  i  2a 
=  5a. 


18.  {(3a-26)  +  (4c-a)}-{a-(26-3a)-c}f{a-(6-5c-a)} 
=  {3a  — 26  +  4c  — a}  — {a—  26  +  3a  — c}  +  {a  — 6  +  5c  +  a} 
=  3a  — 26  +  4c  — a  — a  +  26  — 3a  +  c  +  a  — 6  +  5c  +  a 
=  -6  + 10c. 

14.   a-[2a  +  (3a-4a)]-5a-{6a-[(7a  +  8a)-9a]} 
=  a-[2a  +  3a-4a]-5a-{6a-[7a  +  8a-9a]} 
=  a  — 2a  — 3a  +  4a  — 5a— {6a-7a  — 8a  +  9a} 
=  a-2a-3a  +  4a-5a  — 6a  +  7a  +  8a-9a 
=  — 5  a. 


16.   2a  -  (36  +  2c) -[56  -  (6c  -  66)  +  5c- {2a -(c  + 26)}] 


«2a-36-2c- 
=  2a-36-2c 
=  2a-36-2c-b6  + 
=  4a-166-2c. 


56-6c  +  66  +  5c- 
56-6c  +  66  +  5c 


c  +  26)}- 
-26}f- 


-{2a-c 
-2a  +  c  +  26]' 
66-5c  +  2a-c-26 
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>)\  +  {2a-(b  +  c))] 
-b}  +  {2a-b-c\] 


16.  a-[26+{3c--3a-(a  +  6)i 
=  a-r26  +  {'3c-3a-a- 
=  a  — [26  +  3c  — 3a  — a  — 6  +  2(1  — 6  — c] 
=  a  — 26-3c  +  3a  +  a  +  6  — 2o  +  6  +  c 
=  3a-2c. 


17.   iG-x-[7x~{Sx-(9x~'6x-6x)}] 
=  lG-x-[7x-{Sx-(dx-Sx-\-6x)]] 
===lQ-x~-[7x-\Sx-dx  +  3x-6x}] 
=  1G  — a;  — f7aj  — 8a;+  9x-3x  +  6x] 
=  16  —  a?  —  7a;  +  8aj  —  9ic  +  3a;  —  6a? 
=  16 -12a:. 


18.   2rt-[36  +  (26-c)-4c  +  {2a-(36-^^^^j 

-'      -'       ;-4c  +  {2a-(3fe-c  +  2i 

j-4c4-{2a-36-f  c-26}' 


=  2a- 

=  2a 
=  2a 
-2a 
=  4c. 


36  +  26-c 
36  +  26-c 

364'26-c-4c  +  2a-36  +  c-26j 
36-26  +  c+4c-2a4-36-c  +  26 


19.   a -[26  + {3c -3a 


-(a  +  6)}  +  2a- 


)\  +  2a-(b  +  3c)] 
a-[26  +  {3c-3a-a-6  +  2a-6-3cJ 
a-[26  +  3c-3a-a-6  +  2a-6-3c] 
a  — 26-3c  +  3a  +  a  +  6-2a  +  6+3c 


-3a. 


a  -  [56  -{a  - (3c  - 36)  +  2c -  (a  -  26  -  c)}] 
=..a-r56-{a-3c  +  36+2c-a  +  26+c}] 
-a-[56-a  +  3c-36-2c  +  a-26-c] 


=  a  — 56  +  a- 
=  a. 


3c  +  36  +  2c-a+26  +  c 


Exercise  10. 


^ 


1.   2a-36-4c  +  c?  +  3c-2/ 
=  (2a  -  36)-(4c-  c?)+(3€  -  2f) 
=  (2a-36-4c)  +  (cif+3e-2J^). 


2.  a-2.'c+4?/-3z-26  +  c 

=(a  -  2x)  +  (41/  -  32)  -  (26  -  c) 
=(a-2a;  +  4y)-(3«  +  26-c) 


3.  a^  +  3a*-2a3-4a«  +  a-l 

=  (a*  +  3a*)  -(2a'  +  ^a^)  +  (a-  1) 
=  (a*  +  3  a*  -  2  a')  -  (4  a2  -  a  +  1). 

4.  -3a-26  +  2c-5(?-e-2/ 

=  -  (3a  +  26)  +  (2c  -  5(f)  -  (c  +  2/) 
=  - (3a  +  26  -  2c)  -  (5c?  +  c  +  2/). 

b.  ax  —  by  —  cz  —  bx  -h  cy  -\- az 

=  {ax  —  by)  —  (cz  +  bx)  +  {cy  +  az) 
=  {ax  -by  —  cz)  —  {bx  —  cy  —  az). 


teachers'  edition.  11 

6.   2x*-3ar*y +4a:»y*-5x»y*-f  m^-2y* 

=  (2ic5  -  3a:*y)  +  (4aY  -  5aV5  +  (ay*  -  2y») 
=  (2r^  -  3ar*y  +  4a^3;5)  -  (5a<y*  -  ay*  +  2/). 

(1.)  2a-36-4c+d  +  36-2/=(2a-36-4c)+(d  +  [3«-2/]). 
(2.)  a  -  2x  +  4y  -  32  -  26  +  c=(a  -  2x  +  4y)-(32  +  [26  -  r]) 
(3.)  a*  +  3a*-2a8-4a*  +  a-l=(a»  +  3a*-2a«)-(*a*-[a-l]). 
(4.)  -3a-26+2c-5d-e-2/=-(3a  +  26-2c)-(5rf  +  [e  +  2/]) 
(5.)  cm;  — 6y  —  cz—6j;  +  cy +  a2  =  (aar  —  6y  —  o)—(6a;-[cy  fofj) 
(6.)  2r^-3a;*y  +  4a:>y»-5aY  +  ay-2y»»(2a*-3ar*y +4j:'y») 

-(5x»y»-[ay*-2y«^]) 

8.  2aaj  — 6ay +  46z--46x  — 2cx~3cy 

=  {2a  -  46  -  2c)x'- (6a +  3c)y  + 4  6z. 

9.  oo:  — 6a;  +  2ay  +  3y  +  4 02— 362— 22 

=  (a  -  6)a;  +  (2a  +  3)y  +  (4a  -  36  -  2)2. 

10.  ax~  26y  +  5c2  — 46x  — 3cy  +  <iz  —  2cx  —  ay  4-  46* 
=  (a  -  46  -  2c)a; -  (a  +  26  +  3c)y  +  (a  +  4 6  +  5c)f. 

11.  12aar  +  12ay  +  46y  -  I262  -  15ca;  +  6cy  +  3c2 

=  (12a -  I5c)x  +  (12a  -I-  46  +  Gc)7j  -  (126  - 3c)2. 

12.  2aa;-36y  — 7c2  — 26a;  +  2cx  +  8r!2- 2ca;  — fy  —  C2 
=  (2a -  26  +  2c  -  2c)a;  -  (36  +  c)y  -  (7c  -  8c  +  c)« 
=  (2a -26)x-- (36 +  c)y. 


EXEKCISE    11. 

1. 

-17x8  =  - 

-136. 

4.  _i8x-5=+90. 

2. 

- 12.8  X  25 
=  -12.8x 

100 -^  4  = 

-320. 

6.  43  X -6  =  -258. 

3. 

3.29 
5.49 
2961 
1316 

1645 

18.0621 

6.  457x100  =  45700. 

7.  (-358  -  417)  X- 79 
=  -775x-79 

=  61225. 

8.  (7.512  -  {-  2.894})  x  (-  6.037  +  {13.963}) 
=  (7.512  +  2.894)  X  (-  6.037  +  13.963) 
=  10.406  X  7.926 
=  82.477956. 
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9.   13x8x- 

-7  1 

1.  -20.9 

=  104x- 

-7 

-1.1 

=  -728. 

209 
209 

.0.     -38 

22.99 

9 

8 

-342    ' 

183.92 

-6 

2052 


12.  -  78.3  X -0.57    =44.631; 

1.38  X -27.9 38.502; 

44.631  X  -38.502=  -1718.382762. 

13.  -2.906  X  -2.076=  6.032856 ; 
6.032586  X  -1.49  =  -8.98895544 ; 

-8.98895544  X    0.89 8.0001703416. 


Exercise  12. 


1.  6ax-2a  =  -12a2. 

2.  5mnx  9m  =  45mVi. 

3.  3aa;X  —  46y  =  — 12a6a^. 

4.  —Scmxdn  =  —  S  cdmn. 

5.  -7abx2ac  =  ~Ua^bc. 

6.  5  m^x  X  3  mx^  =  15  mV. 

7.  5a"*x-2a«  =  -10a"»+» 

8.  3aVx7aV  =  21aV. 

9.  7aX-46  =  -28a5; 
-28a6x-8c  =  224a6^. 

10.   8  a62  X  3  ac  =  24  a^ft^c; 

24  a'b^c  X  -  4  c^  =  -  96  a^A V. 


11. 


12. 


27  a6 
-39  my? 
243 

81 

—  1053  abmp 
\Sap 

8424 
1053 

-Udd^a^bmp^ 

6abY 

2bY 
12a&Y 

—  5  d^y 

-60aS6y 


13. 


14. 


7m'a; 

21  mV 
—  2mq 
-42m*^x3 

-18 
3p' 


-144^Y 


15.  2a2m8aj*x3amV=6aWa*; 
6  a'%^a;*'x4  a^mx^ =24:  a^m^x\ 

16.  6ar»y23x-9a^»yV=-54a;5y326. 
-b4ar'f^xSx*yz^-l62Jy*2^. 


17. 


3  aa;  X  2  am  X  —  4  mo;  X  6^ 
=  -24a'bhn'x^. 


18.  7am2x362n2 

=  21  ab^m^n^ ; 
21ab^mVx-4:ab 

^-Sia'b^mV; 
~S4a^¥mhi^Xa^bn 

=  -84a*6*mW; 
-Sia*b^mhi^X-2b^n 

=  168a*6«m2n*; 
leSa^b^rn^n^X-mn^ 

168a*6«m'n8. 

19.  2a62  X  -  5  a^J  =  -  lOaW ;' 
-10aS63x-3a6  =  30a*6*; 
30a*6*x7a=210a^6*. 
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Exebcise  13. 


36)x3a5 


=  12a»6~9a6«. 

2.  (8a2-9a6)x3a« 
=  24a*-27a»6. 

3.  {3x^-^y^  +  5z')x2x^y 
=  6a^y  -  8x»y»  +  lOs^y^, 


4.  (a»x  -  5aV  +  ox*  +  2a?«)  X  oi^y 
= a^x'y — So'ap^y  +  a'«*y  +  2(ufy. 


5.  (-9a»+3<i«6»-4a«6»-6»)X-3<i6« 
=  27a«6*  -  9a*6«  +  12a»6'  +  3a^. 


6.  (3ar»-2x»y-7xy«  +  y»)x-5«»y 
=  -15a*y  +  10x*^y«  +  35ir»y»  -  6a;«y*. 

-4a;y*+5a:»y+8a^)X-3a:«y      8.  (-3  +  2a6  +  a'6»)  X -a* 
12a:»y» -  15x*y«- 24«*y.  -  +  3a*  -  2afib  -  a^b*. 

9,   (-z-2x2»  +  5a^y2»-6x»y«  +  3a?y»z)X~3x*y2 
»  3ir»y«»  +  6a*y2f-  15a*/z»  +  18aJ»y»2  -  9a*y*2«. 


Exercise 

14. 

1. 

a^-4 
x«  +  5 
a?*-4r» 

+  5r»-20 
a?*+    a;*-20 

5. 

2a; -y 

x  +  2y 
2ar»-    ay     * 

+  4xy-  2y» 
2a;'  +  3xy-2y» 

2. 

y-6 

y  +  13 

6. 

2x»  +  4x»  +  8a;  +  16 
3a;  -6 

y'-   6y 
+  13y-78 

6a;*+12a;»  +  24a;>  +  48a; 

-12ar»-24a;»-48x- 
6a;* 

-96 

y'+    7y-78 

-96 

3. 

a*  +  a«r'+aj* 

-a;« 

7. 

aJ^  +  ar'  +  x-l 
X  -1 

a«  +  a^x'  +  a*aj* 

a;*+    ar^  +  a;*-    x 

-    a;»-a;3-    x  +  1 
a?*                   ~2x  +  l 

a« 

-aJ« 

4. 

«■  +  icy  +  y' 

a?  -y 

8. 

a^-3ax 
X  +3a 
x»-3ax« 

+  3ax«-9a2x 

a:»  +  ar'y  +  xy^ 
-  ^.v  -  ajy'  - 

x»              -9a»x 
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262  +  3a6-a»  ll.  a^-\-ah-\^h' 

-bh  +7a  a  —b 


-i0h^-l5ab^+   ban  a^ -{- a^ b  ■}■  ab^ 

-106»-     ab^  +  26aH-1a^  a»  -6» 

10.   2a +  b  12.  a^-ab  +  b^ 

a  +  2b  a  +b 


2a^  +    ab  a^  —  a^b  +  ah^ 

13.  2a6-56« 
3a«-4^& 


6a»6-15a*6« 

-    8a^y  +  20ay 
6a»6-23a»6»  +  20a6» 


14.  _a»  +  2a«6-6» 

4a'  +  8a6 


-4a5  +  8a*6-4a2  6» 

-8a*5      '  +ir>a»6''-.S^a6* 

-40"^  -4a2  6»  +  16a«6«-8a6* 


16.  a^  +  ab  +  b^ 

a^  —  ab  +  6' 


a*  +a^b'  +6* 

16.  a»-3a«6  +  3a&*-6» 
Q«-2a&    +b^ 

4-      an^-   Sa^¥-{-Sab*~b^ 

a^-ba*b  +  10a»6«  -  lOa'b^  +  5a6*  -  6* 

17.  a;  +  2y-3z 
a;-2y +32 

a:'  +  2xy  —  Sxz 

—  2xy  —  4y*+    6yz 

+3az  +    6y2--9z* 

«•  ~4y2  4-12y2-92* 
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18.  2a:»  +  3a:y-f  4y» 
Sa^  —  4iXy  +  yz 
63i^-^9ar^y  +  l2x^y^ 

-Sa^y-Ux'y^^iexy^ 

+  2a*.VZ  -t-  3  jy^a  f  4y»g 

6a?*  +    a^y  -  16jy»  +  2«»ya +  3a5y«3  +  4y»« 

19.  3c^  +xy  +y* 

aP  -^  xz  +!? 


^  +  ^y  +  af*y* 

•4-2^2  +  ar'y*  +  Tsy^z 

ar*  +  :i?y  -}-  i*y*  +  ai'z  +  ^yz  +  scy'z  +  ^^  +  aiy^*  +  y*2* 

20.  a»  +  6'  +  c*  -  oft  -  oc  -  6c 

a  +  6  +  c 

a'  +  ay^  +  ac^  —  a^b  —  a^  c  —    abc 

~ab*  +a*6  -    a6c  +  6"  +  6c»-6*c 

—  ac* -\-  a^c  —    abc         —  6c*  4-  6'c  +  <-"* 

a'  -3a6c  +  6»  +  c» 

21.  a;'-a;y  +  y«4-x  +  y  +  l 

a-   -{-    y  —  1 

ar*  —  3^y  +  ay*  +  a;*  +    aiy  +  x 

+  x*y-xy*         +    xy        +y'+y'+y 

— a*+    xy  —  X        —y*  —  y  —  ^ 

a?  +3ajy         +  y*  —1 

22.  ar»  +  4a:»  +  5a;-24 

gg-4a?  +11 

a:5  +  4aj*+    5x»-24a;* 

-4x*-16ar»-20a;*+    96x 

-f  llar»  +  44a;*+    553; -264 

X*  +  151a! -264 

23.  aJ»-4x«  +  lla;-24 

a*  +  4a;  +5 

a*-4ar*  +  llar»-24a;* 

+  4x*  -  16.T»  +  44a!*  -  96a; 

4-    5a!»-20a!*  +  55a;  -120 


a;*                                    -41a;- 

-120 

a;*  +  2a*  +  a;*-4x-ll 
a!*-2a;  +3 

aJ»  +  2a;6+    a;* -4  a;'- 11  a;* 
-2a;»-4a;*-2a!«+   8a!*  +  22a; 

+3a;*  +  6a!»+    3a;«-12g-33 

i?  +  10a; -33 
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25.  a:*-5a;*  +  13ar»-a^»-a;  *" 
a»-2x  -2 

x^  —  dsfi  +  lSa^—      a;*—      a? 
-2a*+10a:*-26a?*^    2a?  +  2x' 

-   2ar^  +  10g*-26ar>  +  2a;»  +  2a; 
a;7  _  7jiJi  ^.  21  a*  _  i7a^  _  25 a^  +  4jc»  +  2a; 

26.  T^-2a^-\-3x-4:  ^ 
4ar»+-3a;'  +  2a;  +  l 

4a*-8a*  +  12ar*-16ar» 

+  3x*-    6a-*+    9ar»-12a:» 

+    2a;*-   4a;»+    6a;2-8a; 

+      ar^-    2g'  +  3a;-4 

4aJ«-5a*+    8a:*-10a:»-    8x2_6a;-4 

27.  5a*    -SaH  +2aH^i-ah^ 
5a^b  +  3aH^-2ab^   +6* 

26a''b-15a^b^  +  l0a^¥+   5a*  6* 

+  15a«6«-   da^b^+    6aH*+Sa^b^ 

-10a5  6»+    6a*&*-4a»65-2a''6« 

4-    5a*6*-3a«&&-f  2a^6«  +  a6^ 

25a^6  -    9a5  6»4-22a*6*-4a3  65  ^  ab"* 

28.  4aTy  -Sa^y' +  16a»v^-32ay* 

q6y2  ^  4a*y8  +  4a^y* • 

4a"yS-   8a"y*  +  16^V-32aV 

+  16a"y*  -  S2a^y^  -f  64aV  -  128a52/7 

-f  16a»y^-32aVv«+    64a^v^  -  128a^v» 

4a»3r*+    8a»y*  -    64aSyT-128ay 

29.  3m'     +9m«n  +9mn*    +3n' 
2m*n  —  6m'n^  +  6m^n^  —  2mn* 

,    6m^n  +  18m«n2  +  18m*n»4-    6m*n* 

—  18m*n2  —  54m^n' —  54m*7i*  -  ISm'w* 

+  18m*w'  +  54m*n*  +  54m'n^  +  ISm^n^ 

^ -    6m*7i*-18m^n^-18m^n«-6mn^ 

6m^n  —  18m*n'  +18m'n*  -6mn^ 

30.  6a«i6  +  3a'6*-2a65  +  6« 

4a*    --2a6»   -36* 

24a»6  +  12a«6*-   Sa^b^ -h^a^Ifi 

-  12a«6*  -  6a»&T  +  4a«ft8 _  2a&» 

-UaH^ -9a^68  +  6a69-36io 

24a»6  -26a56*  +  4a*6«-6a»6^-5a«68  +  4a69-36io 
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31.   a;-3  32.  x»-x  +  l 

g—l  x*  +  x  +  l 


a? 

X 

-Zx 
-    a?  +3 
-4x  +3 
+  1 

a? 

-4a;«  +  3x 
+    x»-4a;  +  3 

a? 

X 

-3a;»-    a;  +  3 
+  3 

7^ 

-3aJ»-      a;«  +  3ar 
+  3a:»-   9a;»-3x 

+  9 

+  «'- a*  +  « 

+  a:«-g  +1 
X*         +x»         +1 

X*-g»  +  l 

x*  +  a*  +  x* 

+  jr*4-a:*+  1 
*"         +x*         +1 


-lOai*  +9 


33.  a«-f-a5  +  &« 
a*  +  a'6  +a'6* 

-fa'y+a^>»^6* 

a*            +a«6»           +6* 
a*-a»y-f     &* 

+  a*6*-Ha»y-}-y 
^  *+a*6*  +i» 


34.  4a»-4a«6+a6> 

4a*  +  3a6  +6^ 

16a*    -16a*6  +   4a»6» 

•     +12a*6  -12a»6»  +  3a»6» 

+    4a»y-4a'6'  +  a&* 

16a*    -   4a*6  -   4a»6»-    a'}/' -^  ah^ 

2a«&  +  y 

32a'6-   8a«6»-   8a66»-2a*6*  +  2a3//» 

+  16a*y-  4a*6*  -  4a-V>^  -  a«6«  +  ah^ 

32a'6-   8a«6^+    8a*6»- 6a*Z»*- 2a3Z»*- a'6«  +  a6' 
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35. 


x  +  a 
x-\-  2a 


+ 


ax 
2ax 


H-    2a2 


0^+    Sax 
X  —   3a 


+    2a^ 


ar»4-    Saa^   +    2a^x 

-    'Saa^  -   da^x  -6a^ 
~    7a^x  -6a» 


X 


Aa 


ar*-    la^x^-    6a^x  ' 

+2Sa^x  -4aai«+    24a* 

X*-    7a2a;2+22a3a;  -iaj^+    24a* 
g  -f   5a 

X*-    7a2a;3  4-22a3a;2-4ax*-f    24a*a; 

-  20a^a^  -  35a3a^  +  Sax*  +  UOa^x  +  120a^ 
a^-27a*a:»-13a3a;2+  aar*+ 134a*a;  +  120a5 
3^+    ax^-27a^x^-13a^3^-j-lS4:a*x  +  120a^ 


9a«  +  6« 

729ae-81a*62  +  9a2  6* 


^"^^  y^-yz  —  2^ 
y^  +  yz-2z^ 


729  a« 


+  6« 


27a»  +  2>8 
27a3-63 


729  a« 


+    27a363 
-   27a3  68_56 


729  a« 
729  a«  +  66 


-¥ 


531441  ai2_  729  a«  6* 
+  729a«6«- 


612 


531441a" 


-¥^ 


y^-fz-2y'z^ 

^ry\z~    y^z^-2yz' 

-2y''z'  +  2y^  +  ^z*' 
t  -by^z'  +42* 

y'^  ~  2yz  -  z^ 
t.±2yz-z^ 
y^~2fz^    ^2^2 

2fz-4^y^z^-2yz^ 

-     .V2  22+2.V2S+     z* 

y*  -6y222  +   ^ 

y*  -5y2g2  +4^4 

-    y'^z^  -32* 


38.  3a2    -a6-362 

d'h~2h'^ 

3a*6-a3  62_3a2j3 


-6a2  6«  +  2a6»  +  66* 


3a*6 -  a3  62  _  3^253 _  5^252  ^  2a6»  +  66* 

. -2a6*-66s 

3a*6 -  aH'^  -SaH^-6a^b^  +  2a6»  -2a6*  +  66* -  66* 
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39.   a  +  h~e 

a  —  b  +  c 


c?-\-ab—ac 
—ah       —6'+   be 

-foe       +   bc—(? 

a}  -6»+26c-c« 

—a+b^-G 

—a^-\^ab^—2abc^a^ 

^a^b-l^         -}26»c      />r« 

-a3-|.a6«-2aAc+rtc*+a«6-6=  f  a^c  f   6*c  \    he*   c^ 
a-\-b+e 

-a*+  a*6*— 2a*6c^    aV+rt'6-o^+a'cf  aftVt   a6r*   ac* 

+  a^b^-{-  a^be  -a^b^ah^        -2a/>V|   ahc*         -bUb^r^   h^r^-lx^ 

-a*+2a«6*  +2a«c»  -6*         i26V        -  ^* 


40. 


a  +  5 

c  f  rf 
a  V  d 
ac  +  acZ 

-f  rd  f  ./» 
ac  -f  ad  +  c^/  t  r^* 

a  {  c 
b      d 
ah  \  he 

ah  i  he 

ad 
-ad 

rd 

a6  +  6*  +  ac  +  6c 

-cd 

(a6  +  6*  +  ac  -f  be)  -  (ac  +  arf  +  cd  f  d^)   -  (ab  j  be     ad      rd) 
=  ab-\-h^-\-ac-}-bc  —  ac  —  ad  —  cd  —  d^—ab-bc  f-  ad  \-  cd 
=  62  _  d\ 


41.   a  +  6  +  c  +  <? 
a  +  6  +C+  c? 


a'  +    ab  -\-    ac-\-    ad 

-\-    ab  +  6'  +    6c  +    hd 

^-    ac  +    be  +c^  -\-    cd 

+     ad +     hd         -k-     cd  \-  d^ 

a'  +  2a6  -f  2ac  -f  2ad  +  6*-'  +  2 6c  -f  2 6c/  -f  c=»  +  2c(i  +  d* 


a—b—c+d 
a~b  —  c  -f  d 


o*  —    a6  —    ac+    ad 
'  -    ab  +  62  +    6c  -    6cf 

—    ac  +    6c  -^  c'—    cd 

4-     ad -     bd         —    cd  +  d^ 

a^  _  2a6  -  2ac  +  2ad  4- 62  +  26c  -  26(i  +  c^  -  2c^  +  d' 
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a  —  b  +  c  —  d 


a*  —    ab  +    ac—    ad 

—    ab  -}- b^  —    be  -{■    bd 

-\-    ac  —be  +  c^—    cd 

—    ad +    bd         —    cd+  d^ 

gi  -2ab  +  2ac-  2ad  +  b^ -2bc -^  2bd -{■  <^ -2cd  +  d* 

a  -{-b  —  c  —  d 

a  +  b  —  €  —  d  


a*  +    ab—    oc  —    ad 

+    ab  -^    b^—    be-    bd 

—    etc  —be  +    (^  +    cd 


—    ad —    bd -f    cd-\-    d' 

a^i-2ab-2ac-2ad+  b^-2bc-2bd+  <^ -^  2cd  +  d^ 
a^  i-2ab  +  2ac  +  2ad+  b^  +  2bc  +  2bd -[-  c'^  +  2cd-]-  d'^ 
a^-2ab-2ac  +  2ad+  b^ -i- 2bc-2b(i -^  e'^-2cd+  d^ 
a'^-2ab  +  2ae-2ad+  b^ -2be +  2bd'\-  <^-2ed-{-  d^ 
4a«  +46?  +4o»  +4(i2 

42.  {a  +  b  +  cf-a{b  +  c  —  a)-b{a  +  c-b)-c(a-]-b  -c) 

=  a^-\-b'^-\-c'-\-2ab-\-2ac-\-2bc-ab-ac-\-a^-ab-bc-\-b'^-ae-bc-\-(^ 
=  2a2+26H2c2. 

43.  {a-b)x-{b-i-c)a-{(b-  x)  (6  -  a)  -  (6  -  c)  (b  +  c)| 
=  ax  —  bx  —  db-ac  —  kili^  —ox  -^  ax  -  ab)—(b'^  —  c^)] 
=  ax  —  bx  —  ab  —  ae  —  ft^  —  bx  -\- ax  -  ab  —  b^  -{■  c*} 
=  ax  —  bx-jah  -  ac  —  o^  -\-  bx  —  a^  +  ab  +  b'^  —  c^ 


-  ac  -^x'. 


44.   (m -\- n)  m  —  {{m  —  nf  —  (n  —  m)  n\ 

=  m*  +  TMn  —  {m^  —  2mn  -\-n?  —  ni^  -^  mri) 
=  w*  +  mn  —  m^  +  2mn  —  n^  +  t?  —  mn 
=-2mn. 


45.   (a  —  6  +  c)*  —  {a  (c  —  a  —  6)  —  [6  (a  +  6  +  c)  —  c  (a  —  6  —  c)]} 
=  a'  -  2a6  +  2ac-2bc  +  b'^  +  c^-{{ac-a^  -  ab) 

-Uab  +  6«  +  6c)-(ac-6c-(^)]} 
=  a'  -  2a6  +  2ac  -  26c  +  &2  ^  c^  -  {(ac  -  a^  -  ab) 

—  [ab  +  t"-^  ■\- be  —  ac -\- be -{•  c*]} 
=  a^  -  2a6  +  2ac  -  26c  +  62  ^  c^ 

—  {ac  —  a^  —  ab  —  ab  —  b^  —  2bc->c  a4—  (?} 
=  o?  "  2a6  +  2 ac  —  26c  +  6^  +  c*  —  ac  +  a^ 

+  a6  +  a6  +  6*  +  26c  —  oc  +  c* 
=.2a^  +  26a  +  2c=». 
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46.   (p«  +  /)  r-(p  +  q){p{r  ^q}-q{r  -p}) 
=py  +  ^r-(p-^  q)({pr  ~pq}  -  {qr  ~  pq}) 
-fj  +  fr  -  (p  +  q){pT  -pq  -  qr  -^pq) 
=p^r  +  ^r-(p-{-q)  {pr  -  qr) 
=p*r  +  q^r  —  (p^r  —  (f  r) 
=p^r  +  ifr  —p^r  +  g*r 
=  'Zq^r. 

=  9ar*y2-13xV+V-i3xy-2y'}i3x»y+3ay-Jy*-0/y  +  2^y»} 
=  9ar*y»-13ar*y*+4y«-{9ify«-13x»y*+4y«f 
=  9ar*y«-13a;»y*+4y«-9a;*y*+13a!y-4r 

48.  a»-{2a6-[-(a  +  {6-c}Xa-{6-c})  +  2a5]-46r}-(6  f  r)« 
=  a2-{2a6-r-(a  +  6~c)(a-6  +  c)  +  2a^]-46r}     (A  f  r:)=» 
=  a2-{2a6-[-a«  +  6«-26c  f  c»  \-'lah]~\bc} -{h  f  r)» 

=  a2-(2a6  +  a«-62  +  26c~c=»-2aA-46r}~(6  f  r)' 
=  a2-2a6-a«  +  6'-26c  +  c»  +  2a6+46c-6-»--2Z»c-c» 
=  0. 

49.  {ac-(a-6)(6  +  c)}-6{6-(a-r)} 

=  {ac  —  {ah  —  h^  ■\-  ac  —  he)}  —  h{b~ai-c) 
=  ac~ah  -{•h*  —  ac-{-hc  —  h'^  -^ab  —  be 
=  0. 

60.  5{{a-h)x-cy}-  2{a  (x-y)-  bx]  -  {Sax  -  (5c  -  2a)  y) 
=  5  {ax  —  bx  —  cy}  —  2  {ax  —  ay  —  he]  —  {3  a.c  -  5  cy  f  2 ay\ 
=  5aa;  —  5bx  —  ocy  —  2ax  +  2ay  -f  2ij;  —  3aa;  f-  Hry  -  2ay 


-Ux. 


51. 


(a;  - 1)  (aj  -  2)  -  3  a;  (.T  +  3)  +  2  {(a;  +  2)  (x  +  1 )  -  3} 
=  J52  _  3^  ^  2  -  3x2  _  9a.  ^.  2  {.r^  +  3a:  +  2  -  3} 
=  a;2  _  3a^^  2  -  3a:2  _  93.  ^  2ar«  +  6x  +  4  -  6 


62.  {(2a  +  6)2  +  (a-26)2){(3a-26)»-(2a-37>)2} 

=  {(4aa  +  4a6  +  62)  +  (a»-4a6  +  462)}{(9a2-12a6  +  462) 

-(4a2-12a6  +  9ft'»n 
=  {4a«  +  4a&  +  5a  +  a«-4a6  +  46«}{9a« -  12a6  f-  4 h^ 

-4a^  +  l2ah-9hn 
=  {5a»  +  5&n{5a«-55n 
=  25  a* -266*. 

53.  4(a-3&)(a  +  3  6)-2(a-66)2-2(a2  +  6&^ 

=  4(a2 -9b^)-2(a^ -  12ab  +  366=')- 2a2  _  I2fe2 
=.  4a2  -  366»  -  2a«  +  24a6  -  726«  -  2a^  -  126« 
«24a6-1206*. 
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64.  a;2  (x^  +  y^y  -  2  aV  (x  +  y)(x  -y)-(3?-  y»)' 
=  x2(ar*  +  2ic»y«  +  y*)  -  2a:*y«(a?  -  y«)  -  (a^  -y/ 
=  a*  +  2ar*y«  +  a:2y4  _  2a:*y3  _^  2xY~  sfi  +  2{ry  -  J/* 
=  3a;y +  2ar»y»-y8. 

55.  16(a2  +  6W  -  6«)  -  (2a  -  3)(2a  +  3)(4a'  +  9) 

+  (26-3X26  +  3)(46«  +  9) 
=  16(a*  -  6*)  -  (4a'«  -  9)(4a2  +  9)  +  (46'  -  9)(46«  +  9) 
=  16a*  -  166*  -  16a*  +  81  +  166*  -  81 
=  0. 


1. 


11. 


Exercise  15. 

. 

+  264  =  66.      «• 

-1.23 

9. 

-0.1123 

+  4 

345) -424.35 
345 

-61)6.8503 
61 

-38''0_48o. 
-8 

793 

75 

690 

61 

1035 

140 

t-3840_i23 
+  30          7 

1035 

122 

-11 

183 
183 

-2568^  214. 

+  24) -264 
24 

+  12 

24 
24 

-21.7 

- 

-  49.)  1063.3     8. 

+  43A 

10. 

-0.022iV 

98 

-85)- 3670 

+ 

324) -7.1560 

83 

340 

648 

49 

270 

676 

343 

255 

648 

343 

H  = 

'iV 

i¥t  =  A 

0.31831  +     12. 

0.0101321  + 

314159.)- 100000.0 

- 

-3141597 

-3183.10 

942477 

314159 

575230 

415100 

314159 

314159 

2610710 

1009410 

2513272 

942457 

974380 

669330 

942477 

628318 

319030 

410120 

314159 

314159 

4871  95961 
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£X£BCISE    16. 

1.  ±^  =  6.  .16.  =5\«^--17ay 

2.  ±i^  =  _&.  17    225 m«y     9m 

—  a  *    25my*        y 

+  a 

4— oft 

-<*  5o*m'x        fta* 

5.   ^  =  3m.  20.  12^«6x«. 


2x 
12a* 


=  -6.  18.  52iiv!.  =  _ ?yi. 

-5x»y  ar 

=  6.  ifl    4_a'mV      4  mi-* 

)  o*m'x 

2r'yV 
7xyV 


.4a».  21    :zl«*^''<:*^  =  3ftc>rf« 


-3a 
^     10a6_5o  ^    12am»nW_3am»n 


8. 


10. 


11. 


a»  1  '23.  (4  a»62»x  10  a«/;'2)^r)a='6V 

r^  ^  ~  ^'  =40  a*6 V  +  5  a»6  V 

=  8a6V. 

-12am^g^  2^    (21  ar'yV  ^  3. n/«2)(- 2 r»y«ij 

-2w»  -(7xyVX-2ry2) 

=  -  14xV2*- 
35  g&c  ^  7  gc 

bhd"    d'  26.    l04aiV+(9WrV.V-i-7a*6*x) 

=  104a6»a;»-^  K^a^V 

ahx x_  =8  ftz*. 

5a6y     5y 


26.  (24a56-V^3a2Z»») 
,«     27a^          «   .  +(35a«6V-5--5a'6x) 

12.  ^3  =  -  9  a*.  =  (8  aJ^hx)  +  (-  7  a»6x) 
~'^"  =a»6x. 

13.  -'^6^^_M!?l  27.   85a<"+i-5a*~-« 

4aa;*  4ax  =  17a4w+i -(4«-2) 

-17a». 

14.  ^=6o».  ,,        , 

a6c  28    ^^^""" 

12  a« 

15.  ^*2!^  =  mV  -7a«-*-« 


TnpV  '  =7a«-«. 


2^ 

t 
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ft 

Exercise  17. 

1. 

a:«-7a;  +  12  a;-3 

6. 

7x» 

-24aj«+68a;-21  7x-3 

a;«-3x           x-4 

7x» 

-  Sx^                 a:»-3a?+7 

-4a;+12 

-21a;«+58a;-21 

-4a;H-12 

-21aj«+  9a; 

49a;-21 
49a;-21 

2. 

x«+    X-72X  +  9 
ar»  +  9x           a?-8 

-8a;-72 

-8a;-72 

V 

-3 

f  .T  +  3 

7. 

-1 

-3^ 

x-l 

ar*  +  ar*  +  a:'+ar*  +  a;  +  l 

3. 

2r»-    a;»  +  3x--9 
2r»-3a:2 

2a: 

-1 
-aj* 

2a:»  +  3a;-9 

2a:»-3a; 

6a;-9 
6a;~9 

aj*-l 
aj*-x» 
x»-l 

a;«-l 

• 

x»-x 

4. 

6a:»+14a;«-  4a;+24  1 
6aj»+18.T«                  : 

6 
-2a;+4 

x-l 
x-l 

-  4x2-  4a;+24 

-  4x2-12x 


8X+24 
8x+24 


5.   9x»  +  3x»+    x--l|3x-l 

9x»-3x' |3x«+2x+l 

6x»+    x-1 
6x»-2x 

3x-l 
3x-l 


a^  -\-(ib  —  b^ 
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9    a:*-81.y*  a;-3v                            10.   x»-v*     x- y 

a?*-3 7?y  a5»+3a^y +9xy»+27y»            a*- J*y  \x*^i'y  +x»y»  t 
3a:ay-81y*                                         ^-'i/' 
3x»V-9a?v»                                      a^V-A» 

9a:«y»-81y*                                      ^y  -  y» 
9x^y^-27xy'                                    a^y»  -  iV 
27xy»-81y*                                      a:«y>  - 
27xy*-81.v*                                     x»i^ 

11    a*  +  326»  a  +  2& 

a*  +  2a*6  a*  -  2a»6  +  4a«6»  -  Safr''  f  lti6* 

-2a*6  +  326» 
-2a*6-4a»&« 

4a»6«  +  326» 
*        4a»6«  +  8a«6» 

10  a6*  +  32  A» 

12    2a*  +  27aft»-816*  o  +  36 

■     2a*  +  Ca'6                 2a'-(>a'«6  +  lSa6»-2' 

w 

-6a»6  +  27a6»-8U* 
-6a»6-18a^6« 

18a^6'«  +  27a6»-816* 

-27a63-816* 
-27a6»-816* 

13.  a^-5a:»  +  lla^-12x  +  6  .t»-3.t4-3 

a^-3a^-H    3x>                     a:»--2x  +  2 

-2a:»+    8r»-12x 
-2z»-H    6x2-    6a; 

2ar»-    6aj  +  6 
2aj«-   6ar  +  6 

14.  a?»+    x»-   9aj«-16aj-4'.r*  +  43r  +  '* 

a:*4-4j»+    4a:*                   \i?-Zx-\ 

-3a;»-13ar»-16a;-4 
-3a;»-12a:»-12x 

-a:«-    4ar~4 
-a:»-   4ar-4 
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16.  aj*-13aj»  +  36|_^|  +  5«  +  6 

-5a:»-25a:»-30g 

6a:*  +  30  a; +  36 
6a:*  +  30  a; +  36 


16.  a;* +  64  

g*  +  4ar»+   8a;'|a^-4g  +  8 
-4a;»-  8ar»  +  64 
-4ar»-16a;»-32a; 

8a;«  +  32a;  +  64 
8a;»  +  32a;  +  64 


17.  a;*  +    ■'r»-24ar-35a;  +  57|a;'  +  2a;-3 
a;*  +  2a;»-    3a;^  |a;*-a;-19 

-  a;* -21  a;* -35a; 

-  ar*-    2a;»+    3a; 

-19ar»-38a;  +  57 
-19a;2-38a;  +  57 


18.   1-    a;-3a;'-ar^|l  +  2a;  +  a;^ 

l  +  2a;+    3?         |l-3a;  +  2a;2-^a;* 
-3a;-4a;2-ar* 
-3a;-6a;^-3ar» 

2a;'  +  4ar>  +  2a;* 

-  a;»-2a;*-a* 

-  ar»-2a;*-ar^ 


19.   a*-2ar»+l  |x2-2a;+l 


a;«-2a;^+a;*|  a;*+2ar'+3a;2+2a;+ 1 
2a?-3A  _2aJJ+l 
2a;^-4a;*+2a;8 
3a;*-4ar»+l 
3a;*-6a;»+3a;^ 
2ar'-3ar*+l 
2ar^-4a;H2a; 
a;2-2a;+l 
a;2_2a;+l 


20.   a*+2a26H96* 
a*-2a36+3a262 


a«-2a6+36« 


aH2a6+362 


2a36-  aW^^W 
2a«6-4a^6^+6a68 

3a262_6a63+96* 
3a«62_6aft»+96* 


21.  4a;*-  3?-^^x  [2a;»+3a;+2 
4a;^+6a;*+4ar^|  2a;3-3a;H2a; 
— 6a;*— 5ar*+4a; 
-6a;*-9ar^-6a;^ 

4a;*+6a;2+4a;' 
4ar»+6a;2+4a; 


22.  a5-243 
a6^3a* 


a-3 


3a^ 
3a*-9a» 


a*+3a»+9a2+27a+81 
243 


9a3-243 
9a»-27a2 


27a«-243 
27a«-81a 


81a-243 
81a-243 
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23. 

18a:*  -  46a:»  +  82x»  _  67a;  +  40. 3z«  -  4x  +  5 
18a:*-24a»  +  30a:«                    l6z«-7«  +  8 
~21a;»  +  52a:«-67a: 
-21a:»  +  28a:«-35x 

24  a:* -32a: +  40 
24a:* -32a; +  40 

24. 

a:*-9x*  — 6a:y-y»  a:*  +  3af  +  y 
a?*  +  3  a:*  +  a:*y           x*  — 3x  — y 
-3x*-9a:*-x«y-6ary-y* 
-3x*-9x*            -3xy 

-^y-3xy-3^ 
-ap*y-3xy-y* 

25. 

x*-6x»v  +  9aj'a:'-4y*  a^-3any  +  2y» 
a:*  -  3ar»y  +  2x*y*             x'-lixj/-  2y« 
-3x»y  +  7x*y*-4y* 
-3x»y  +  9x«y*-6xy» 

-2a:*y*  +  6ay-  ly* 
-2x*y*  +  6a:y»-ly* 

m 

26. 

X*  +  x«y»  +  y*     x'-xy+y* 
si*-a?y  +  x*y*  x*  +  any  +  y* 

aJ»y+y* 

x»y-x*y«  +  xy» 

x*.y'  -xy^-^y* 
«».v'-xy»  +  y* 

27. 

X*  +  x*  +  x*y  —  x*y*  —  2xy'  +  y*  x*  +  x  —  y 
X*  +  x*  —  x*y                                 3^  -\-  xy  -y* 
a^y  +  x*y  —a?y*  —  2xy*  +  y* 
ai^y  +  x'y           -    xy^ 

-x*y*-    xy»  +  y» 
-x*y*-    xy^-^y* 

28. 

2x*+    xy-    x2-3y*-4yz-z*  2x  +  3y +2 
2x*  +  3xy+    X2                             x-y-z 
-  2xy  -  2x2  -  3y*  -  4yz  -  z* 
-2xy            -3v*-    V2 

-2x2            —  3y2-2*                   • 
-2X2              -3v2-2* 
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29.  12-38a;+82r»-112iB»+106aj*-70ir6i  3-5x+7a:« 
12-20a?+28a:« 


4-6a?+8»«-10ar» 


~18a;+54r»-112ar» 
-18a;+30ic2_  422^ 


24x2-  70r»+106a:* 

240:^-  40ar»+  56a;* 

-  30ar»+  50a;*-70.x* 

-  30ar»+  50ar*-70a* 


o:^  —  g*v  +  3?y^  —  x^y^  +  a?y* 


a:*  —  z'y  -i-  g^y'  —  ory^  +.v* 


a?  +  3/ 
ar*y  —  ar^y^  ^  a;2yS  _  ^.y^  _|_  ^6 


31. 


2x*  -  7a;»y  +  2x^y^  -  2a:y3  -  y* 
2a;*-    a^y  +    a:^y' 


2a^—Qcy-¥y^ 


-6ar^y+    x^y'^-2xf 
_6g8y4-3g2y2-3a^y^ 


-Sxy-y^ 


-2a;2y2  + 
-2ar'y'  + 


xy*- 


3/; 


32.   16ar*  +  4a:2y2+y* 
16x*-8ar>y  +4x^7^ 


4a,-2  —  2a;y  +  y' 


4a;2  4.2a:y  +y' 


Sar'y  +  y* 
8ar>y-4a;»y^  +  2a:y« 

4ip2y2_2a;y3^y4 

4:3^y^  —  2xy^  +  y* 


33.   32a66-56a*62+  8a363-4a2M-a2>5|-4a26+6a52+5' 


32a56-48a*62-  8aS&3 

-  8a*5H16a858_4a«6* 

-  8  0*6^+12  a86H2a2M 

4a368_6a26*-a&6 


|-8aH2a26-a6« 


34.   l  +  5x8-6a;*[l-a;  +  3a?« 
1— a;  +  3x^     |l+a;-2a' 
a;-3x2^5ajj_gaj4 
a;—    g'  +  3ar^ 
-2a;2  +  2x3_6a^ 

-2x2  +  2ar»-6a?* 
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4a«6« 


36.    1-51  a»y  -  52a* 6*1-  1  +  3a6  + 

1-Sab  -  4a«6«        |-  l  -  3a6  -  13o»6» 
3a6  +  4a2  6»  -  51a»6»  -  52a*  6* 

3a6-9o»y-12a»y 

13a«6«-39a»6»-52a*6* 
13a2  62-39a»i»-52a*6* 


36.   x^y—xy^ 

x''y-23fiy^  +  2a^y^-    s^y* 


a^y  -  2a^y«  -t-  2xy^     y* 


ar*  +  2^*^  +  2x»y'  +  jy* 


2a:«y*-2x*y'+    ai^y*'-xy'^ 
2a^y'-4ar^y»  +  4a:*y*-2j:»y^ 

2a:*y»-3a:*y*  f2ar»y»-Ty' 
2ar^y'-4a;*y*->-4y'.V^-2.g».i/» 

a;*y*  — 2  jr»y*  -f  2x»y«  -  j-y' 
,ag*y*-2r*y^  +  2j»y*-j-y^ 


37 .    a*-6  rB^y +15  a^«-20  ic»y»+15  a^y*-6  xi^-\-i^  \?^z.'^J^I/  ^  ^P/ "  f 
a^-Sa^y-\-  3sc*y^-     a^y^  \3^-'6  x^y  f  3  xif-i/ 

-S3^y-\-l2ai^y^-l9x^f-^15x^y* 
-3a:^y+  9a?*y»-  da^y^+  Sx^y* 

3a:*y«-10ar»y3+12a?y*-6iy* 
3a;*y'-  9a»y'+  9g».y*-3a^y* 

— aj^y*  +  3a:*y*— 3ay»+y* 
— g'y*  -H  3a:'y*-3gy^+y* 


38.    a7-2a«6-2a*6'  +  2a»6*-6a«6*-3a6* 
a7_2a«6-a*6» 


a»-2a«6  -a5» 


a*  +  a2  6='  +  36* 


a^^ft^ -  2a*6»  +  2a»/;*  -  Ga^ftJ^- 3a6« 

aS6'-2a*y-    a»Z>* 

3a»6*-6a''6*-3a6« 
3a»6*-6a»6*-3a6« 


39. 

81a:«y-54a^ 
Slsfiy 


«              -18a:8y*+18xy-18jy«-9y' 
+27a:*y»  +27a;V 


-27siy 
-27itV 


-9a:2y6 
-9a^ 


3a:*+gV+y* 


27x«y-18a^2_9ys 


-54a^:y2-27a?*y»-18r»y*  -  9a:2yi_i8ay»_9y7 
-54a;Sy'  -18ar»y* -18a^/ 


-9y^ 
-9y^ 
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40.  a*  +  2a»6  +  8a»6«  +  Sab'  +  166*  a^  +  46« 

a*              +4a»6'                          a»  +  2a6  +  46» 

2a'6  +  4a»6»  +  8a65 
2a»6                +8a6» 

4a26«              +166* 
•  4a«62              +  166* 

41.  -  a* +  21r»y»- 24  jy5  +  8y« 

-x'  +  Sxy^y^ 

-afi  +  3^-    a^y^ 

a:*  +  3a:3y_|.c^^2y2_8y4 

-Sx^y-^    .'c*y^  +  21arV-24a?3/S  +  8y« 
~3a:5y +  9j:*.V'-    Sr'.v^ 

-  8a,"*y2  4-  24aJ»y»  -  24.Ty5  +  8y« 

-  8.r*y'  +  24a:3t/»  -  Hx^y* 

8ar«y*-24ay^  +  8y« 
8ar^V*-24a7/^  +  8v* 

42.  16a*  +    8a^6^  +  96*  |4a'^ -4a6  +  36^ 
16a*  -  16a-^6  -I-  12a^6='  |4a'^  +  4a6  +  36» 

I6a36-    4a26'«  +  96* 
16a^6-16a^6^  +  12a6^ 

12a2  62-12a63  +  96* 

12a-^6^-12a63-f  96* 

43.  a*  —  3a6c  +  6^  +  c'la  +  6  -t-  c 

g^  +  a^  6  +  g'^  c |  g'^  —  g6  —  ac  +  6^  —  6c  +  c* 

-  g'^6  -  a^c  -  '6abc  +  6^  +  c^ 

-  a^b  —  ab^  —    a6c 

—  a^c  +  ab^  -  2abc  +  6^  +  0^ 

—  d^c —  g6c  —  ac^ 

+  g6''^    -  a6c  +  gc^  +  6^  +  c^ 
+  g6'-' +  6^  +  6»c 

—  a6c  +  ac^         —b'^c-\-<? 

—  a6c —  b\  —  b(? 

ac^                   +  6c2  +  c» 
ac^ +  6c^  +  c^ 

44.  a»  -6  a6c+8  6^+c^  i  g^-2a6-ac+46^-26c+c^ 
a»~2a^6-a^c4-4g6^-2g6c+gc^        |  a+26+c 

+2  g26+g2c-4  a62-4  g6c-ac2  +8  63+0^ 

+2a^6        -4a6'^-2a6c        +8  6«-46^c-f26c=' 

+a^c  -2abc-ac^         -\-^b^c-2b(^+c^ 

Wc  -2abc-af?         +46^c-26c^+c» 
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45. 

o»  +  3a«6  +  3a6»  +  ft'  +  c»  a  +  b^c 

a?+    a^b             -\-a^c       a"  +  2aA  +  6»-ac~  6c -fr  c» 

2a»6  +  3a6»-a«c  +  6»4  c» 
2a«6  +  2aft«            +  2a/jc 

a6'«-a«c-2a6c  +  6»  +  c» 
a6»                        +6»  +  6«c 

-o»c-2a6c-6»c  +  c» 
-  —  a*  f  —    aic           —  a<^ 

-aic-ft^c  +  oc*  -f  c* 
-a6c-6''c           -  6c' 

Exercise  18. 

1. 

a'  (6  +  c)  +  6*  (a  -  c)  +  c"  (o  -  6)  +    a6c  a  f  6  f  r 

aM6  +  c)  +  6* (a       )  +  c^ (a       )  +  2a6c  a(6  f  c)   -  6c 

-a6c       +6>(    -c)  +  c»(   -6) 
-abc       +6«(    -c)  +  c»(    -6) 

2. 

ar»-(a  +  6  +  c)a^  +  (a6  +  ac  +  6c)x-a6c  j'   (a  +  6).r  j  a6 

:c'-(a  +  6      )ar'  +  (a6                )x            x-c 

—  ex*         ■\-{ac-\-bc)x-abc 

—  ex*         +(ac  +  6c)x-a6c 

3. 

x8-2ax*+(a2  +  a6-6')x-a«6  +  a6«  x-a  +  6 

X*—    ax^-vbx^                                      x*-(a  +  6)x  +  o6 

-(a  +  6)x«  +  (a*  +  a6-6*)x-a*6  +  a6' 
-(a  +  6)x«  +  (a*         -6*)x 

+  a6x— a*6  +  a6* 
-H  a6x-a*6  +  a6' 

4. 

,  X*  —(a*  —  6  —  c)  X*  —  (6  —  c)  ax  +  6c  X*  —  ox  +  c 

X*  +(           +c)x*-ax*                    x*  +  ax  +  6 

a^-{a^  —  6      )  X*  -  (6  -  c)  ax  +  6c 
a3^-(a^            )x*            +  cax 

+  6x*           -  6ax  +  6c 
+  6x*           -  6ax  +  6c 

i 


32 


ALGEBRA. 


5.   y*  —  (m  +  n  +  p)y'  +  {mn  +  mp  +  np)y  —  mnp \y  —  p 


-{m  +  n 

■  (m  +  n 


)y^  +  (w»n  +  mp  +  njo) 
).V'  +  (       +mp-\-np) 


mny  —  mnp 
mny  —  Tnnp 

6.  a:*  +  (5  +  a)aJ»  -  (4  -  5a  +  6)aj«  -  (4a  +  56)a;  +  4 6 
3.44.  (5       )>-(4 )x«        


ax' 


+  (    +5a       )a;^-(4o         )a; 


jr'  +  6  a;  —  4 


a*  +  «a;  —  6 


-bj^ 
-bx* 


—  56x  +  46 

-  56aj  +  46 


7. 


x^—{a-^c)x-^ae 


x^-(b-\-d)x+bd 


a?*-(a+6+c+rf)a:'+(a6+ac+a<f+6c+6{:?+cdJa:*— (a6c+a6d+acd+6cd)a:+a6cc? 
a;*-(a      +c      )3^-\-(    +ac J^ 

-(  +6     +d)r'+(a6       +ac?+6c+6d4-crf)a:*— (a6c+a6d+acrf+6c(i)a; 

-(  -\-b     -\-d).c^-^(ab       -\-ad-\-bc       -^-cc^x^—jabc         +acd         )x 


bdx'-i 
bdx" 


i 


+abd 
-\-abd 


-\-bcd)x+abcd 
_+bcd)x+abcd 


x^~{m—c)x^+(n-<mh+d)3^-^{r-\-cn-dm)x^-^(cr-\-dn)x-^dr  I  a^—mx^+nx-k-r 


x^-{m     )x*+{n 


\)x*+(n—cm-\-d). 
)x*+(n ), 


>ar»+(r 


)x^ 


ca:*+(  —cm-^d'ja^-^'i^  +cn—dm)a^-\-(cr-\-dn)x 
)x^-^(cr        )x 


\x^-^cx+d 


cx*-\-{  —cm      )x^-^(  +cn 

da?  —dma?         -^-dnx+dr 

dj? —dms?  -\-dnx-\-dr 

9. 

x^  —  mx*  +  ns?  —  nx^  +  ttm;  —  1  \x—  1 

re*  — ar* 


g*+  (1  --  m)j»  +  (1  -  TTt  +  n)a'  -i-  (1  -  m)a;  -f  1 


(1  —  w)  ar*  +  na^  —  nx^  +  wa;  —  1 
(1  —  m)  a;*  —  (1  —  m)  a:^ 


(1  —  m  +  n)  ar*  —  wa:*  +  ma;  —  1 
(1  ~  m  4-  n)  g^  —  (1  —  m  +  n)  a;' 

(1  — m)a:2  +  ma;  —  1 
(1  —  m)  a;^  —  (1  —  m)  a; 
a;-l 
x-1 


■X  —  J. 

10.   (x  +  y)»  +  3(a;  +  yfz  +  3 (a;  +  y)z«  +  g»[(a;  +  .v)«  +  2(a;  +  .v)z +  2^ 
(x  4-  yy  +  2(a;  +  y)^2  +    (x  -\'y)z^        \x  +  y  +  z 
(a;  +  y)«z  +  2(a;  +  y)22  +  2» 

1^3;  4-  vS^Z  4-  1(x  A-  1j\  z'-*  -4-  2^ 


^a;  -t-  y ;-z  +  ii  ^^a;  +  y)  2^  +  2* 
{x  -f-  y)^2  +  2(a;  +  y)z^  -\-  ^ 
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Exercise  19. 

1.  5x--l  =  19,  8.     16x~ll  =7x  +  70. 

5a:  =  19  +  l,  16a?- 7a?  =  70  +  11, 

5a?  =  20,  9a? -81, 

X  =  4.  «  =  9. 

2.  3x4-6=12,  9.      24  j;     49  =19* -14, 

3x  =  12  -  6,  24x  -  19  j:  -  49  -  14. 

3x  =  6,  5x  =  35, 

X  =  2.  X  =-  7. 

3.  24x  =  7x  +  34,  10.       3x -f  23  -  78  -  2x, 
24x  -  7x  =  34,  3x  +  2x  =  78  -  23. 

17x  =  34.  5x  =  55, 

x  =  2.  ,  x=ll. 

4.  8x-29=26-3x,  11.       26-8x  =  80- 14x, 
8x  +  3x  =  26  +  29,  14x-8x=  80-26. 

llx  =  55,  6x  =  64. 

x-5.  x  =  9. 

6.  12-5x  =  19-12x,  12.        13-3x  =  6x-3, 

-  5x  +  12x  =  19  -  12,  - 5x  -  3x  =  -  3  - 13, 

7x-=7,  -8x  =  -16, 

x  =  l.  x^2. 

6.  3x  +  6-2x  =  7x.  13.       3x-22  =  7x  +  6, 
3x-2x-7x  =  -6,  3x-7x  =  6  +  22, 

-6x  =  -6,  -4x  =  28, 

x  =  l.  x  =  -7. 

7.  5x +  50=4x4-56,  14.         8  +  4x=12x-16, 
5x  -  4x  =  56  -  50,  4x  -  12x  =  -  16  -  8, 

x=6.  -8x  =  -24, 

x-3. 

15.  5x  -  (3x  -  7)  =  4x  -  (6x  -  35), 

5x-3x-f7  =  4x-6x  +  35, 
-4x  +  5x-3x  +  6x  =  35-7. 

4x  =  28, 
x=7. 

16.  6x  -  2(9  - 4x)  +  3(5x  -  7)  =  lOx  -  (4  +  16x  +  35), 

6x  -  18  +  8x  H-  15x  -  21  =  lOx  -  4  -  16x  -  35. 
6x  -I-  8x  +  15x  -  lOx  +  16x  =  18  +  21  - 4  -  35. 
35x  =  0, 
x»0. 
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17.  9a;-3(5a;-6)  +  30  =  0, 

9a: -15a; +  18 +  30  =  0, 

9a; -16a;  =  -18 -30, 

-6a;  =  -48, 

a;  =  8. 

18.  a;-7(4a;-ll)  =  14(a;-5)-19(8-a;)-61, 

a;  -  28a;  +  77  =  14x  -  70  -  152  +  19a;  -  61, 
a; -28  a; -14a; -19a;  =  -70 -152 -61 -77, 
-60  a;  =  -360, 
a;  =  6. 

19.  (a;  +  7)(a;-3)  =  (a;-5)(a;-15), 

ar»  +  4a;  -  21  =  ar»  -  20  a;  +  75, 
4a;  +  20a;  =  75  +  21, 
24x  =  96, 
a;  =  4. 

20.  (x  -8)(a;  +  12)  =  (a;  +  l')(a;-6), 

4a;  +  5a;  =  -6  +  96, 

9a;  =  90, 

a;  =10. 

21.  (a;-2)(7-a;)  +  (x-5)(a;  +  3)-2(a;-l)  +  12-0, 

9x  -  14  -  x«  +  a;»  -  2x  -  15  -  2a;  +  2  +  12  =  0, 
9a;  -  2x  -  2x  =  14  +  15  -  2  - 12, 
5x=15, 
x  =  3. 

22.  (2x-7){x  +  5)  =  (9  -  2x)(4  -  a;)  +  229, 
2a;»  +  3x  -  35  =  36  -  17x  +  2x»  +  229, 

20x  =  300, 
x=15. 

23.  14-x-5(x-3)(a;  +  2)  +  (5-x)(4-5a;)  =  45x-76, 

14  _  a;  _  5a;2  +  5x  +  30  +  5a;*  -  29x  +  20  =  45x  -  76, 
5x-29x-45x-x  =  -76-20-30-14, 
-70x  =  -140, 
x  =  2. 

24.  (x  +  5)«-(4-x)«  =  21x, 
(a;»  +  lOx  +  25)  -  (16  -  8x  +  x^)  =  21x, 

x»  +  lOx  +  25  -  16  +  8x-  x»  =  21 X, 

lOx  +  8x  -  21x  =  -  25  +  16, 
-3x  =  -9, 
x  =  3. 

25.  5(x-2y'  +  7(x-3)2  =  (3x-7)(4x-19)+42, 
5(r»-4x+4)  +  7(x2-6x  +  9)=12x2-85x  +  133  +  42, 
6x»-20x  +  20  +  7x»-42x  +  63  =  12x-85x  +  133  +  42, 

23x  =  92, 


T£ACH£R8'   EDITION.  3r> 


Exercise  20. 

1-  To  the  double  of  a  certain  namber  I  add  14,  and  obtain  as 
a  result  154.    What  is  the  uamber  ? 

Let  X  » the  namber. 

Then  2  a;  =  its  double, 

and  2aj  +  14  =  ite  double  increased  by  14. 

But  154  =  its  double  increased  by  14. 

Therefore,  2a;  +  14  =  154,  2x  =140,  a;  =  70. 

2.  To  four  times  a  certain  number  I  add  IC,  and  obtain  as  a 
result  188.    What  is  the  number  ? 

Let  X  =  the  number. 

Then  4  a;  =  4  times  the  number, 

and  4  a;  +  16  =  4  times  the  numb^ir  increased  by  IB. 

But  188  =  4  times  the  number  increased  by  16. 

Therefore,  4  a; +  16  =  188,  4  a;  =172,  a;  =  43. 

3.  By  adding  46  to  a  certain  number,  I  obtain  as  a  result  a 
number  three  times  as  large  as  the  original  number.  Find  the 
original  number. 

Let  X  =  the  original  number. 

Then  3  a;  =  3  times  the  original  number. 

But  a;  +  46  =  3  times  the  original  number. 

Therefore,  3  a;  =  a; +  46,   2  a;  =  46,  a;  =23. 

4.  One  number  is  three  times  as  large  as  another.  If  I  take 
the  smaller  from  16  and  the  greater  ft'om  30,  the  remainders  are 
equal.    What  are  the  numbers  ? 

Let  X  =  the  smaller  number. 

Then  3  a?  =  the  larger  number, 

and  16  —  a;  =  16  diminished  by  the  smaller  number ; 

also,  30  —  3x  =  30  diminished  by  the  larger  number. 

Therefore,     16 -x  =  30 -3a;,   2a;  =14,  a;=7,  3x=21. 

6.  Divide  the  number  92  into  four  parts,  such  that  the  first 
exceeds  the  second  by  10,  the  third  by  18,  and  the  fourth  by  24. 

Let  X  =  the  first  part. 

Then  a;  —  10  =  the  second  part, 

a;  — 18  =  the  third  part, 
a;  —  24  =  the  fourth  part, 
and  4a;  —  52  =  the  whole  number. 

But  92  =  the  whole  number. 

.•.4a;-52=92,  4a;=144,  a;.=  36,  x-10  =  26,  x-18  =  18,  x-24-12. 
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6.  The  sum  of  two  numbers  is  20 ;  and,  if  three  times  the 
smaller  number  be  added  to  five  times  the  greater,  the  sum  is  84. 
What  are  the  numbers  ? 

Let  a  =  the  greater  number. 

Then         20  — x  =  the  smaller  number, 

5  a;  =  5  times  the  greater  number, 
3  (20  —  a;^  =  3  times  the  smaller  number, 
5  a:  +  3(20  —  a;)  =  5  times  the  greater  +  3  times  the  smaller. 
But  84  =  5  times  the  greater  +  3  times  the  smaller. 

.•.5a;  +  3(20-a;)  =  84,   5a;  +  60-3a:=84,   2a;=24,   a;=12,  20-a;  =  8. 

7.  The  joint  ages  of  a  father  and  son  are  80  years.  If  the 
age  of  the  son  were  doubled,  he  would  be  10  years  older  than  his 
father.    What  is  the  age  of  each  ? 

Let  X  =  number  of  years  of  father's  age. 

Then         80  —  a;  =  number  of  years  of  son's  age, 

2(80  —  x)  =  number  of  years  of  father's  age  +  10, 
a;  +  10  =  number  of  years  of  father's  age  +  10. 
.-.  2(80-x)=-a;  +  10,  160-2a;=a;+10,  -3a;  =  -150,  a:=50,  80-x=30. 

8.  A  man  has  6  sons,  each  4  years  older  than  the  next  younger. 
The  eldest  is  three  times  as  old  as  the  youngest.  What  is  the 
age  of  each? 

Let  X  =  number  of  years  of  age  of  youngest. 

Then  a;  +  4  =  number  of  years  of  age  of  secona, 

a;  +  8  =  number  of  years  of  age  of  third, 
a;  +  12  =  number  of  years  of  age  of  fourth, 
a;  +  16  =  number  of  years  of  age  of  fifth, 
X  -f  20  =  number  of  years  of  age  of  sixth. 
3x  =  ^  times  age  of  youngest. 
.•.3a:=-a;  +  20,   2a;  =  20,   a;  =10,   a;  +    4=14,  x -\-    8  =  18, 
a; +  12  =  22,  a; +  16  =  26,   a; +  20  =  30. 

9.  Add  $  24  to  a  certain  sum  and  the  amount  will  be  as  much 
above  $80  as  the  sum  is  below  $80.    What  is  the  sum? 

Let  X  =  number  of  dollars  in  sum. 

Then  a;  +  24  —  80  =  number  of  dollars  above  80, 
and  80  —  a;  =  number  of  dollars  below  80. 

.-.a; +  24 -80  =  80 -a;,   2x  =  136,   a;  =  68. 

10.  Thirty  yards  of  cloth  and  40  yards  of  silk  together  cost 
$330 ;  and  the  silk  cos^  twice  as  much  a  yard  as  the  cloth.  How 
much  does  each  cost  a  yard? 

Let  X  =  number  of  dollars  one  yard  of  cloth  cost. 

Then  2x  -=  number  of  dollars  one  yard  of  silk  cost. 

30  a?  +  80  a;  =  number  of  dollars  all  cost. 
But  330  =  number  of  dollars  all  cost. 

.•.30a;  +  80a;  =  330,-  110a;  =  330,   x  =  3,   2x  =  6. 
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11.  Eind  the  namber  whose  doable  increased  by  24  exceeds 
80  by  as  much  as  the  number  itself  is  less  than  100. 

Let  X  ==  the  number. 

Then       2  a;  +  24  =  its  double  increased  by  24, 
2  a;  +  24  -  80  =  excess  over  80, 

100  —  X  =>  difference  between  the  number  and  100. 
.•.2a?  +  24-80  =  100-x,   3x«156,   x-52. 

12.  The  sum  of  8500  Is  divided  among  A,  B,  C,  and  D.    A  • 
and  B  have  together  0280,  A  and  C  8260,  and  A  and  D  $220. 
How  much  does  each  receive? 

Let  X  =  number  of  dollars  A  has. 

Then       280  —  x  =»  number  of  dollars  B  has, 
260  —  X  =  number  of  dollars  C  has, 
220  —  X  =  number  of  dollars  D  has, 
760  —  2x  =  number  of  dollars  all  have. 
But  500  =>  number  of  dollars  all  have. ' 

.•.760-2X-500,       -2x  =  -260.         x-130, 
280-X-150,   260-x=-130,   220-x  =  90. 

13.  In  a  company  of  266  persons  composed  of  men,  women, 
and  children,  there  are  twice  as  many  men  as  women,  and  twice 
as  many  women  as  children.    How  many  are  there  of  each? 

Let  X  =  number  of  children. 

Then  2x  =  number  of  women, 

and  4x  =  number  of  men, 

7x  =  whole  number. 
But  266  =  whole  number. 

.\7x  =  266,  x  =  38.   2x=76,  4x  =  152. 

14.  Find  two  numbers  diflfering  by  8,  such  that  four  times  the 
less  may  exceed  twice  the  greater  by  10. 

Let  X  =  greater  number. 

Then  x  —  8  =  smaller  number. 

4(x-8)-2x=10. 
.•.4x-32-2x=10,  2x  =  42,  x  =  21,  x-8  =  13. 

15.  A  is  58  years  older  than  B,  and  A's  age  is  as  much  above 
60  as  B's  age  is  below  60.    Find  the  age  of  each. 

Let  X  =  number  of  years  of  B's  age. 

Then         x  +  58  =  number  of  years  of  A's  age, 

(x  +  58)  —  60  =  number  of  years  of  A's  age  above  60, 
50  —  X  =  number  of  years  of  B's  age  below  50. 
.•.(x  +  58)-60  =  50-x,   2x  =  52,   x-26,   x  +  58  =  84. 
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16.  A  man  leaves  his  property,  amounting  to  $7500,  to  be 
divided  among  his  wife,  his  two  sons,  and  tliree  daughters, 
as  follows :  a  son  is  to  have  twice  as  much  as  a  daughter,  and 
the  wife  $500  more  than  all  the  children  together.  How  much 
will  be  the  share  of  each? 

Let  X  —  number  of  dollars  in  a  daughter's  share. 

Then       2aj  =  number  of  dollars  in  a  son's  share, 
and  3  a;  a  number  of  dollars  given  to  all  the  daughters ; 

also,  4aj  =  number  of  dollars  given  to  all  the  sons. 

7  a; »  number  of  dollars  given  to  all  sons  and 
daughters, 
7x  +  500=  number  of  dollars  given  to  wife, 
7a;  +  7a;  +  500=  number  of  dollars  m  whole  estate. 
But       7500  =  number  of  dollars  in  whole  estate. 
.•.7ar  +  7a;  +  600=7500,  14a?  =  7000,   a  =  500, 

2ar=1000,   7aj  +  500  =  4000. 

17.  A  vessel  containing  some  water  was  filled  by  pouring  in 
42  gallons,  and  there  was  then  in  the  vessel  seven  times  as  much 
iis  at  first.    How  much  did  the  vessel  hold? 

Let  X  =  number  of  gallons  the  vessel  holds. 

Then  a:— 42  =  number  of  gallons  there  were  in  the  vessel, 
7  (a?— 42)  =  7  times  number  of  gallons  there  were  at  first. 
.•.a;  =  7(x-42),  x=7a;-294,  -6aj=-294,   a;  =  49. 

18.  A  has  $  72  and  B  has  $52.  B  gives  A  a  certain  sum ;  then 
A  has  three  times  as  much  as  B.  How  much  did  A  receive 
fromB? 

Let  a;  =  number  of  dollars  A  receives  from  B. 

Then  52— a:  =  number  of  dollars  B  has  left, 
and         72 + a;  =  number  of  dollars  A  has. 
.-.72  + a;  =  3(52 -a;),   72  +  ar  =  156-3ar,   4ar  =  84,   a;  =  21. 

19.  Divide  90  into  two  such  parts  that  four  times  one  part 
may  be  equal  to  five  times  the  other. 

Let  X  =  larger  number. 

Then  90~a;  =  smaller  number. 
.•.4aj=5(90-a:),  4a;  =  450-5a;,  9x  =  450,  ar  =  50,  90-a:-40. 

20.  Divide  60  into  two  such  parts  that  one  part  exceeds  the 
other  by  24. 

Let  X  =  lesser  part. 

Then  a;  +  24  =  greater  part. 

/.a;  +  a;  +  24  =  60,   2a;  =  36.   ar  =  18,   a?  +  24  =- 42, 
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21.  Divide  84  into  two  such  parts  that  one  part  may  be  less 
than  the  other  by  36. 

Let  X  » lesser  part. 

Then  a?  +  36  —  greater  part. 

.•.a;  +  a;  +  36=84,  2x  =  48.  a?-24,  84-«-60. 

22.  A  is  twice  as  old  as  B,  and  22  years  ago  he  was  three 
times  as  old  as  B.    What  is  A*s  age? 

Let  X  =  number  of  years  of  B*b  age.  • 

Then       2x  =  number  of  years  of  A's  age ; 
also,      x  —  22='  number  of  years  of  B*8  age  22  years  ago, 
and     2aj  —  22  =  number  of  years  of  A's  age  22  years  ago. 
.•.3(a;-22)  =  2a;-22,   3x~66  =  2x-22,  a;  =  44,   2x  =  88. 

23.  A  father  is  30  and  his  son  6  years  old.  In  how  many 
years  will  the  father  be  Just  twice  as  old  as  the  son? 

Let  a;  =  number  of  years. 

Then  x  +  30  =  number  of  years  of  father*s  age  x  years  hence, 
and         X  +  6  =s  number  of  years  of  son's  age  x  years  hence. 
.•.30  +  a?  =  2(x  +  6),  30  +  x  =  2x  +  12,  x=18. 

24.  A  is  twice  as  old  as  B,  and  20  years  since  he  was  three 
times  as  old.    What  is  B's  age? 

Let  X  =  B's  age. 

Then       2x»A'sage; 
also,      X  —  20  ==  B's  age  20  years  since, 
and     2x  —  20  =  A's  age  20  years  since. 

.•.2x-20  =  3(x-20),   2x-20  =  3x-60,  x-40. 

25.  A  is  three  times  as  old  as  B,  and  19  years  hence  he  will 
be  only  twice  as  old  as  B.    What  is  the  age  of  each? 

Let  X  =  number  of  years  of  B's  age. 

Then       3x  =»  number  of  years  of  A's  age ; 
also,      X  +  19  =  number  of  years  of  B's  age  19  years  hence, 
and     3x  +  19  =  number  of  years  of  A's  age  19  years  hence. 
.•.3x  +  19-2(x  +  19),  3x  +  19  =  2x  +  38,  x  =  19,  3x=i57. 

26.  A  man  has  three  nephews ;  his  age  is  50,  and  the  Joint 
ages  of  the  nephews  is  42.  How  long  will  it  be  before  the  Joint 
ages  of  the  nephews  will  be  equal  to  that  of  the  uncle? 

Let  X  =  the  number  of  years. 

Then  50  +  x  =  number  of  years  of  uncle's  ajge  x  years  hence. 
3x  +  42  «  number  of  years  of  nephews  age  x  years  hence. 
.•.3x+42  =  50  +  x,   2X-8,   x  =  4. 
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27.  A  sum  of  money  consists  of  dollars  and  twenty-five-cent 
pieces,  and  amounts  to  $20.  The  number  of  coins  is  50.  How 
many  are  there  of  each  sort? 

Let  X  =  number  of  dollars. 

Then  50— a?  =  number  of  quarters, 

50— a; 

and  X  + =  sum  in  dollars. 

4 
But  20  =  sum  in  dollars. 

.^^50-a;_20,  4a;  +  50-a;=80,  3ar=30,  a;=10,  50-ar=40. 
4 

28.  A  person  bought  30  pounds  of  sugar  of  two  different 
kinds,  and  paid  for  the  whole  $2.94.  The  better  kind  cost  10 
cents  a  pound,  and  the  poorer  kind  7  cents  a  pound.  How  many 
pounds  were  there  of  each  kind? 

Let  X  =  number  of  pounds  of  the  better  kind. 

Then  30— a;  =  number  of  pounds  of  the  poorer  kind, 

and  10x  +  7(30— a?)  =  number  of  cents  he  paid  lor  all. 

But  294  =  number  of  cents  he  paid  for  all. 

.-.  10a;  +  7(30  -x)  =  294,   10a;  +  210  -  7a;  =  294, 
3a;  =  84,     a- =  28,    30 -a;  =  2. 

29.  A  workman  was  hired  for  40  days,  at  $1  for  every  day 
he  worked,  but  with  the  condition  that  for  every  day  he  did  not 
work  he  was  to  pay  46  cents  for  his  board.  At  the  end  of  the 
time  he  received  $22.60.    How  many  days  did  he  work? 

Let  X  =  number  of  days  he  was  idle. 

Then  40— a;  =  number  of  days  he  worked, 

and  45a;  =  number  of  cents  he  paid  for  board  ; 

also,    4000  —  100  a;  =  number  of  cents  he  received  for  work, 
(4000  —  100  a;)— 45  a;  =  number  of  cents  cleared. 

But  2260  =  number  of  cents  cleared. 

.-.4000 -100a; -45a;  =  2260,   -  145a;  = -1740,   a;  =  12,  40  -  a;  =  28. 

30.  A  wine  merchant  has  two  kinds  of  wine ;  one  worth  60 
cents  a  quart,  and  the  other  75  cents  a  quart.  From  these  he 
wishes  to  make  a  mixture  of  100  gallons,  worth  $2.40  a  gallon. 
How  many  gallons  must  he  take  of  each  kind? 

Let  X  =  number  of  gallons  at  $2. 

Then        100  —  x  =  number  of  gallons  at  $  3, 
and  2  a;  =  number  of  dollars  one  part  cost ; 

also,        3^100  —  a;^  =  number  of  dollars  the  other  part  cost, 
and  2a;+3(100  —  a;)  =  number  of  dollars  all  cost. 

But  240  =  number  of  dollars  all  cost. 

.•.2x  + 3(100 -a;)  =  240,   2x  +  300-3a;  =  240,   a;  =  60,   100-a;=40. 
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31.  A  gentleman  gave  some  children  10  cents  each,  and  had 
a  dollar  left.  He  found  that  he  would  have  required  one  dollar 
more  to  enable  him  to  give  them  15  cents  each.  Uow  many 
children  were  there? 

Let  X  =  number  of  children. 

Then  lOz  =»  number  of  cents  given, 

and         10  X  +  200  =  number  of  cents  required  to  give  each  15  cts. 
But  15  a;  =  number  of  cents  require<l  to  give  each  15  eta. 

.•.10x-f200  =  15a;,  -5z=-200,  x  =  40. 

32.  Two  casks  contain  equal  quantities  of  vinegar :  fh>m  the 
first  cask  34  quarts  are  drawn ;  ft'om  the  second,  20  gallons;  the 
quantity  remaining  in  one  vessel  is  now  twice  that  in  the  other. 
How  much  did  each  cask  contain  at  first? 

Let  X  «  number  of  quarts  each  contained  at  first. 

Then  aj— 34  =  number  of  quarts  first  now  contains, 

and  X— 80  =  number  of  quarts  second  now  contains. 

2(x—  80)  =  twice  the  No. quarts  second  now  contains. 
.•.2(x-80)  =  aj-34,   2x- IGO- j;-34,  x-12(>. 

33.  A  gentleman  hired  a  man  for  12  months,  at  the  wages  of 
$90  and  a  suit  of  clothes.  At  the  end  of  7  months  the  man  <|uits 
his  service,  and  receives  $33.75  and  the  suit  of  clothes.  What 
was  the  price  of  the  suit  of  clothes? 

Let  x  =  number  ofdollars  the  suit  cost. 

Then  x  +  90  =  number  of  dollars  he  receives  by  the  year. 

and  ^-^ —  =  number  of  dollars  he  receives  by  the  month. 

12 

and  fK^+ — 2  =  number  ofdollars  he  receives  for  7  months. 

12 
But      X  +  33.75  =  number  ofdollars  he  receives  for  7  months. 

.•.Ii£±^-x  + 33.75,   7x  +  630  =  405  +  12x,  5x-225,  x=45. 
12 

34.  A  man  has  three  times  as  many  quarters  as  half-dollars, 
four  times  as  many  dimes  as  quarters,  and  twice  as  many  half- 
dimes  as  dimes.  The  whole  sum  is  $7.30.  How  many  coins 
has  he  aUngrthfiH? 

Let  X  =  number  of  half-dollar  pieces.  ,  . 

Then  3  x  =  number  of  quarter-dollar  pieces, 

12  X  =  nnmber  of  dimes, 
24  X  =  number  of  half-dimes. 
x3^12x24x_^j^^  whole  sum  in  dollars. 
2      4       10       20 

But  7.30  =  the  whole  sum  in  dollars. 

...|  +  ^  +  3^^  +  ^  =  7.30,   10x-fl5x  +  24x  +  24x  =  146, 

73x  =  146,  x=°2,y^wU,   lii     21,  i4ll'g4a. 
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36.  A  person  paid  a  bill  of  $15.25  with  quarters  and  half- 
dollars,  and  gave  61  pieces  of  money  uUu^Ullipr.  How  many  of 
each  kind  were  there?  \    ..  .—  -^ ^ 

Let  X  =  number  of  half-dollars.       ngJL     L^t^M^^^ ' 

Then         51  —  a;  =»  number  of  quarter-dollars.^s,^^         ^ 

50ar  =  number  of  cents  in  half-doUarsT^- — >. .- 

25^51  —  xj  =  number  of  cents  in  quarter-dollars, 
50a;  -f-  25(51  —  a;)  =  number  of  cents  in  all. 
But  1525  =  number  of  cents  in  all. 

.-.  50a;  +  25(51  -  a)  =  1525,  50 aj  +  1275  -  25a;  =  1525, 
25 a;  =  250,  x  =  10,  51 -a;  =  41. 

36.  A  bill  of  £  100  was  paid  with  guineas  (21  shillings)  and 
half-crowns  (2\  shillings),  and  48  more  half-crowns  than  guineas 
were  used.    How  many  of  each  were  paid? 

Let*  a;  =  number  of  guineas. 

Then         a?  -I-  48  =  number  of  half-crowns, 

21  a;  -f-  2J(a;  -I-  48)  =  number  of  shillings  in  the  lot. 

But  2000  =  number  of  shillings  in  the  lot. 

.-.  21a;  +  2J(a;  +  48)  =  2000,   21  a;  +  ^^^^^40  =  2000, 

42 a;  +  5 a; -i- 240  =  4000,  47a;  =  3760,  a;  =  80,  a; +  48  =  128. 

Exercise  21. 

1.  {x+yy  9.   {ab  +  cdy 

=  ar»  -f  2a;3/  +  y».  =  a^b^  +  2abcd  +  c^(P. 

2.  (y-zy  10.  (3mn-4)2 

=  3/2  _  2yz  +  z\  =  dnj^V  -  24mn  -f  16. 

3.  (2  a; +  1)2  11.   (12  +  5a;)2 

=  4a;2  +  4a;  +  1.  =  144  +  120a;  +  25a;«. 

4.  (2a+5&)2  12.   {^xy^-yz^f 

=  4a2  +  20a&  +  25&*.  =  16ar'y*  -  Say^z^  ^  ^2^*^ 

5.  (l-a;2)2  13.  (Zabc-'bcdf 

=  l-2a^'  +  a;*.  =9 a^i V _  6 ab'(?d  +  h'(?d'. 

6.  (3aa;-4a;7  14.   {^x'-xy^f 

=  9aV  -  24aar'  +  16a:*.  =  16a;8  --  ^3^y^  +  ^y\ 

7.  {1-1  of  15.   (a;  +  .y)(a;-y) 
=  l-14a  +  49a2.  =a^-y\ 

8.  (pxy  +  2y  16.  (2a  +  6)(2a-6) 
=  25a;y  +  20a;y  +4.  =ia^  -V. 
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17.  (l  +  o  +  6)(l-a-6)  18.  (l-a  +  6)(l  +  a~6) 

=  [!  +  (« +,*)][! -(a +  6)]  -ri-(a-6)][l+(a-6)] 

=  l-{a  +  by  -  1  _  (a  -  by 

=  l^a^-2ab~b^.  -  1  -  a"  +  2ai  -  6», 

19.  (a« -f  oi  +  6«)(a«  -  oi  +  6«) 

20.  (3a  +  26-<;X3a-26  +  c) 

=  [3a  +  (26-c)][3a-(26-c)l 
=  9a«-(26-c)» 
=»9a»-(46«-46<;  +  <5») 
=  9a«-46«  +  46c-c». 

Exercise  22. 

1.  (a:  +  y  +  2)'  =  «»  +  y'  +  2*  +  2xy  +  2xz -\-  2yz. 

2.  (x-y +2)2  =  a:»  +  y*  +  2*-2ay +  2a»-2y2. 

3.  {m-^n-p-C[f  =»  ?»'+n*+p2+g''+2mn— 2 wp-2 m5'-2np-2 nq-\^2pq. 

4.  (a;«  +  2aj-3)«-aj*  +  4a^-2«*-12a?  +  9. 

5.  (a;*-6a?  +  7)'  =  a?*-12j:»  +  50a^-84aj  +  49. 

6.  (2jb»  -  7a;  +  9)«  =  4a:*  -  28a»  +  85a:«  -  126x  +  81. 

7.  (x«+y»-2»)«-x*  +  y*  +  2*  +  2x2ya-2a:*2«-2yV. 

8.  (a?*-4a:^'  +  y*)«  =  x8  +  18xV+y8-8afy*-8xy. 

9.  (a»  +  6»  +  c»)»  =  a«  +  6»  +  C«  +  2a»6»  +  2aV  +  26»c». 

10.  (x»-y»-2»)'«  =  »«  +  y«  +  2«-2ar»y»-2ar»2»  +  2y»z». 

11.  (x  +  2y  -  32)«  =  x^  +  4y»  +  92»  +  4xy-  6xz  -  12yz. 

12.  (x«  -  2  y«  +  5  2*)2  =  X*  +  4  y*  +  25  2*  -  4  x*y2  +  10  X V  -  20  yh\ 

13.  (x»  +  2x-2)*-x*  +  4x»-8x  +  4. 

14.  (x»-5x  +  7)»  =  a:*  +  39x*-10x»-70x  +  49. 
16.  i2x»-3x-4)*  =  4x*-12x»-7x2  +  24x  +  16. 

16.  (x  +  2y  +  32)«  =  x«  +  4y2  +  92^  +  4xy  +  6x2  +  12y2. 
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Exercise  23. 

1.  (a;  +  2}(a:  +  3)  =  a:^  +  5  a;  +  6.  12.  {x-^y){x-\-y)  =  «*-3 jy-4y«. 

2.  (a;  +  l){x  +  5)  =  a:*  +  6  a;  +  5.  13.  (a-26)(a-56)=a'«-7a&+1062. 

3.  (a;-3Xa;-6)-x2_9a.^l8.  14.   (.r«  +  2  i/X-c^  +  y*) 

4.  (.-8)(.-l)  =  :c«-9^  +  8.  =^  +  3.y  +  2y*. 

5.  (a;-8)(a;  +  l)  =  x^-7a;-8.  lx^-2^yQSxY. 

6.  (a;-2)(a;  +  5)  =  x»  +  3a:-10.  le.   (aa; -  9)(a.r -f  6) 

7.  (ar-3)(a;  +  7)  =  a^'H-4a;-21.  =aV-3a.r-54. 

8.  (.x'-2)(a;-4)  =  a;'«-6a;  +  8.  ^'^-   ^''X''}^^-^), 
'^          ^  =a;^  +  (a  — 6)a'- a&. 


9.   (x  +  l)(a;  +  ll)  =  a;2+i2a;+ll. 
10.   (.r-2a)(a;+3a)  =  x^-^ax-6a^. 


18.  (a;-ll)(a;  +  4)  =  a:2-7a?-44. 

19.  (a;  +  12)(a;-ll)=a:2+a;-132. 


11.   {x-c){x-d) 

=^x^-{c  +  d)x-^  cd.  20.   (a;-10)(a; - 5)  =  a;''- 15 a;  +  50. 


Exercise  24. 

1.   Ln^.l  +  a..  7.  ^!^  =  aJ-c. 

l-2a?  '    ab^-c 

^-\-^x  2x-{-4y                   ^ 

3a  +  6  7-2a 

4.   ^^  =  3a  +  6.  10.  ^'-«^.y'  =  .-9y. 

i5a— 6  a; +  93/ 

6.  l§5lll9M  =  4a-36.  11.   l-(^-y)!^_,       . 

6.   i^'=l+3..  12.  5!^ll^±iI'  =  a-6-c. 

1-32  a  +  (6  +  c) 
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(i  +  y)-5  '  8-(26  +  3c) 

14.   \-^;-\''y  =  1  -  a  +  56.        16.  ("-'r^'-f  -  -*-«+''• 
l  +  (a-56)  (a-6)+(<.-d) 


Exercise  25. 

1.  (y8_l)  +  (y-l)  10.  (l+8a»)  +  (l  +  2a) 
=  2/'»  +  y  +  l.  -l-2a  +  4a«. 

2.  (6»-125)  +  (6-5)  11.  (27a»  +  6»)-i-(3a  +  6) 
=»&2  +  56  +  25.  -9a«-3ai  +  ft*. 

3.  (a»-216)-h(a-6)  12.  (8aV  +  1) +  (2ax  +  1) 
=  a»  +  6a  +  36.  =  4aV -  2aa;  +  1. 

4.  (a;»  -  343) -*- (x  -  7)  13.  (r»  +  273/*) -i-(a;  +  3y) 
=  r'+7aj  +  49.  =.a»-3ajy  +  9y». 

6.  (l-8a;»)H-(l-2«)  14.   (512a^y»  +  2»)  +  (8.Ty  +  2) 
=  1  +  2a;  +  4a:«.  =  64«y  -  8  xyz  +  2*. 

6.  (8aV-l)-«-(2ax-l)  16.  (729a»  +  2166»)^(9a  +  66) 
=  4aV  +  2aa;  +  1.  =  81  a«  -  54a6  +  366«. 

7.  (l-27ir»y»)-(l-3a:y)  16.  (64a»  +  10005»)-i.(4o  +  106) 
=  1  +  3a!y  +  9a»y«.  -  16a»  -  40a6  +  1006*. 

8.  (64a»6»-27a')  +  (4a6-3a;)  17.  (64  a»6»  +  27  ar»)  +  (4  06  +  3  x) 
=  16a26«  +  12a6a;  +  9a^.  =  16  a'6»- 12  aJa;  +  9  a;'. 

9.  {a;»  +  y»)-»-{«  +  y)  18.  (a:»  +  343)  +  (a;  +  7) 
=  a;'-a!y  +  y'.  =0*  — 7aj  +  49. 

19.   (27aJ»y»  +  82»)-5-(3ary  +  22) 
=  9a;y-6a;y2  +  42'. 
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Exercise  26. 

=  ic"  +  a;*y  +  a:y'  +  y*. 

2.  (ar*-y*)  +  (a;  +  y) 

=  .T*  —  x^y  +  a:y*  —  y*. 

3.  (a«-a:«)  +  (a-a;) 


(9- 


4.  (a«-x«)  +  (a  +  a;) 


5.  (81aV-l)  +  (3axVl) 
=  27 aV  /  9aV  +  3aa;  -#  1. 


6.  (64a«-6«)  +  (2a-6) 

=  32a*  +  16a*6  +  8a»6'  +  4a«6»  +  2a6*  +  6». 


7.  (a5  +  3265)^-(a  +  2&) 

=  a*  -  2a»6  +  4a«6'«  -  8a5»  +  166*. 

8.  (a*- 326*) -I- (a -26) 

=  a*  +  2a»6  +  4a«6'  +  8a6»  +  166*. 

9.  (l-243a*)^-(l-3a) 

=  1  +  3a  +  9a'  +  27a»  +  81  a*. 

10.  (243a*  +  l)-i-(3a  +  l) 

=  81a*-27a»  +  9a*-3a  +  l. 

11.  {x^-y^)^{x^y) 

=  »•  +  x*y  +  a:*y*  +  o'y'  +  «V  +  a^  +  y*. 


12.  (aW  -  1024)  +  (a  +  2) 

=  a«  -  2a8  +  4aT  -  8a«  +  16a*  -  32a*  +  64a» 
-128a»  +  256a-512. 
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Exercise  27. 

1.  5a«-15a  6.  6a»6"-21a*6«  +  27a»6* 

=  5a(a  -  3).  -  3a»ft«(2a«6  -  7a  +  96»). 

2.  6a»  +  18a«-12a  7.  64a!«y«  +  lOSatV  -  243i*y» 
=  6a(o«  +  3a-  2).  -  27a!«y»(2  +  4xy  -  9ar«y»). 

3.  49a:»-2U  +  14  8.  45iy«-90a:»y»  -  3603ry 
=  7(7 «»  -3*  +  2).  -45a?V^(a:^y>  -  2x  -  8y). 

4.  4a:»y-12jc»y«  +  8ay»  9.   70ay- 140 aV  +  210a/ 
=  4,xy{x^  -  3a;y  +  2y»).  -  70ay*(a"  -  2ay  +  3y»). 

5.  y*-ay^  +  by*  +  ey  10.  32a»6»  +  96a«6«- 128a»6* 
=  y(3^~ay^+  ^  +  c).  -  32a»6»(l  +  3 a»6« - 4 a»ft»). 


Exercise  28. 

1.  x^  —  ax  —  bx  -^ab  6.  aix  -  afty  +  pqx  —pqy 
=»  (a  -  aXa;  -  b),  =»  (ai  +jj5)(x  -  y). 

2.  oft  +  ay  —  6y  —  y*  7.  cd!i*  +  adxy  —  bcxy  —  aby* 
=  (a  -  y){6  4-  y).  =  (ex  +  ayX^x  -  by). 

3.  bc  +  bx—cx  —  a^  .8.   aftcy  —  6'rfy  ~  a«(ii;  +  bd}x 
=  (6  -  a;)(c  +  x).  =  (ac  -  6c0(6y  -  (ix). 

4.  TTix  +  win  +  ox  +  an  9.  ax  —  ay  —  6x  +  6y 
=  (m  +  aXa;  +  n).  =  (a  -  6)(x  -  y). 

6.  cdx"  -  cxy  +  (fey  -  y'  10.  ccfe*  -  cyz  +  rfyz  -  y* 

=  (ex  +  y )((&  -  y).  -  {cz  +  yX&  -  y ). 

Exercise  29. 

1.  x*  +  12x  +  36  6.  2* +  142* +  49 
=  (x  +  6)».  =(2»-h7)V 

2.  x^  +  28x  +  196  7.  x»  +  36xy  +  324 y« 
=  (x  +  14)^  =(x  +  18y)^ 

3.  x«  +  34x  +  289  8.  y*  +  16 y»2*  +  642* 
=  (x  +  17)^  =(y*  +  82')«. 

4.  z«  +  22  +  l  9.  y«  +  24y»  +  144 
=  (2 +  !)'».  =(y»  +  12)'. 

5.  y2  -f  200y  +  10,000      *  10.  xV  +  162x2  +  6561 
=  (y  +  100)«.  =(X2  +  81)«. 
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11.  4a'»  +  12a6«  +  96*  13.    dx^ -\- I2xy -\-^y^ 

12.  9x^y*  +  SOxi/z  4-  252>  14.  4a*a;2  +  ^Oa^a^y  +  25a:*y2 
=  (3ay«  +  52f  =  (2a^x  +  5a;*^y)". 

EXEKCISE   30. 

1.  a«-8a  +  16  13.   16a-«-8ar*y» +  a:'y* 
=  (a-4)«.  =(4r»-a:y7. 

2.  a^- 30a +  225  14.  a«ar*- 2a3  6a;»y*  +  6V 
=  (a  -  15)2.  _  (^3^.2  _  fj^f 

3.  a;2-38a;  +  3Gl  15.   SGa^^y*- 60 ay*  +  25 y* 
=  (x-19)2.  =(6^-5y2)». 

4.  a:«-40a;  +  400  16.   l-6a6»  +  9a260 
=  (a; -20)2.  ={1-Sa¥f. 

5.  y2-100y  +  2500  17.  9m2n«-24mn  +  16 
=-(y-50)«.  =(3mn-4)2. 

6.  y*-20y2+100  18.  U*x^~12bx^y +  9a^y* 
=  (y2-10)2.                  •  =(26a;-3a;y)l 

7.  y«-50y2+6252«  19.  49a«- 112a6  +  6462 
=  (y- 252)2.  =  (7a -86)2. 

8.  a:*  -  32a;2j,2  ^  256y*  20.   64aj*y«- IGOaV^  +  100a?*z« 
=  (a:2  _  iSyiy  _  (3aj2y3  _  10/2)2. 

9.  z«- 3423 +  289  21.  49 a2 62 cS  _  28 a6ca;  +  4 a;2 
=■(23-17)2.  =(7a6c-2a;)2. 

10.  4ar*y2-20ar2y82+25y*22  22.   121a:*- 286 a;2y  +  169 y2 
=  (2ar'y  -  5y2  2)2.  =  (lla;2  -  13y)2. 

11.  16a;2y*-8xy322  +  y22*  23.   289ar2y222_102a:y222e?+9y222d2 
=  (4a:y2  -  y22)2.  =  (17xy2-3y2rf)2. 

12.  9a2  62c2-6a62c2(;  +  6V<i2       24.  361a;2y222_7Ga6ca:y2+4a262ca 
=  (3  abc  -  hcdf.  =  (19  a:y2-2  a6c)2. 


Exercise  31. 

1.  a2-J2  3.   4a2-25 

=  (a  +  6)  (a  -  h).  =  (2a+  5)  (2a-  5). 

2.  a2-lG  4.   a* -6* 

-(a-f  4)(a~4).  =.(a?  ^h''){a  +  h){a-h). 
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5.  a*-l  10.  l-49x* 

=  {a>  +  l)(a  +  l)(a - 1).  =  (1  +  7x)(l  -  7a:). 

6.  a^~h^  11  a*  —  2nh* 

=  (aH6*)(aH6»)(a+6)(a-6).  *  =  („.  +  5ft)(^,  _  g^j 

'   i(a*+l)(a«+l)(a+l)(a-l).  ^'  ^^a^^lz^^ 


8.   36a^-49y» 

=  (6x  +  7y)(6a;-7y). 


=-  (a  -  6  —  c)  (a  -  6  +  c). 

13.  a;a-(a-6)» 

9.   100a:«y«-121a«6»  .  =  (x  -  (a  -  5)Hx  +  (a  -  6)} 

=  (lOicy+U  ab){10xy-\  lab).  =  (x  -  a  +  6)  (x  +  a  -  6). 

14.  {a  +  bf~{c+dy 

=  r(a  +  6)  +  (c  -f  rf)]  [(a  +  6)  -  (c  +  d)] 
=  (a  +  6  +  c  +  c?)  (a  -f  5  -  c  -  d). 

15.  (x+yf-^ix-yy 

=  {(x^y)  +  {x-y)}{{x  +  y)-(x-y)} 
=  {x+y  +  x-y){x+y-x  +  y) 
=  4ay. 

16.  2a&-a*-6»4-l  19.  a»  +  126c- 46«- 9c> 

=  1  -  (a^  -  2a6  +  6»)  =  a»  -  (46»-  126c  +  9c») 

=  l_(a-6)2  =a«-(26-3c)» 

=  a  +  (a  -  i)}{l  -  (a-  6)}  =  {a-f-(26-3c)}{a-(26-3f)} 

=  (1  +  a  -  6) (1  -  a  +  6).  =  (a  +  26  -  3c)(a  -  26  +  3c). 

17.  a^-2yz-y»-2«  20.  a»-2ay +y'-a:*-2x2-2' 
=  x*  -  (y'*  +  2yz  +  s?)  =  (a*^2  ay+y«>-(x*+2x2+2») 
-.^^^■^zf  =.la^y/-(x^zf 

=  (aj  +  (y  +  z)}{aj  -  (y  +  2)}  =  {(«-y)+(a?+2)K(a-y)-(a;+2j} 


=  (x  +  (yH 
=  (x  +  y  + 


z)  (x  -  y  -  z).  =  (a-y +x+2)(a-y-x-z). 


18.  x^-2xy-^y^-z^  21.   2xy-x»-y«  +  2» 

=  (x*-  2xy  -{-y^)'-}:^  -^z'-Cx^-Zxy  -f  y«) 

=  x-y)»-z«  =2»-(x-y)«^ 


=  (x~y  +  z)(x-y-2). 


=  {2  +  (»--y)){2-(a;-y)} 

=  (z  +  X  -  y)  (z  -  X  +  y). 


a?  +  y^-z^-d^-2xy-2(k 
-(x*-2xy+y«)-((^  +  2dz  +  2'') 
=  rx-y)«-(rf  +  z)« 

=  (x  —  y  --  o  —  z)  (x  —  y  +  d  +  z). 

^*  ~  y*  +  2*  —  a*  —  2xz  +  2ay 

=  (x^-  2xz  +  2*)  -  (a'  —  2 ay  +  y*) 

=  f  X  —  z)^  —  (a  —  y)' 

=  |(x-z)-(a-y)}{(x-z)+  (a-y)} 

—  (x  —  z  —  a  +  y)  (x  —  2  +  a  —  y). 


I. 
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,  '-7Z(f^<^^^:^^ 


24.  2o6+a*  +  6«-c» 

=  (a  +  6  +  c){a  +  6  -  c). 
26.  2w-ar»-y«  +  a«+6'-2a6 

=  |(a-6)  +  (:.-y)}{(a-6)-(aj-y)}  ^ 

=-  (a  —  6  +  a;  —  yXa  —  6  —  x  +  y). 

26.   {ax  +  byf--l  27.   l-x«-y»  +  2a;y 

j  +  6y  +  r' 


(oj;  +  6y  +  l){ax  +  by  —  l).  =  1  —  (a;'  -  2ary  +  y«) 

l-Cx-y- 
(1+aj-y. 


j(l-x  +  y). 


B.   (5a-2)«-(a-4)« 

=  {(5a  -  2)  +  (a  -  4)}{(5a  -  2)  -  (a  -  4)} 
=  (5a-2-f-a-  4)(5a  -  2  -  a  +  4) 
=  (6a-6)(4a  +  2)^ 


29.  a«-2a5  +  5*-r'  32.  cP-a* +4a:y-4y» 

=  (a  —  6)'  —  I*  =  cP  —  (x'  —  4  iry  +  4y*) 

=  (a  -  6  +  a;)(a  -  6  -  a;)  =  rf«  -  (x  -  2y)'' 

=  (rf  +  a:  -  2y)(ci  -  a?  +  2y). 

30.  (a:  +  l)'-(y  +  l)«  33.  a'-b^-2bc-(^ 
=(a;+l+y  +  l)(a;  +  l-y-l)  =a«-(6«  +  26c  +  c^) 
=  {x  +  y  +  2){x  ~  y).  =  a»  -  (6  +  c)« 

=  (a  +  6  +  c)(a  —  b  —  c). 

31.  (a;+y)«-(y-l)«  34.   4ar*- 9a;2  +  6a;- 1 

=  (a;+l+y-l)(a;+l-y+l)  -  4a;*  -  (9x»  -  6a;  +  1) 

=  (x  +  y)(a;-y  +  2).  =4a:*-(3a;- 1)^ 

=  (2a;»+3x-lX2a;»-3a;+l). 


Exercise  32. 

1.  a;*  +  a;2y«  +  y*  =  (a;*  +  a;y  +  y^){x^  -xy  +  y*). 

2.  9a;*  +  3a;y  +  4y*  =  (3a;«  +  3a;y  +  2y«)(3a;«  -  3a;y  +  2y*). 

3.  16a;*  -  17a;y  +  y*  -  (4a;'»  +  3a^  -  y^)(4x''  -  3ay  - y^). 

4.  81a*  +  23a«62  ^  igji  _  (9^2  ^_  7^5  +  462)(9a« -  7a6  +  46«). 

5.  81a*-28a«62  +  166*  =  (Sa^  +  10a6  +  462)(9a'' -  10a6  +  46»). 

6.  9a;*  +  38ar'y2  +  49y*  =  (3a;»  +  2a;y  +  7y2)(3a;»  -  2a;y  +  7y«). 

7.  25a* - 9a'^62  +  166*  =  (5a«  +  7a6  +  46«)(6a» - 7a6  +  46«). 
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8.  49m*  +  llOmW  +  81n*  =  (7m«  +  4mn  +  9n«X7m«-4mn  +  9n»). 

9.  9a*+  21aV  +  25c*  =  (3a*  +  3<kJ  +  5c»X3a«-3a<5  +  5c^. 

10.  49a*-  15a«6»  +  121 6* « (7a«+  13ai  + 11 6»X7«'-13a6  + 11 6«). 

11.  64ar*  +  128a^y«  +  Sly*  -  (8a:»  +  4ay  +  9y«X8a» -  4 xy  +  9y»). 

12.  4a:*  -  37«»y«  +  9y*  -  (2a:«  +  5«y  -  3y«X2a»- 5«y -  3y«). 

13.  25 aj*-  41  a:«y«  +  16y*  -  (5a:»  +  ay  -  4y«X5a»  -  xy  -  4y«). 

14.  81a;*-34a*y«  +  y*=»(9»«-h4ay-y«X9a:*-4jy-y«). 

Exercise  38. 

1.  a:»+lla;  +  24  14.  o*  +  5o»  +  6 

=  (»  +  8Xx  +  3).  -  (o»  +  3Xa«  +  2). 

2.  3^  + 11a: +  30  15.  2«  +  4«»  +  3 

=  (a:  +  eXx  -V  5).  »  («»  +  3Xa*  +  1). 

3.  y»  +  17y  +  60  16.  a«6«  +  18aft  +  32 

=  (y  +  i2Xy  +  5).  -  (ab  +  lexoi  +  2). 

4.  2»  +  132  +  12  17.  aV  +  '7a^y'  +  12 

=  (z  +  12X2  +  1).  -  (arV'  +  4X.t*y«  +  3). 

6.  a:»  +  21a:  +  110  18.  «'•  +  lOz*  +  16 

=  (a:  +  llXx  +  10).  =  (25  +  8X2*  +  2). 

6.  y«  +  35y  +  300  19.  a»  +  9a6  +  206* 

=  (y  +  20)(y  +  15).  =  (a  +  56Xa  +  46). 

7.  6*  +  23&  +  102  20.  a:«  +  9a:«  +  20 

=  (6  +  17)(6  +  6).  »  (a:>  +  5X«»  +  4). 

8.  a:»  +  3a:  +  2  21.  a«a:»  +  14 ofta;  +  33 ft» 

=  (a:  +  2Xar  +  1).  =  (oa:  +  11  b){ax  +  3  b). 

9.  a:*  +  7^a:  +  6  22.  aV  +  7oca:  +  lOx' 
=  (a:  +  6)(aj  +  1).  « (oc  +  5  a:)(ac  +  2  a:). 

10.  a«  +  9a6  +  82>5»  23.  xyz"  +  19ary2  +  48 

.  =  (a  +  8  6)(a  +  6).  =  (a:y2  +  16){a:y£  +  3). 

11.  a:»  +  13aa:+«6a'  24.   6V  +  18a6c  +  65a« 

=  (a:  +  9  a){x  +  4  a).  =  (be  +  13  a)(bc  -f  5  a). 

12.  y«  +  19  oy  +  48;)«  26.  rV  +  23m  +  902« 
=  (y  +  16p)(y  +  3^).  =  (ra  +  ISzX^s  +  5  2). 

13.  z'  +  29a2  +  100flr«  26.  m*n*  +  20  m'n'pj  +  51;) Y 
=  (2  +  25  q){z  -\-iq),  =  (m*n'  + 1  Ipq)^^?^?  +  3p</). 
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Exercise  34. 

1.  ««-7aj-flO  13.  a«  6V  -  13  a6c  + 22 

=  (a;  -  5)  (a;  -  2).  =  {abc  - 11)  (a6c  -  2). 

2.  a;«-29x+190  14.   a;^- 15 a; +  50 

=  (a;-19)(a;-10).  =  (a;  -  10)  (a;  -  5). 

3.  a«- 23a +  132  15.  a;^- 20a; +  100 

=  (a  -  12)  (a  -  11).  ={x- 10)  (a;  - 10). 

4.  5«-306  +  200  16.  a^a:'- 21  ox +  54 

=  (6  -  20)  (6  -  10).  =  {ax  -  18)  {ax  -  3). 

5.  2«- 432 +  460  17.   a^a^-l6abx-i-3db^ 

=  (2  -  23)  (2  -  20).  =  {ax  -  136)  (aa;-  36). 

6.  a:«-7a;  +  6  18.   a^c^  -  24 ac2  +  143 2» 

=  {x-6){x-  1).  =  {ac  -  Uz){ac  -  II2). 

7.  a:*-4a»a:2  +  3a*  19.   a;«-20a;+91 

=  (a;*  -  3a»)  {x^  -  a^).  ={x-  lS){x  -  7). 

8.  a:2-8a;+12  20.   a;^- 23.1;  +  120 

=  (.,;_  6)  (a; -2).  =  (a;  -  15)  (a;  -  8). 

9.  2»_572  4.56  21.  22-532  +  360 

=  (2  -  66)  (2  -  1).  =  (2  -  45)  (2  -  8). 

10.  3/«-72/'+12  22.  x^-{a-]-c)x  +  ac 
=  (3r^-4)(2/'-3).  =(a^-a)(a;-c). 

11.  a;2y«  -  27.W  +  26  23.  y2  2'»  -  28 a6y2  +  187a2  6'' 
=  (a;3/  —  26)  {xy  —  1).  =  {yz  —  1 7a6)  (3/2  —  1 1  ab). 

12.  a*6«-lla2  63  +  30  24.   cM«  -  30 a6cc?  +  221  a^  6^ 
=-  (a^ 6»  -  6)  {a^ ¥  -r-  6).  =  {cd  -  llab)  {cd  -  13  ab). 

Exercise  36.  * 

1.  x2  +  6a;-7  5.  2^  +  112-12 

=  (a;  +  7)  (a;  -  1).  =  (2  +  12)  (2  -  1). 

2.  ar'  +  5a;-84  6.  2^  +  132-140 

=  (a;  +  12)  (a;  -  7).  =  (2  +  20)  (2  -  7). 

3.  y2^7y-60  7.   a2  +  13a-306 

=  {y  +  12)  (3/  -  5).  =  {a  +.25)  {a  -  12). 

4.  3/2  +  12y-45  8.   0^  + 25a -150 

=  (3/+i5)(y-3).  =(a  +  30)(a-6). 
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9.   6«  +  36*-4  12.  c»  +  17c-390 

=  (6*  +  4)(6*  -  1).  -  (c  ♦-  30Xc  -  13). 

10.  6V  +  36C-154  13.  a*  +  a-lZ2 

=  (6c  +  14)(6c  -  11).  =  (a  +  12)(a  -  11). 

11.  c'»  +  15c*-100  14.  iy2«  +  9jy2-22 

=  (c5  +  20)(c*  -  5).  =  (xyz  +  1  IX^y*  -  2). 

£XERCISE   36. 

1.  a:«-3a;-28  9.  y»-5ay-60a« 

=  (x  -  7)(x  +  4).  =  (y  -  10a)(y  +  5a). 

2.  y«_7y-18  10.  a«6«-3a6-4 

=  (y  -  9)(y  +  2).  =  {ab  -  4Xa6  +  1). 

3.  r»-9a;-36  11.  a»j*  -3(w-54 

=  (a;  -  12)(a:  +  3).  =  {ax  -  y)(ax  +  6). 

4.  2»-llz-60  12.   c«</»-24c</-180 
=  (2  -  15)(2  +  4).  =  {cd  -  30)(cd  +  6). 

5.  22-132-14  13.   aV-a»c-2 

-  (2  - 14)(2  +  1).  =  (a^c  -  2)(a»c  +  1). 

6.  a»- 15a -100  14.  y«2*  -  5y*3»- 84 

=  (a  -  20)(a  +  5).  =  (yV  -  12Xy*2»  +  7). 

7.  c^o_9c5_io  15.  a»6'-16a6-36 

=  (c»  -  10)(c*  +  1).  =  {ab  -  18)(a6  +  2). 

8.  a;2-8a;-20  16.  a'-(a-5)x-a6 
=  (x-  10)(x  +  2).  =  (x  -  a)(a;  +  6). 

Exercise  37. 

1.  12a:«-5a;-2  6.  6a;«  +  5x-4 

=  (4a;  +  l)(3a;  -  2).  -  (3aj  +  4)(2a;  -  1). 

2.  12a;"-7a;  +  l            .  7.  4x«  +  13a;  +  3 

=  (3x  -  lX4aj- 1).  =  (4a:  +  IXa;  +  3). 

3.  12a:2_a._i  8.  4.T''  +  llar-3 

=  (4a:  +  l)(3a:  -  1).  =  (a:  +  3)(4a;  - 1). 

4.  3a:«-2a;-5  9.  4a:'-4x-3 

=  (a:  +  l)(3a:  -  5).  =^{2x-h  lX2aj  -  3). 

6.  3a;2  +  4a;-4  10.   a:*-3aa;  +  2a» 

=  (a:  4-  2X3a:  -  2).  =  (a;  -  a)(a;  -  2a). 
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11.  12a*  +  aV-a;*  18.  6o»- 19ac  +  10c« 

=  (3a»  +  a:»)(4a«  -  x').  =  (3o  -  2c)(2a  -  5c). 

12.  2a:»  +  5ay  +  2y«  19.   8a:»  +  34ay  +  21y« 

=  (2x  +  y)(x  +  2y).  =  (4aj  +  3yX2a;  +  7y). 

13.  6aV  +  aa;-l  20.  8x«  -  22ay  -  21y»   . 

-  (2ax  +  l)(3ax  -  1).  =  (4a;  +  3y)(2a;  -  7y). 

14.  66*-76x-3a:*  21.  eo^^jgjy.Yyj 

=  (36  +  a;)(26  -  3a;).  =  (2x  +  7y)(3a;  -y). 

16.  4a:»  +  8a;  +  3  22.   lla»-23a6  +  26» 

-  (2a;  +  l)(2a;  +  3).  =  (11  a  -  b){a  -  2b). 

16.  a»-ax-6a;»  23.  2c^-13cd  +  6(P 
=  (a  +  2a;)(a  -  3a;).  =  (2c  -  d){c -6d). 

17.  8a«  +  14a6-156«  24.  6y«  +  7yz-32» 

=  (2a  +  56X4o  -  36).  =  (2y  +  32)(3y  -  z). 


Exercise  38. 

1.  a;»  +  8  =  (a;  +  2)(x«-2a;  +  4). 

2.  a;»  +  216  =  (a;  +  6)(a;«  -  6a;  +  36). 

3.  y»  +  642»  =  (y  +  42)(y«  -  4y2  +  16z«). 

4.  646»  +  125c»  =  (46  +  5c)(166»  -  206c  +  25c«). 

5.  8a;»-27y»  =  (2a;-3y)(4a;*  +  6ay  +  9y«). 

6.  64y«  -  10002»  =  (4y  -  102)(16y«  +  40y2  +  lOOz'). 

7.  729ar»  -  512y»  =  (9a;  -  8y)(81  a;»  +  72a;y  +  64y«). 

8.  27 a»  -  1728  =»  (3o  -  12)(9a«  +  36a  +  144). 

9.  27a»-6«-(3a-6«)(9a«  +  3a6«  +  6*). 

10.  (a;  +  y)»-l  =  [(a;  +  y)-l]r(a;  +  y)2+(a;  +  y)  +  l] 
^{x-i-y-  l)(a;2  +  2xy  +  y*  +  a;  +  y  +  1). 

11.  (a;  +  y)»  +  l  =  [(a;  +  y)  +  l][(a;  +  y)2-(a;  +  y)  +  l] 
=^[x-[-y-¥  l][a;2  +  2a;y  +  y^  -  a;  -  y  +  1]. 
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12.  8a»  -  (a  -  6)»  -  [2a  -  (a  -  J)][4a«  +  2a(a  -  6)  +  (a  -  by] 
=  (a  +  J)(4o»  +  2a»  -  2o6  +  a* -  2o6  +  6«) 

=.(o  +  6)(7a2-4a6  +  6«). 

13.  (oj  +  y)»  +  c»  =  [(x  +  y)  +  c][(a;  +  y)»  -  («  +  y)  c  +  c«) 
=  («  +  y  +  cXa:*  +  2xy  +  3^  -  ca?  -  cy  +  c»). 

14.  (a;  +  y)»-  (x - y)» -[(x  +  y) -  (x  -y)][(x  +  y)»+  (x+yX*  -  y>+{*-y)*) 
=  2y  (x»  +  2xy  +  y»  +  x»  -  y«  +  x*  -  2a:y  +  y») 

=  2y(3x*+y«). 


Exercise  89. 

1.  2x»-5xy +  2y*-17x  +  13y +  21. 

2x»  -  5xy  +  2y«  =.  (x  -  2yX2x  -  y), 
2x3  -  17x  +  21  =  (x  -  7)(2x  -  3), 
2y«  +  13y  +  21-{-y-3X-2y-7). 

x-2y,   x-7,   -2y-7; 

2x-y,  2x-3,  -y-3. 
(x-2y-7X2x-y-3). 

2.  6x«-37xy +  6y»-5x-5y-l. 

6x»-5x-l-(6x  +  lX«-l),       . 

6y«-5y-l=-(6y  +  l)(y-l). 

6x»  -  37xy  +  6y»  =  (6x  -  y){x  -  6y). 

6x  — y,  6x  +  l,  1  — y; 

x-6y,  -6y-l,  x-1. 
(6x-y  +  lXa;-6y-l). 

3.  0x*-5xy-6y«-x-5y-l. 

6x»  -  5xy  -  6y»  =  (2x -  3yX3«  +  2y), 
6x»-x-l  =  (3x  +  lX2x-l). 
-6y«-5y-l  =  (-3y-lX2y  +  l). 

2x-3y,   2x-l,   -3y-l; 

3x  +  2y,  3x  +  l,   2y  +  l. 
(2x-3y-lX3x  +  2y  +  l). 
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4.  5a*-8a!y +  3y*  +  7a;  — 5y +  2. 

5x«  +  7x+2  =  (5a;+2)(x  +  l),      ^ 
3y«-5y  +  2  =  (3y-2)(y-l). 
5a; -3y,   -3y  +  2,   5a;+2; 

^  —  jfy      —  y  +  ii    «  +  l. 

(5a;-3y  +  2)(a;-y  +  l). 

6.  2a:«-ary-3y«-8a;  +  7y +  6. 

2a^  -  8a;  -  3y'  =  {2a;  -  3y)  (a;  +  vY 
2  a;*  _  8  a;  +  6  =  (2  a;  -  2)  (a;  -  3) , 
-3y«  +  7y  +  6  =  {-3y-  2)(y-3), 

2a;-3y,   2a;-2,   -3y-2; 

x  +  y,        a;  — 3,     y-3. 
(2a;-3y-2)(a;  +  y-3). 

6.  a;»~25y«-10a;-20y+21. 

a;2-10a;+21  =  (a;-7)(a;-3), 
-25v«-20y+21  =  (5y-3)(-5y-7), 
Q^  -  25y«  =  (a;  +  5y)  (a;  -  5y). 

a! —  7,   a;  — 5y,   —  6y  — 7; 
a;  — 3,   a;  +  5y,  6y  — 3. 
(a;-5y-7)(a;  +  5y-3). 

7.  2a:*  — 6 a;y  +  2y'  —  x2  —  yz  — 2*. 

2x2  -  5a;y  +  2y2  =  (2a;  -  y)  (a;  -  2y), 
2x'  —  a;2  —  2*  =  (2a;  4-  z)  (a;  —  2), 
2y«-y2-22  =  (2y+2)(y-2). 


2a;-y,   2a;  +  2,   -y^-z\ 
X  —  2y,   a;  —  2,      —  2y  —  «. 
(2a;-y  +  2)(a;-2y-2). 

8.  6a;*+a;y-y*  — 3a;2  +  6y2  — 92». 

6a;2  +  a;y  —  y«  =x  (3a;  -  y)  (2a;  +  y), 
ear*  -  3x2  -  92»  =  (3a;  +  32)  (2a;  -  32), 
-y«-6y2  +  92»  =  (-y  +  32)(y-32). 

3a;  — y,   3a;  +  32,   — y  +  32; 

2a; +y,   2a;  — 32,  y  — y  — 32. 
(3a;  +  32  -  y)  (2x  -  32  +  y). 

9.  6a;*  — 7a;y +  y' +  35  a;2  —  5y2  — 62'. 

6  a;*  -  7a;y  +  y*  =  (6  a;  -  y)  (a;  -  y), 
6a:»  4-  35x2  -  62*  =  (6a;  - z)  {x  +  6«), 
y*  —  6y2  —  Qz^  =  {y^-z){y  —  62). 
6a;  — y,    6a;  — 2,   —y--z\ 
x  —  y,     x-\-Qz,   —y  +  Qz. 
(6aj  —  y  —  2)  (a;  —  y  +  62). 
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10.  5a:»-8a:y  +  3y»-3a»  +  y2-22*. 

5  ar^  -  8  jy  +  3  y»  =  (5  X  -  3  y)  (x  ^  y). 
5x"-3xz-22«  =(5x  +  22)(x-«), 
3y«  +  yz-2z«  =  (3y~2z)(y  +  «). 

5x  — 3y,   5x  +  2z,   -3y  +  2«; 

X  —  y,        X  —  2,        —  y  —  «. 
(5x-3y  +  22)(x-y-2). 

11.  2x«-xy-3y*-5y2-22*. 

2x«  -  2ay  -  3y»  =  (2x  -  3y)  (x  +  y). 

3y-5y2-52»  =  (-3y-22)(y  +  2). 
2x«-22»  =  (2x-22)(x  +  2). 

2x-3y,   -3y-22,   2x-2z; 
a?  +  y,        y  +  2.  x  +  z, 

(2x-3y-22)(x  +  y  +  2). 

12.  6>-13xy  +  6y«  +  12x2-13y2  +  62«. 

6x«  -  13xy  +  6y«  =  (3x  -  2y)(2y  -  3y), 
6x»  +  12x2  +63?  =  (3x  4-  32)  (2x  +  22). 
ef  -  13y2  +  62«  =  (3y  -  22)  (2y  -  32). 

3x-2y,   3x  +  32,   -2y+32; 

2x-3y,   2x  +  2z,   -3y  +  22. 
(3x-2y  +  32)(2x-3y4-22). 

13.    x'— 2xy +y*  +  5x-5y  14.   2a?  +  5xy-3y^-4xz  +  2i/z 

=  (x^  -  2xy  +  y^)  +  (5x  -  6y)  =  (2x2+^)xv-3i/)-(4a-2-2y2) 


=  (x 


-yY  +  5 


+  f)  +  (5x  -  6y)  =  (2x2+^)xv-3i/)-(4a-2-2 

5(^-y)  -(2x-7/){.c+3y)-22(J.r-' 


(x-y)(x-y  +  5).  -  (x  +  3y-22)(2x-y), 


y; 


Exercise  40. 

1.    5x»-15x-20.  4.   a*  +  2ax+x»  +  4a  +  4x 

=  6(x'-3x-4)  =»ra«  +  2ax  +  x*)  +  {4a  +  4x) 


=  5(x  +  1)  (x-4).  =»?a  +  xf  4-  4(a  +  x) 

2x^-16x*  +  24x»  =(a4-.k«  +  -  +  4). 

=  2x»(x2-8x  +  12) 
=  2x»(x-2)(x-6). 

3a2&2  _  9oi>  - 12  =  (a2  _  2a6  +  i^)  -  c» 

=  3(a6-4)(a&+l).  =(a- 6  +  c)(a-6-c). 

6.  x2-2xy  +  y'-c«  +  2cc?-c?« 
-  (x2  -  2xy  +  y2)  -  (c^  -  2c(f  +  (f*) 
=  (x  —  yY  —  (c  —  c?)* 
=  |(x-y)  +  (c-<;)}{(x-y)-(c~d)} 
=s  (x  —  y  +  c  —  d)  (x  -  y  —  c  -I-  d). 
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7.  4-r»-2a^-a?*  13.  d'-a^-ab-bx 

=  ^-(x^  +  2a:»  +  a:*)  =  (a^  -  a?*)  -  {ah  -f  bx) 

=  i-{x-\-x^y  =  (a  4-  x)  (a - 0?)  -  6  (a  -f  ar) 

=^{2+x  +  x')(2-x-^x^.  =(a  +  a;)(a-x-6). 

8.  a'-b^-a-b  14.  a*-2aa;  +  a,'*  +  a-aj 

=  {a«-62)-(a  +  6)  =  (a'-2aa:  + x»)+ (a-a:) 

=  (a  +  &)  a-J)-(a+i)  =(a-a:)(a-a;)  +  1  (a-a?) 

=  (a  +  6)(a-6-l).  =(a-aj)(a-a!  + 1). 

9.  a*  +  a«  +  l  15.  3x»-3y«-2x  + 2y 

=  fa*  +  2a'  +  l)-a«  =(3a;- 3y«)- {2a:- 2 v) 

/  =a«+l)'^_a«  ^^  =3(^~y«)-2(x-yr 

*'  10.   .«-y^-.^+y^  -(a:-y)(3a:  +  ^y-2). 

=  (^'-y')-{aJ2-y2)  16.  a*-hx^  +  x^-^x 
=  (a?  +  y)  {^-y)-z(x-y)  =  ar»(a;  +  l)  +  a;(a;  +  l) 

=  (a:  -  y )  (a?  4-  y  -  z).  =  (a:*  +  a;)  (a;  +  1) 

11.  ab-ac-b^^bc  -x{:>-  +  l)(x+l). 
=={ab-ac)-{b^~bc)  17.  a*x^-a^a^-a^x^ ^l 

=  a{b  ~c)-  b  (fi  -  c)  =  a^^(ax-l\-{ax^l)(ax-l) 

=={a~b)(b-^c).  =(aa;-l)(a*a;»-aa?-l). 

12.  3a;2_3a;2-ary4-y2  18.   3a:» -  2 a?2y  -  27a:y«  +  18 y» 

=  (3a:^  -  3a;2)  -  (xy-yz)  =  a;»(3a;-2y)  -9y«(3a;-2y) 

=  3a:(a:-z)-y(a:-2)  ^ /-^_  9^2)  (a^,.  2^) 

=  (3a?-y)(.T-2).  -(«-3y)(a;+3y)(3a?-2y). 

19.  4a;*-a?«  +  2a?-l 

=  4a:*-(ar»-  2a;  +  1) 

=  4a;* -(a; -1)2 

=  (2a;2  +  a;-l)(2ar^-a;  +  l) 

=  (2a;-l)(a:  +  l)(2a;*-a;  +  l). 

20.  a,*-y« 

=  (a;  +  y)  (a;»  -  a;y  +  y«)  (a;  ~y)  (a;»  +  ay  +  y«). 

21.  sfi  +  jj^ 

=  (a;'+y')(a;*-a;«y«+y4). 

22.  729 -a* 

=  (27  +  aiS)(27-a;») 

-  (3  +  a;)(9  -  3a;  +  ar«)  (3  -  a;) (9  +  3 a;  +  a;«). 

23.  x^y+y^  26.  a;«  +  4a;-21 

=  y(a;"  +  y«  =(a;  +  7)rx-3) 

24.  c(a*-c*)  26.  3a«-21a&  +  30ft« 
-c  a  +c«Ka«-c^  =3(a2-7a&  +  106«) 
=  c(a^-\-<^)(a-^c)(a^c).               =3  (a-26)(a-56j 
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27.    2ar*-4a:»v-6a:»y»  33.  a:»-2ajy-2x2  +  y2  +  l!i/::  f  i». 

=  2««(x-3y)(x  +  y).  x^-27z +^  A^-^l-z), 


OQ    A   .     A   ».^M  y'+2yz+2»»(y  +  «)(yfr). 

-Q^a-D)-.  ^_y^  3._^^   -y-«. 

29.    16ir«-80a!y  +  100y«  («-y-«)(aJ-y-«). 

=.4(4a:»-20a:y  +  26y« 

=  4(2x-5y)».  84.  a*-a6 -6ft«.-4a  +  126 


f' 


=  (a~a6-66«)-4(a-3M 
30.   36^r»y»-256!j£i2_^-^Z  =(a-36Ka  +  26)-4(a-36) 

^"^^^  -(a-36)(a  +  26-4). 


36.  a:*4-2a:y +  y*-ar-y-0. 

^^-   ^^/l^W^^"*  «»  +  2x  +  y-  =  (:.  +  y)«. 

=  (3ay»-52)».  a:»~x-6  =  (x  +  2)(x-3). 

««    ift^    ,  y'-y-6»(y  +  2)(y-35. 

^^•!ff(r6^_l)  .  +  y.  X.2.  y.2; 

=ir(4x»  +  i)(4x»-i)  *+y'  *-'^»  y-f- 

=  a;(4x»  +  l)(2aj  +  l)(2a;-l).  (x +  y  +  2)(x +y- 3). 

36.  (a  +  &)*-c* 

=  {(d  +  bf  +  c«}(a  +  6  +  c)(a  +  6  -  c) 

=  (a«  +  2a6  +  ©•  +  c*)(a  +  o  +  <^)(^t  -^  ^  -  4 

37.   ir«-xy-6y»-4x  +  12y  38.   l-x  +  a*-ar» 

=  (x»-xy-6y«)-4(x-3y)  =  (1 -x)  +  xMJ -ar) 

=  (x  +  2yO(a;-3y)-4{x-3y)  =  (I  -  x)(l  +  x^). 

=  (x  +  2y-4)(x-3y).  ^^    3x»-llxy  +  Gy« 


40.  x«4-20x  +  91 
=  (x  +  7)(x  +  13). 


=  (3x-2y)(x-3y). 


41.  (x-y)(x«-2^)-(x-2)(x«-y') 
=  (x-yKx  +  2Kx-2)  '  -^' 
=  (x-y)(x-2)(z-y> 


=  (x  -y)^x  +  2)rx-2)-(x  -2)  (x  -y)(x  +  y) 


42.  x»-5x-24 
=  (x-8)(x4-3). 


43.  {x2-y»-2»)'-4y«2» 
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44.  5  a:»y»  +  5  a^yz- 60x2* 
=  5x{3^y^  +  xyz—  12z*) 
—  dx{xy  +  iz%xy  —  3z). 


45.  3r»-a;*  +  3x-l 

=  x*(3x-l)  +  (3x-l) 
=  (x«  +  l)(3x~l). 


46.  x*  — 2mx +  m'  — n' 

=  (x*  —  2mx  +  m')  —  n' 

(x  —  m)*  —  n* 

=  (x  —  771  +  n)(x  —  m  —  7i). 

47.  4a«6»-(a»4-6*-c*)« 

=  {2a6  +  (a'  +  6^  -  c')}{2ab  -  (a»  +  6«  -  c«)} 
=  {2  aft  +  a^  +  6^  -  c«  K2  a6  -  a»  -  6«  +  c^} 
=  {(a^  +  2  a6  +  6^)  -  c^Hc"  -(a^-2ab  +  b^)} 
^\{a  +  by-c^}{c'-{a-by} 
=  (a  +  6  +  c)(a  +  6  —  c)(c  +  a  -  6)(c  -  a  +  6). 


48.  a'  +  cfi 

=  a*(a«  +  l). 

49.  l-14a»x  +  49aV 
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y«_4y_117 

=  (y-13)(y  +  9). 

x»  +  6x-135 
=  (x  +  15)(x  -  9). 


52.  4a'-12a6  +  962-4c2 

=  (4a«-12a&  +  96«)-4c« 

=  (2a-36)«-4c2 

=  (2a-36  +  2c)(2a-36- 

53.  (a  +  36)2^9(&-c)' 


2  c). 


=  {(a  +  36)  +  3(&  -  cMa  +  36)  -  3(6  -  c)} 
=  (a  +  36  +  36-3c)(a  +  36-36  +  3c) 
=  (a  +  66-3c)(a  +  3c). 


54.   9x»-4y«  +  4yz-22 
,9x»-{2y-2)^' 


55. 


=  (3x  +  2y-£)(3x-2y+2). 

66V-76x»-3x* 
=  xV66«-76x-3x») 
=  x2(36  +  x)(26-3x). 


56.  a8_6s_3a6(a-6) 

=  a»-3a26  +  3a6»-6» 
^{a-bf. 

57.  x*  +  y*  +  3  xy  (x  +  y) 

=  x*  +  3x*y  +  3xy^+  y* 
=  (x  +  y)8. 


58.  a'  -  6»  -  a(a2  -  6^)  +  6(a  -  ft)^ 

=  a»  -  6»  -  a3  +  a62  +  0^6  -  2a62  +  6* 
=  a'b  -  ab'' 
=  ab{a  —  6). 


69.   9x2y'-3xy'-6y* 
=  3V(3x2-a-y-2y2) 
=  3y^(x-y)(3x  +  2y). 


60.   6x«  +  13xy  +  6y' 
=  {3x  +  2y)(2x  +  3y). 
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61.  6a«6«-aJ»~12M 

=  6»(6a»-a5-126«) 
=  &M3a  +  45)(2a-3J). 

62.  a*  +  2ad  +  d«-46*  +  126c-9f» 

=  o  +  d)*-(26-3c)« 
=  {(a  +  rf)  +  (26  -  3c)}{(a  +  d)  -  (26  -  3c)} 
=  (a+  (?  +  25-3c)(a  +  (i-26-f  3<r) 
=  (a  +  26-3c  +  d)(a-26  +  3c  f  d). 

63.   ar»-2a:»y  +  4a:y«-8y»  64.  4o«a:*  -  8a6x  +  36» 

=  a:»(a?-2r      -   --        -  ^ 
=  (a:«+4y«; 


a:«  (a;-  2y)  +  4y»(x-  2y)  « (2a«-  6)(2ax  -  36). 

'  -      •    ^){a;-2y). 


65.  18a:»-24xy-f  8y«+9a;-6y 

=  {ISa^  -  24 ay  +  8^^)  +  (9x  -  Gy) 
=  2(9a:»  - 12 ay  +  4y»)  +  3  (3x  -  2y) 
=  2(3ar-2y)»  +  3(3x-2y) 
=  (6x-4y  +  3)(3x-2y).     . 

66.  2a:*  +  2ay-12y*  +  6xz  +  18y2 


/ 


=  2(x»  +  ajy  -  6y»  +  3x2  +  9y2)  "^ 

=  2(x»  +  xy  -  6y«)  +  32  (x  +  3y)  ^ 

'  =  2(x+  3y)  (x-  2y)  +  3?  (x  +  3y) 
=  2(x  +  3y)(x-2y  +  3«).  ;|, 

67.  (x  +  y)»-l-xy(x  +  y  +  l)  Z  \ 
=  (x  +  y  +  l)(x  +  y-  1)- ay (x  +  y  +  1)       ,  . 
=  (x  +  y  +  l)(x  +  y-xy-l).  / 

68.  x»-y*-2*  +  2yz4-x  +  y 
"     '  *  -  2yz  +  2*)  +  X  -. 

-2)2  +  (x  +  y-2)' 

.     „      z)(x-y-\-z)-{-(x 

=  (x  +  y  -  2)  (x  -  y  +  2  +  1). 

2a;*  +  4xy+ 2y*  +  2ax  +  2ay   72.   12ax"- 14 axy-  r> ay' 


ar  — y--z-  ^ 

=  X*  -  (y*  -  2y2  +  2*)  +  X  +  y  -  « 
=  x«  -  (y  -  2)2  +  (x  +  y  -  2) 

(x  +  y  -  2)  rx  -  y  +  2)  +  (x  +  y  -  2) 
(x-1 


=^  2(x»  +  2xy  +  y»j  +  2a(x-hy)  ^2a(P>x'-  Ixy -  3/) 

=  2(xH-y)«  +  2a(x+y)  =2a(3x  +  y)(2x-3y). 

=  2(x  +  y +  a)(x  +  y). 

^      ^       ^^       ^^  73.  2x»  +  4x»-70x 

==46r4a«+8ac  +  3c»)  =  2x(x  +  7)(x-6). 

=  46(2a  +  3c)(2a  +  c).  ^^    I6a»x-2x* 

_  2x(8a'— x*) 
71.  my^m^q-n'p-^n^q  =  2x(2a-x)(4a«  +  2ax  +  x»). 


=  (m^ »  —  m'  5^) — {n^p  —  n'  g') 
=  m2Q)-gr)-n»(;)-g) 
=  (m»-n«)(;)-o) 


76.   326x»-46y» 
46(8x»-y») 


=  (m»-n»)(;)-o)  =46(8x»-j/») 

=  (m  +  n)(m-7j)(p-gr).  =  46(2x-y)(4x*  +  2xy  +  y»> 
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76.  a; -27  a:* 
»a;(l-27ar') 
-a?(l-3a;)(l-f  3a;  +  9a:»). 

77.  a;"-y» 

78.  49m»-121n»  81.  a;»-a:«  +  ic-l 

=  (7m  +  11 7i)(7m  -  11  n).  =  {x^  -x')  +  (x-l) 

=  jr«(x-l)  +  (aj-l) 

79.  16 -Sly*  =  (a^  +  l)(aj  -  1). 
=  r4  +  9y«)(4-9y») 

=  (4  +  9y^)(2  +  3y)(2-3y).       82.  ^  ,- 2.  +  1 -y» 

80.  i2z*-.«-6  :g:S:^J^^' 

=  (32«  +  2)(42« -  3).  ^Ix^  1+  yf(x  +  1  - y). 

83.  49ra-i)«-64(m-n)» 

=  |7(a  -  6J  +  8  (m  -  n)}  {7(a  -  &)  -  8  (m  -  ift} 
=  (7a-76  +  8m-8n)(7a-7&-8m  +  8n). 

84.  4(a6  +  ccQ^  _  (a2+  ja  _  c«  -  <?2)« 

=  {2  {ab  -\-cd)-^  (a«  +  6»  -  c^  -  cZ^)} 

^{{a^  +  2ab-^b')-{(^-2cd  +  d')}  ^ 

{(c«  +  2cc?  +  rf2)  -  (a*  -  2a6  +  b^)} 

=  {a  +  6  +  (c  -  d)}{a  -\.b-{c~d)} 

.       _  ^,       ,    {c  +  (^  +  {a-6)}{c  +  c?-(a-6)} 

{c  +  <;  +  a-5}{c  +  c?-a  +  6}. 

85.  ^\-53a;  +  360  87.   2a6-25c-ae  +  ce  +  26«-6e 
=  (x  -  S)(x  -  45).  =(2a6-26c+262)_(ae_c6+6c) 

=  26(a-c  +  6)-e(a-c  +  6) 

86.  iC«-2a;2y+a;«-4a:  +  8y-4  =  (26- e)(a  +  6  -  c). 
=  (a:«-2a?V+a^')-(4a:-8y+4) 

"  fi'^~?JC"^^)  ~  4(x-2y+l)        88.    125a^  +  350^^  +  245 a^v* 
=  (x^  -  4  (aj  -  2y  +  1)  -  5 a;  (25  ar*  +  70  arV  +  49  v*) 

=  (a;  +  2)  a:  -  2  a;  -  2y  +  1).  =  5a: (5 a^  +  ly^ 
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=  a{a^-\-  a*b  +  a»6«  +  a»6*  +  ai^l^) 
=  aiaJ^ia'  +  aft  +  ft»)  +  J> (a«  -f  oft  +  6*)} 

=  a{a  +  6)(a*  -06  +  &«)(a»  +  06  +  6«). 

90.  2a*x-2a?cx  +  2a<?x-2<*z 
«=  2a'a;(a  —  c)  +  2<?z  (a  -  c) 
=  (2a»x  +  2c»a;)(a-c) 

=  2a?(a'  +  c^(a-c) 

=  2ar  (a  +  c)  (a*  —  ac  +  c*)  (a  -  c). 

91.  6a;*-5xy-6y«  +  3aK+ 15y2-9««. 

6aJ  -  6a:y  -  6y»  -  (3x  +  2y)(2*  -  3y), 

6a:«  +  3a?2  -92»  -(3x- 3i)(2x  +  3z). 

-6y»  +  15y2  -  92»  =  (2y  -  Zz\{-  3y  +  3«). 
3x  +  2y,   3x-3«,   9,y-Zz\ 
2x-3y,   2x  +  32,   -3y  +  32. 

(3x  +  2y  -  3z)(2x  -  3y  +  Zz). 

92.  4a:«-9xy +  2y*-3x2-yz-2*. 

4x*  -  9a;y  +  2y»  =  (4x  -  y)  (x  -  2y), 
4x*  -  3x2  -  2*  =  (4x  +  2)  (x  -  2), 

2y«-y,-2«  =  (-.2y-2)(-y  +  2). 

4x-'y,  4x  +  2,   —  y  +  2; 
X  —  2y,  X  —  2,      —  2y  —  2. 
(4x-y  4-2)(x-2y-2). 

93.  3o«-7o6  +  26»  +  5ac-56c+2c». 

3a»  -  7o?>  -I-  26«  =  (3a  -  ft)  (a  -  26), 

3a»  +  6a5  +  2c«  =  (3o  +  2c)  (a  +  c). 

26»  -  5ftc  -f  2c«  =  (-  26  +  c)  (-  6  +  2c). 
3a-6,   3a  +  2c,   -6  +  2c: 
a  — 26,  a  +  c,        -  26  +c. 

{3a+2c-6)(a-26  +  c). 


x*-2x*-f  x*-8x4-8 
=  x*-2x»  +  x»-(8x-8) 
=  x»(x»~2x  +  l)-8(x-l) 
=  x»(x-l)2-8(x-l) 
-(x»-x»-8)(x-l). 


95.   5x*-8ry  f  3y»-5x  +  3y 
-  (5x»- «  j^y  +  3y2)-(r)a;-3 ?/) 
=  (5x-3y)(x-y)-(5x-3y) 
-(5x-3y)(x-y-l). 


96.  a«-2a(;?+<i»-46«  +  126c-9c» 

=  (a»  -  2ad+  d*)  -  (46«  -  126c  +  9c») 

^la-df-(2b-Scy 

=  |(a  -  ^)  +  (26  -  3c)}{(a  -  (i)  -  (26  -  3c)} 

=  (a  -  cZ  4- 26  -  3c)  (a  -  rf- 26  +  3c) 

=  (a  +  26  -  3c  -  d)  (a -26  + 3c -rt). 

97.  (x»-x-6)(x»-x-20) 
-(x-3)(x+2)(x-5)(x  +  4). 
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Exercise  41. 

1.  18a62c"c?=32x2a&«c«rf,  5.   a^ -b^  =  (a-\-b){a  -  b\ 

36  a«  bcd^  =  3»  x  2«  a*  bed''.  a»  -  &»  =  (a  -  6)  (a^  +  ab  +  6«). 

.-.  H.C.F.  =  18  abed.  .-.  H.C.F.  =  a  -  6. 

2.  IVjjg'  =17j3/,  6-  a'-a:'  =  (a  +  a;)(a-a:y 
34  D^flr  =  17  X  2  »2g,  (a  -  a:)2=  (a  -  ai)  (a  -  x). 
51p»2»  =  1 7  X  3^f.  •••  H.C.F.  =  a  -  x. 

3.  8x^^32*  =  2»xr«y»z*.  (^  +  '^)'=('^  +  ?)^i, 
12ar»yV  ^  2'  x  Sx^yV,  •  •  ^ '^-^ •  =  a  +  x. 
20xV^^  =  2»xW  »               8.  9x«-l    =(3x  +  l)(3x-l) 

/.  H.C.F.  =  4xy2«.  (3x  +  l)2-{3x  +  l)». 

4.  30xV  =  2  X  3  X  5xV,  *•  ^•^'^'  ^  ^^  ^' 
dOa^y^  =  2  X  32  X  5x«y»,           9.   7^^  -  4x     =  x  (7x  -  4), 

120x>y*  =  2»x3  x  5x»y*.  7a2x-4a'=  a2(7x-4). 

.-.  H.C.F.  =  30r'y».  .-.  H.C.F.  =  7x  -  4. 

10.  12a«x2?y-4a«an/2  =  4a«x2/(3x-y), 
30a'x5y2  _  lOa^x^  =  lOa^x^y^  {3x  -  y). 

.•.H.C.F.  =  2a2xy(3x-y). 

11.  8a»5«c-12a«6c»  =  4a26c(2a6-3c»), 
6a6*c  +  4a6V=  2a68c(36  +  2c). 

.-.  H.C.F.  =  2  aic. 

12.  x2-2x  -3  =  (x-3)(x  +  l),     13.   2a^-2ab^  =  2a(a  +  b)(a-bl 

X2+X-12   =(x-3)(x  +  4).  46(a  +  6)2  =  46(a  +  6)(a  +  6). 

.-.  H.C.F.  =  X  -  3.  .-.  H.C.F.  =  2  (a  +  b), 

14.   12x»y(x-y)(x-3y)  =  22x3xSy(x-t/)(x-3y), 
18x»(x-y)(3x-y)     =  2x3^x2  (x-y){3x-y). 
.-.  H.C.F.  =  6x«(x-y). 

16.  3x8  +  6x2-24x  =  3x(x*  +  2x-8) 
=  3x(x  +  4)(x-2), 
6x»-96x  =  6x(x2-16) 

=  6x(x-4)(x  +  4). 

.•.H.C.F.  =  3x(x  +  4). 

16.  ae  (a  —  ft)  (a  —  c)  =  ac  (a  —  b){a  —  c), 
6c  (6  -^  a)  (6  -  c)  =  6c  (a  -b)lc-  b). 

.•.H.C.F.  =  c(a-6). 

17.  10x3v-60x2y2  +  5xy8  =  5ary(2x2-12xy  +  y»), 
dx^f-5xf-100y*  =5y2(.r2-xy-20y«) 

,-,  H.C.F.  =  5.y. 
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18. 


(a:«-l)  =  a:»(a;  +  l)(x-l). 

;(a:'-x-2)=  2x(a;-2)(x+l). 

.-.  H.C.F.  =  x(aj  +  l). 


19.   3a:«-6a:-f3=3(a;-l)». 

6  a;»  4- 6  X  - 12  =  6  (a;+2)  (aj-1). 
12a:»-12  =  12(a:-l). 

.-.  H.C.F.  =  3(x-l). 


20.   6(a-5)*-6(a-6)*  22 

10(a*-6*)=10(a«+6«X«+*Xa-*)- 


8  (a 


H.C.F.  =  2{a-6). 


21.  f -y'-(«  +  y)(x-y). 

x»  + 3.ry  +  2y»«(a;+y)(x+2y). 
.•.H.C.F.-(«  +  y). 

22.  «|-y'-(«  +  y)(«-y), 

ar»-y»-(«-y)(x»  +  xy+y>), 

a:»-7xy+6y«  -  (x~y)(x-6y). 

.•.H.C.F.-(x-y). 

23.  x»-l-(x-l)(x  +  l), 

x*  +  x-2~(x--  l)(x-f  2). 
.•.H.CF.-x-l. 


Exercise  42. 

1. 

6x»4-4x-l 
6x2  _    a; 

5x-l 
5x-l 

20x*  +  21x-6 
20x»+16x-4 

4 

5x-l 

x  +  1 

1 

.-.  II.C.F.  =  5x-l. 

2. 

2a:8_4x»-13x-7 

2x3  +  4x2+    2x 
-8x»-15x-7 
-8x2-16x-8 

6x»-llx*-37x-20 
6x»-12x»-:i9x-21 

3 

x2+    2x+    1 

X»+        X 

2x-8 
x  +  1 

x  +  1 

x+    1 
x+    1 

.-.H.C.F.-x  +  l. 

3. 

a)6a*+25a3-21a»+4a 
6a»+25a«-21a+4 
6a'-  5aH     a 

2a)24a*+112a»-94a'+18a 

Reserve  a. 

•12a»+  56a2-47o+  9 
12a»+  50a*-42a  +  8 

2 

30a»-22a  +4 
30a^-25a  +5 

6a«-  6a  +  1 
6a>-  2a 

a  +  5 
2a-l 

3o-l 

-  3a+  1 

-  3a+  1 

.•.H.C.F.-a(3a-l). 

4. 

9x>+9x»-4x-4 
9x»           -4x 

9x»          -4 
9x»          -4 

45x»  +  54x»-20x-24 
45x»  +  45r»-20x-20 

5 

9x»            -   4 

x  +  1 

1 

.-.  H.C.] 

?.-9x-2-4. 

66 


ALGEBRA. 


3a«)27a«-3a?*  +  6g'^3a:« 
9a?*-    a»  +  2x  -1 

9a;*-f6g»-i-3a? 

-6a:»-    x^-x-l 

3x»-a;  +  l 


6a;)162a^+48g»-18g«+6a? 
27a:*  +  8ir2-3x  +1 
27g^-3a:»  +  6g«--3a; 


3r»  +  2a:»       +1 
33?*—   a:»  +  aj 


Sx^-oj  +  l 


Reserve  3  a;. 
3x 

3ar-2 
x  +  1 


.-.  H.C.F.  =  3a;(3x»-a;  +  l). 


10)20ar'-  60a:^  +  50a;-20 
2.T»-  Qx'-^-  5x-  2 
2ar»--    63:^+    4g 

a;-    2 
a;-    2 


4  g)  32  a;*-92  a:»+68  a:'-24  a; 
8a:»-23a;H17a;-  6 
8z»-24a;»-f20a;-  8 
a:«-  3a;  +  2 
x"-  2x 


Reserve  2. 
4 

2a; 
a;-l 
-     a;+  2 

H.C.F.  =  2(a;-2). 


4a;»-    8a; -5 

4a:^-10a; 

2a; -5 
2x  -  5 


12a;»-    4a; -65 
12a;»-24a;-15 


10)20a;-50 
2a;-   5 


2a;  +  l 
,  H.C.F.  =  2a;-5. 


8. 

a)3a»-5a^a;-2aa;' 
3a«-5aa;  -  2x^ 
3a^-Ciax 

ax  •—   2x^ 
ax  -    2a;» 


9. 


a)9a^-8a'a;-20aa;^ 

9a^~    8aa;-20a,'» 

9a»-15aa;-    6a;» 

7a;)7og  — Ha;* 

a   —   2a; 


Reserve  a. 
3 

3a  +  a; 


.  H.C.F.  =  a(a-2a;). 


10a;»+    a;«-9a;  +  24 
lOa^-r^x^           +15 

20a;*-17a;»  +  48a;-3 
20a;*  +  2ais-18a;»  +  48a; 

2a; 
-5 

—  X- 

3)()a;2-ya;+    9 
2a;»-3a;+   3 

-2a;8+      a;*          -3 
-2ar'+    3a;«-3a; 

-1 

-2a;a  +  3a;-3 
-2a;*  +  3a;-3 

,-.  H.C,F.  =  2x»-3a;  +  3, 
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10. 

2)8ar»- 

-4x«-32x-182 
-2x*-16x-    91 
-2x"-42x 

3)36x»-84x»-lll«-126 

' 

4x»- 
4x»- 

12x»-28x»-   37x-  42 
12x»-   6x«-   48X-273 

13)26x-    91 
2x-     7 

-ll)-22x»+    llx  +  231 

2x»-        X-   21 

2x«-     7x 

6x-   21 
6x-  21 

2x 
x  +  3 

H.C.F. 


11. 

5x«(12x3  +  4x»-f  17x-3) 
12x»  +  4x2  +  17x-3 
12x»  +  4x»-      X 

3)18x-3 
6x-l 


H.C.F.  =  5x(6x-l). 


10x(24x»-52x»  +  14x-l)  Roservo^x. 
24x»-52x»  +  14x-l 
24x»+    8x»  +  34x-6 


-5)-60x»-20x-f5 


12x«  f 
12x»- 


4x-l 
2x 


6x-l 
6x-l 


X 

2x  +  l 


12. 

2?/)  18a^.v-18xV-2xy»-8y* 


9x»-9x»y-xy*-  4y» 

y)-9r>.V         -fl6.v8 
-9x»  +16y» 

-9x'H-12xy 

-12xy+16y« 
-12a^-hl6y« 


xy)9x*y-xV- 20.17/ 
9x*-      xy*-2()f 
9x»-16xy' 
5y')15xy«-20.v» 
3x    -   4y 


Reserve  y. 

1 
—  X 

-3x-4y 


.•.H.C.F.  =  y(3x-4y). 


13. 

6x«-      x-15 

9x-15 
9x-15 


9x'-Sx~20 
2 


18x»-6x-40 
18x«-3x-45 

-3x+    5 


-2x-3 
•.  H.C.F  =  3x-5. 
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14. 


12ar' 
2 

-    9a:=  + 

5a: +  2 

24  ar* 
24  ar* 

-18a:3  + 
+  10a:«  + 

10a: +  4 

X 

-28a:»  + 
-6 

9a:  +  4 

168a:»- 
168a:»  + 

54  a: -24 
70a:  +    7 

-31)- 

124a: -31 

15. 

3)6a:»  +  15a:«-6a;+9 


2a:»  + 
11 

5x2- 

-2a;  +  3 

22ar»  + 
223^-\- 

55  a:^ 

56  a:* 

-22a: +  33 
-30x 

-ar' 

+    8x  +  33 
-    3a: 

11a: +  33 
11a: +  33 

16. 

4a:'—    x^y—    xy^  —  by^ 
^3?  -\-  4:x^y  +  4iXy^ 

—  bx^y  —  bxy^  —  dy^ 

—  bx^y  —  hxy^  —  5y^ 


17. 


24a:2  +  10a:  +  l 

24a:»+    6x 

4a;  +  1 
4a; +  1 


a;  +  7 
6a;  +  l 


.-.  H.C.F.  =  4a;  +  l. 


3)9ar»  +  6a:''-51a:  +  36         Reserve  3. 
3ar»  +  2a:«-17a;  +  12 

2 

6a;'+    4ar»-34a;+    24 
6ar^  +  15a:2-    6x  +     9 

-lla:2-28a:+    15      -2a? 

-lla:2  +  88a;  +  363      11 

-116)-116a;-348 

a:+      3      -a: +  11 
.-.  H,C.F.  =  3(a;  +  3). 


'+   4a;2y+   ixy^—  3y^ 


28ar»  +  16a:2y  +  16a;y'*-123/3 
28^^-   7.tV-   Ixy^-Zby^ 


23y)23a:='y  +  23arv2  +  23y» 


a;^    +      xy  +     y' 


4iX  —  by 


ll.C.V.  =  x^-{-xy-\-y\ 


2a«-2a2-3a-    2 
2 

3a3 
2 

_    a«-2a-16 

4a8_4a»-   6a-4 
4a8  +  5a2-26a 

6a3 

-2a2-4a-32 
_6a2-9a-   6 

3 

-9a2  +  20a-4 
4 

4a2  +  5a-26 
4a2-8a 

a 
-9 

-36a«  +  80a-    16 
-36a»-45a  +  234 

13a -26 
13a -26 

4a +  13 

125)125a-250 
a-    2 

-.  H.C 

).F.  =  a-2. 
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18. 

2)12y'4-2.v^-94y-60 
6y3+    y2-47y-30 

_8 

48y»+   8y»-376y~240 
48y»-42v'-405.v 

50y«+   29y-240 


19. 


400y«  +  232y-1920 

400.v'-350.v-3375 

291)582y  +  1455 

2y+       5 


2)48y'~24y«-348y4>   30  Roeerve  2. 


24y>-12y«-174y+    15 

24y»+   4y'-lS8y-12() 

~16y»+    14y  +  135 

-16y«-  40y 


54y  +  135 
54y  4-135 


-3y-25 

-  8y  +  27 


9a;(2ar*-6aJ»-a:*.4-15a:-10) 
2ar*-6a:'-a;»  +  15x-10 

_9 

18a:*-54r»-  9a:»4-135ar-90 
18  a:*-  2 x^-45x'+     5x 


2)-52ar»4-36a;'4-130a;-90 

-26a;'4-18a;3  4-  65a:-45 
9 


-234a;»4-162  xH585  ar-405 
-234a;»4-  26x«4-585x-65 


68)136ar-'- 


340 


2a;«- 
20. 

15x*4-2a;'-75a;«4-    5x4-2 
inx*  -75x»4-15x 


.•.  II.C.F.  »2(2y  +  5). 

6x»(4x*4-6x»-4x»-15x-15y  Reserve  3x. 
4a.4+    r>a:»-4r'-15x-15  2 
4.r*-12x»-2x»4-3()j---2(> 


18a^  -45x 


-2x» 
-2x» 


x-13 

9x-l 


.-.  n.C.F.  =  3x{2x«-5> 


2x» 

23:* 


-10x4-2 
-10x4-2 


.-.  H.C.F.  =  x»-5x  +  l. 

21. 

21x»-32x»-54x-7 


35x*4-   x»-175x« 4-30x4-  1 
3 


105x*4-  3r»-52r)a^ 4-90x4-  3 
105x*-fl4x3-52r)x2  4-35x  4-14 


-ll)-llx» 


4-55X-11 


-  5x4-  1 


7 
15x4-2 


105  x» 
105  x» 


-  160x2 -270x- 35 
4-    99x^4-    12x 


■259x«-282x-35 
5 


-1295x»-1410x-175 
-1295x«  -  1221 X- 148 


-27)- 189  X-    27 


7x4-     1 


H.C.F.  =  7x4-1. 


21x*- 
2lx*- 

-    4x5- 
-32r»- 

15x2 -2x 

54x2 -7x 

28x^4- 
3 

39x2  4- 5x 

84  x* 
84  x» 

4-117x2 
-128x2 

4-    15x 
-21Gx- 

28 

7)245x2 

+  231x4- 

28 

35x2 
35x2 

4-    33x4- 
+      5x 

4 

28x4- 
28x4- 

4 
4 

3x-37 

6x4-4 
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v)9a?V-22aV~3a!y*-flOy* 
da*  -22x*y*-3ay»+10y* 

J 

18a?*-44x*y*-  6ay»+20y* 
18a;*-  dx'y'-^lObxy^-edx^y 

y)69ar»y-35a;»y«-l  llay»-h2(V 


69a;'  -35a;*y  - 


-llla;y«+2(y 


gy)  9a;'.v-6a;*y«+a;».v»-25a;y^ 
9a;*-6a;«y+a;»y«  -25y* 

9j;*       -22a/v«-3a:y»+10y* 


138a;»-  70x»y-222a:y»+  40y> 

138ar»-529ar'y-  69jyH805.y» 

153v)459a;».V-ir)3ary'-765v» 

3a;«  -      ay  -    5f 

23. 

4a;*4-2aJ»-18a;2  +  3a;-5 
4a;*-8ar>+    2a;'-  2a; 

10ar»-20a;*^  +  5a;-5 
10ar»-20a;«  +  5a;-5 


-y)-6ar'y+23a;'.vH3ay'-3V 

6ar»  -23x*y  -3a:yH35y« 

6ar^  -  2a;'.v  -IQgy* 

-7v)-2ia;^  +7a;yH35y' 

3:^*    —  a;y  —  6y* 

33^    —  xy  —  5y' 


Rea.y. 
1 


3x 
23 
2x 


.•.  .H,C.F.-y(3a:^--a:y-5y*). 


6aA-4a;*-ll«»^  3a;*-  3a;-l 
2 


12a;»-8a;*-22a;»-  6a;»-  6a;-2 
12ar^-hGa;*-54ar>-h  9a;*-15a? 


-14.T*+32a;8-15a;»+  9a;-2 
2 


-28a;*+64ar»-  30a;«+18a;-  4 
-28a;*-14ar»+126a;«-21a;+35 


39)78ar'-156a;H39a;-39 


2ar»-    4ar»+    a;-  1 


3ar 


2a;  +  6 


.-.  H.C.F.  =  2ar»-4a;*+a;-l. 


24. 

3a;»-7aa;»  +  3a«a:-2a» 
2 

a;*—  aa;*—   a*a;'—  a^x—2a* 
3 

6a;»-14aa;»+    Ba'a; -4a» 
Gar»-    9aa;»-    6a^x 

3  a;*-3  aar»-3  aV-3  a»a;-G  a* 
3a;*-7ar»+3aV-2a3a; 

x 

-o)-5aa;«  +  12a2x-4a» 
5ar^-12aa;  +4a^ 

4aar»-6aV-  a^x-Ga* 
3 

2 
10a;2-24aa;-f    Sd^ 

12aaJ»-18aV-  3a3a;_18a* 
12aar»-28aV|-12a3a;-  8a* 

4a 

10a;  -15aa;-10a^ 

-9a)-9aa;+18a'' 

x~    2a 

5a'')10a2ar«-15a3a;-10a* 
2a;2-  3aa;-  2a2 
2x»-  4aa; 

ax-  2a^ 
ax-  2a« 

3x- 

5 

2x-^a 

n.C.F.  =  x-2a 
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Exercise  43. 


1.  2a:»+a:-l  =  (a:+l)(2ar-l), 
a^+6ar+4  =  (x+l){x+4), 
a^+l  =  (a;+l)(a'«-x+l). 

.-.  H.C.F.-  «+l. 


-2x«  +  4a;-10 
-2x*  +  4a:-10 


a:»-2ar  +  6 


II.C.F.=  a»-2j;+5. 


2.  y»-y'-y+l-y»(y-l)-(y-l) 
-(y'-i)(y-i). 

3y«-2y^l-(y-l)(3y+l). 

y*-y»+y-l-y«(y-l)+(y-l) 
-(y*+l)(y-l). 
.-.  H.C.F.-  y-1. 


«*  +  2a»-  3x  +  20 
^-4^+9x-10 


6)6g»-12g-t-30 

«*-    2a:+   6 

x'  +  Sac*-  9x  +  35 
x»-2x«+   5x 


7x«-14x  +  35 

7«*-14x  +  35 


«-2 

x  +  7 


4.   x»-   7x"+   16X-12 
« 
7j^-49x*  +  112x-84 
7x^-32x»4-    36x 
-17x*+   76X-84 

7 

-  119r»  +  532x-588 

-119x'  +  544x-612 

-12)-    12x4    24 


H.C.F.=  x-2. 


3x»-14x«  +  ir>x 
3j»-21x»-f  48 x-36 

7j:^-:i2x+3G 
7x'-Hx 

-18x4-36 
-18X  +  36 


5x»-10x*+  7x-14 
5x»-  lOx* 


7x-14 
7x-14 


3 

x-17 
7x-18 

5x»  +  7 


>.  y»-5y»  +  lly-15 

y'-    y'-H    3y-H    5 

_4)-4y«4.    8y-20 

y«_   2y+   5 


w*- 


2y  +  5 


H.C.F.«y«~2y  +  5. 


^f- 

y«  +  3y  +  5 
2y«  +  5y 

Ip 

iJ: 

-2y-f5 
-  2y  4-  5 

-7y* 
-4i/« 

+  16y- 
-hlOy 

15 

-3y^ 
-3y» 

4-    6y- 
4-    6y- 

15 
Id 

1 
y  +  1 


2y-3 
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6.   2x'+Sx^5  =  {2x  +  d)(x-l). 
3x«-a:-2  =  (3jr  +  2)(a;-l). 
2a:»  +  ir-3-(2a;  +  3)(a:-l). 


7.  a;»-l 


ar»  +  ar+l 


8.    rr»-3ar  -2 

ar^  +  2ar'4-    x 
-2x^-^x~2 
~2x^-4x-2 


a^-h2x  +  l 


ir'  + 


a;  +  1 
x  +  l 


•• 

.  H.C.F.=a? 

.a:«-a; 

-2 

-1 

x'-x 

-1 

2aJ» 
2r» 

-    r»-    a;- 
+  2x^  -h  2a; 

-3 

-3a:»- 
-8a:«- 

-3a;- 
-3ar- 

-3 
-3 

•.  H.C. 

2aJ»  +  3a:» 
2aJ» 

6x~ 

-1 

-4 

-a;  +  l 


2a;-3 


3)3a;=^  +  Ga;  +  3 
a*  +  2a;  +  1 


a;«  +  l 

ar»  +  2x2  + 


-2a^»-    a;  +  l 

-2a;2-4a;-2 

3)3a;  +  3 

a;  +  1 


a;-2 


a?-2 


x+l 
H.C.F.  =  a:  +  l. 


9.   12(a;*-y*)  =  12(a;«  +  y2)(ar2-y2) 

=  y2(x^-^y^){x  +  y)(x-y); 

8(a;*y  +  a;t/*)  =  8a^(a;3+y3) 

=  8a;y  (a;  +  y)(a;'  -  aiy  +  y*). 

.♦.  H.C.F.  =  2(a;+y). 


10.        a;*  +  a;y' 


[ar»-a:y  +  y2); 


=  y(a;  +  y)(a;2-in/4-y«); 
a;*  +  a;*3/*  +  2/*=  (a;*  +  2ary  +  y^)  -a;V 
=  ?a;«  +  ya)a_aj22^2 
-=  (x^  +  a;?/  +  3/2)^3.2  _  a;y  +  yS). 

.  *.  H.  C.  F.  =  a;2  —  a?y  +  y*. 
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4(a;*y  -  jiy*)  =  4ay  (x  -  y)(a;*  +  ary  +  y«). 
6(a;»y  -  xy*)  =  6ary  (x  +  y)(x  -  y)  (x«  +  y*). 

.•.H.C.F.«jy(x-y> 

Exercise  44. 

1.  4a»«  =  2«Xa»Xx.  10.  x«- 1  «(x  +  l)(x- 1). 
Ga^x*  =  3  X  2  X  a»  X  X*,  x»  -  x  -  x(x  +  1), 
2ax»=2xaxx».                              x»- 1 -{x-l)(x* +x  +  1). 

.-.  L.C.M.  =  12a»x».  .%  L.C. M.  «  x(x  +  l)(x»- 1> 

2.  18ax»  =  3«x2xaxx»,  n.   2a+l«2a  +  l, 

72ay«  =  3»  x  2«  X  a  X  y«,  4a»  -  1  -  (2a  +  l)(2a  - 1). 

12xy  =  3x2»xxxy.  8a»  +  l-  (2a+lX4a»-2a  i  1). 

.-.  L.C.M.  =  72ax»y«.  ...  L.C.M.=-(8a>+l)(2a-l). 

3.  x«  =  xxx,  12.  (a  +  6)«  =  (a  +  6)». 

ox  +  x»  =  X  (a  +  x).  (a»  -  6»)  =  (a  +  6)  (a  -  i). 

.-.  L. C.  M.  =  x«(a  +  x).  ...  L. C.  M.  -  (a  +  6)«  (a-b). 

4.  a^- 1  =  (x  +  l)(x - 1).  13^  4(1  +  X)  =  4(1  +  x). 
(x»-x)  =  x(x-l).  4(l-x)  =  4(l-x). 

.-.  L.C.M.  =  x(x  +  l)(x-l).  2(l-x*)=2(l+x)(l-x). 

5.  a^-h^  =  (a^b)(a-hl  .-.  L.C.M.  =  4(1 +x)(l -x). 
a^  +  ab  =  a{a-\-b).                    ^^    x-l=x-l 

.-.  L.C.M.  =  a(a+J)(a-6).  *  x«  +  x  +  l  =  a>-hx  +  l, 

fi    2.     1      2r     1  x»-l=(x-l)(x«-fx  +  l). 

4a'-l=(2a;  +  l)(2a-l).  . .  li.O.M. -a;--!. 

.-.  L.C.M.  =  (2x+l)(2x-l).  i5_  ^_y,^(,  +  y)(^_y)_ 


(x  +  y)te- 
■(i+y)'. 


.-.  L.C.M.  =  ia+h){a'-ah+h').  '  '  ^- ^-  M-  =  (^  +  y)  i'-V)- 

8    a:»-l-ra;  +  lVi-l'>  ^*-  ^-y' =  (^  +  l')(^ -y)- 

Su.il^1li^^         ^'  3(a;--yY'  =  3(i-y)», 

5^  - 1 1  f^  + 1)(»  +  !)(»- 1).  ISCo^+y-^  12(x+yX^-»^+y'). 

...  L.C.M.i(i+l)(x+i)V-l).  •••  L.C.M.  =  12(.»+y»)(x-y)'. 

'9.   x'-x  =  x(x-l),  17-  C(x'  +  w)  =  6x(x  +  y) 

aJ-l  =  (x_l)(x»  +  x  +  l).  ^S^ry^^^&'-'h        N 

X? + 1  =  X  +  i)U  -x+ 1 .  io(^'-  y') = io(^ + y)^^  -  y  ■ 

.-,  L.C.M.-x(x»  +  l)(x>-l).  .-.  L.C.M.  =  120iy{x  +  y)(x-y). 
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18.  a?*  +  5x  +  6  =  (a:  +  3)(xH-2),     20,  a:«  +  llx  +  30  =  (a'  +  6)(ar-f  T), 
a*  +  6a;  +  8  =  (»  +  2)(x  +  4).  {c»  +  12a;+35  =  (a;  +  5)(a;+  7). 

.-.  L.C.M.  =  (x  +  2)(a;  +  3)(a;+4).        .-.  L.C.M.  =  (a?+5)(a;+6)(x+7)- 

19.  a«-o-20=(a-5){o  +  4),     21.  a;*-9aj-22«(x  +  2)(a;-ll), 
o''  +  a  -  12  =  (a  +  4)  (a  -  3).  a:*  - 13  x  +  22  =  (a;  -  2)  (x-l  1 ) 

.  •.  L.  C.  M.  =  (a-3)  (a+4)  (a-5).    .  %  L.  C.  M, « (x  +  2)  (a;  -  2)  (x  -11). 

22.  4a5(a«-  3a6  +26')=  4a6(a-26)(a-  6). 
5a»(o»  +  a^>- 06=^)  =  5a''{a  +  36)(a-2i). 

.-.  L.C.M.-20a«i(a-6)(a~26)(a  +  3&). 

23.  20(x»-l)  =  20(x  +  l)(x-l),   26.  (a-6)(a-c)=(a~J)(a-c), 
24  (x»-x-  2) = 24  {x-2)  (x  + 1),  {b-a)  (b-c)  =  -  (a-b)  (6~c), 

16(xHx-2)  =  16(a:+2)  {x  - 1).  (c  -a){c-b)  =  (a-  c)  {b  -  c). 

.vL.C.M.=  240(x+l)(x-l){x+2)(x-2).    .:L.GM.^(a-b){a^c){b-c). 


24.   12x2/(x«-y'')=l 


T  P  Af       10  2  ./       w       X2    ^-  a:'-4iKH3x  =  x(x»-4x+3) 
. •.  L. C. M.  =  12xy(x-y)»(x+y)«.  ^  x(x-3){x-l), 

x*+x-'»-12x2=  s:^{x^-\-x-l2) 
25.   (a-5)(6-c)  =  (a-5)r6~c),  =a^(:r+4)(.r-3), 


(6-c)(c-a)  =  -(a-c)(6-c),  x*+3x*-4r^- jr3(a;H3x-"4) 

(c-a){a--6)  =  -(a-5)(a-c).  =  a:=»(a;- l)(a;+4). 

L.C.M.  =  (a-J)(6-c)(c-a).    .-.  L.C.M.  =  x3(x-1)(.t-3)(x+4). 

28.   x^y-xy^  =  xy(x-yl 
3.T(x-2/)2  =  3x(x-y)2, 
4y(x-3/)3  =  4y(x-3/)». 

.-.  L.C.AI.  =  12x2/(x-y)3. 


29.  (a  +  by-  (c  +  df==(a  +  b-}-c  +  d)(a  +  h~c~d\ 
{a^cf--{b  +  df  =  {a-^b-\-c  +  d)\a-h\c-dl 
{a  +  c?)2-  (^>  +  c)='  =  (a  +  ^>  +  c  +  ci)(a  -  6  -  c  t  d). 


(a  +  df-  [b-\-cf  ={a^-b-]-c-\-d){a-h~c  \  d). 
.-.  L.C.M.  =  {a^-b^c■\-d){a-^b-c-d){a-b^rc-d)(a-b-c^'d). 


30.  (2aj-4)(3x-6)=2(x-2)x3(x-2). 
(a:  -  3)(4x  -  8)  =  (x  -  3)  X  4(a;  -  2), 
(2x-  6)(5x-  10)  =  2(x-  3)  x  5(x-  2). 


-.  L.  0.  M.  -  60(x  -  2)»  (x  -  3). 


(2i^^-^i^>'"^i^'} 
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Exercise  45. 

1.  6a»~a?-2-(3a:-2)(2aj  +  l). 
21a»-17x  +  2-(3x-2)(7c-l). 
14a:*  +  5a:-l=(2x+l)(7a:-l). 

.%L.C.M.-(3«-2)(2x  +  l)(7*-l). 

2.  a;*-l-(x+l)(«-l). 

a»  +  2x-3-(x  +  3)(x-l). 
6x*  -  X  -  2  =  (3x  -  2)(2x  +  1). 

.-.  L.C.M.  -(2x  +l)(3x-2)(x-  l)(x  +  l)(x  +  3) 

8.  x»-27  =  (x-3)(x»  +  3x  +  9), 
x»  -  15x  +  36  =  (x  -  3)(x  -  12), 
x»-3x*-2x  +  6-x»(x-3)-2(x-3) 
-(x«-2)(x~3). 

.-.  L.C.M.  =  (x  -  3) (x  - 12) (x»  -  2)(x«  +  3x  +  9). 

4.  5x«  +  19x-4  =  (5x-l)(x  +  4). 
10x«  +  13x  -  3  =  (5x  -  l)(2x  +  3). 

.-.  L.C.M.-(5x-l)(x  +  4)(2x+3). 

5.  12x*-fxy-6y»  =  (4x  +  3y)(3x-2y).  ^     "' 
18x*  +  18xy - 202/»  =  (Oai     fli;)(»x  |  lOy). -— 


6.  x)a^  — 2x'  +  x 
x»-2x«  +  l 
y'-2x  -1 

-2)-2x»-f2x  -f  2 

X»-     X    -1 


L.C.M.  =.  (1  ■  I  1  i^jn  I      1i^)(Qx  f  l»y)i^. 


2)2x*-2x»-2x  -2 

X*—      X*—     X    —  1 

x*-2r»+    X 


x»-2x  -1 
x'-  X*-  X 
X«-  X  -1 
X«-     X    -1 


1 

x+  1 


Hence,        x*  -  2x'  +  x  =  (x*  -  x -  1)X  a;(x  - 1), 
and  2x*-2x»-2x-2  =  (x«-x-l)x2(|r+l).       ' 

.-.  L.C.M.  =  2x(x»-x-l)(f +  l)(x-l). 

7.    12x»+   2x-   4  =  (6x  +  4)(2x-l)  =  2(3x  +  2)(2x-^l). 
12x«  -  42x  -  24  =  (6x  +  3)(2x  -  8)  =  6(2x  +  1)  (x  -  4). 
12  X*  -  28  X  -  24  =  (6  X  +  4)  (2  X  -  6)  =  4  (3  X  +  2)  (jc  -  3). 

.-.  L.G. M.  ^  12(3x  +  2){2x -  l)(2x  +  l)(x  -  4){x  -  3). 
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8.  a^-6x«  +  lla;~6 

-  0*+    5x-6 

—  g'-h   5g-6 

rr»-5x  +  6 

-2a: +  6 
-2a: +  6 


a:'-9a;«  +  26a;-24 

a^-ei^  +  llx-   6 

-3)-3a:a4.15a;-18 

g»—   6a;+    6 

ar»-8a:«  +  19a:-12 
a:*  — 5a:*+    6a; 


-3.T'4-13a;-12 

-3ar'  + 15^-18 

-2)-    2a;  +    6 

a;-    3 

2) 


x-1 


x-3 


a;-2 


3). 


Hence,    a»-6a:"  + 11a;-   6  =  (a;- l)(a;- 2)(a; 

g»  -  9a;^  +  26a;  -  24  =  (a:  -  2)(a;  -  3)(a;  -  4), 
a;»-  8a;2  +  19a;-  12  =  (x  -  l)(a;  -  3)(a;  -4). 

.-.  L. C.  M.  =  (a;  -  1) (a;  -2)(x-  3) (a;  -  4). 

9.  «2  -  4o2  =  (a;  +  2a)  (x  -  2a), 

ar»  +  2aa;*  +  4a«a;  +  8a»  ==x^{x-]-  2a)  +  4a2  (a;  +  2a) 

=  (a;2  +  4a2)(a;  +  2a), 
a;»  -  2aa;»  4-  4a«a;  -  8a»  =  x^ (a;  -  2a)  +4a2  (a;  -  2a) 

=  (a;2  +  4a2)(x-2a). 

.-.  L. CM.  =  (a;  +  2a)(a; - 2a)(a;»  +  4a'*). 


10.  a:»  +  2a;«y  -  a;y*  -  2y»  =  x^(x  +  2y)  -  y*  (a;  +  2y) 
=  (:!^-y^)ix  +  2yl 
ar»  -  2x^y  -  xy^  +  2y^  =  .x-2(.r  -  2y)  -y^(x'-2y) 
=={x'-y'){x-2yy 

.-.  L.C.M.  =  (a;«-y«)(a;  +  2y)(a;-2y). 


11.   1  +p+p2  =  l  +p+p', 
1  —  /)  +  p'^  =  1  —  p  +  />^ 


l+p'^+p* 


12.   l-a=l-a, 
,      ,  (l-a)«  =  (l-a)(l-a). 

{Up-^f)([-p  fp').         (1  -a)»=  (l-a)(l-a)(l-a). 


.%L.C.M.  =  l+;)2+p4. 


.-.  L.C.M.=(l-a)'. 


13.  (a  +  cY  -b^  =  {a  ^-  b  +  c)(a-b  i-  c\ 
fa  +  6)'  -  c^  =  (a  +  6  +  c)(a  +  5  -  c), 
(6  +  cj^  -  a2  =  (a  +  6  +  c)(-a  +  6  +  c). 


.-.  L.C.M.  =  (rt  +  6  +  c)(a  +  6-c)(a-6  +  c)(-a+ J  +  c). 
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14.   c)4c»-c2y-3cy» 
4c»_cy  -3y» 
9 

36c»-    9cy-27y» 
36c«-52cy  +  16.v« 

3c»-3c»y  +  cy*-y» 

12c»-12c»y+    4cy'-4/ 
12c»-    3c»y-    9cy« 

3c 

-.v)-9c».v  +  13cv'-4?/> 

1 

43y)43<?y-43y» 
c  -     y 

9c»    -13cy  +4y« 
9c*    ~   9cv 

9c -4y 

-   4cy  +4y» 
~    4cy  +4y» 

Hence  4c»-c*y-3cy»  =  {c-y)(4c»  +  3cy), 

3c»  -  3c»y  +  cy«  -  y>  -  (c- y)(3c«  +  y*). 

.-.  L.C.M.-c{c-y)(4c  +  3y)(3c"  +  y^ 

15.  m»-8m  +  3  =  (m4-3)(m«-3m+l), 
m«  +  3  m*  +  m  +  3  =  wi*  (m  +  3)  +  (m  +  3) 

-(m*+l)(m  +  3). 
.-.  L.  C.  M.  =  (m  +  3)(m«  -  3i?i  +  l)(m*  +  1). 

16.  20n*  +  n«-l  =  (5n»-l)(4n*  +  l), 

25n*  4-  5n»  -  n  -  1  =  (5n''  -  l)(5n»  +  n  +  1) 

.-.  L.C.M.  =  (5n«-  l)(4n«  +  l)(5n»  +  n  +  1). 


17.  46'-126»  +  96-l 


2Shl^-   846«+    636- 
286'- 1606* +  1326 


6*-26»  +  62~86+8 
4 


4J4_  8JS4.  46t_305^32 
46*-12634    96*-     6 


7662-    696-7 

1 I 

532  6^-   4836-     49. 
53262-30406  +  2508, 


4/;8-   56»-316+:i2 
46>-126«+  96-  1 


76»- 
76«- 


406+33 
76 


2557)25576-2557, 
6-        Ij 
Hence.  46» -  126»  +  96-  1  -  (6  - 1)(46»  -86+1 


-336+33 
-336+33 


6  +  1 


46  +  76 
76-38 


18. 


6*  -  2  6»  +  6»  -  8  6  +  8  =  (6  -  1 )  ( 6»  -  6«  -  8 ) . 

.-.  L.C.M.-(6-l)(46»-86  +  l)(6»-6«-8). 


2r)2T*-8r*+12r»-8r»+2r 
^_4r8+  6r»-4r  +1 
r^         -  2r»         +1 
-4r)-4H»+  8r»-4r 

r»-  2r          +1 

3r)3r*-6r»  +  3r 
r*~2r»  +  l 
r*-2r^+    r« 
2r»-3r»  +  l 
2r8-4ra  +  2r 

Reserve  r. 

1 

r«  +  2r+l 

r»-2r+l 
r»-2r+l 

Hence.  2r5-8r*  +  12r»- 8r*  + 2r  =  2r(r-l)*, 
3^_6r3  +  3r-3r(r«-l)*. 

.-.  L.C.M. -6r(r - 


l)*(r+l)». 
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Exercise  46. 


4x(.'c  +  l) 

_(x-^l)(x~l) 
4ar(a?+  1) 

^x-l 
4«  ■ 


x^-dx  +  20 
x'-7x  +  i2 
_(x-5)ix-^) 
'(.T-3)(a:-4) 
_x  —  5 
"  a;-3* 


3. 


a' -2a; -3 
a:* -10a- +  21 
_(ar-3)(ar+l) 

(ar-7)(a:-3) 

a;+l 
"«-7* 


4. 


g*  +  a;'  -f  1 
a:«  +  ar  +1 
_ix^  +  x  +  l)(a^--x-i-l) 

x^-\-x  +  l 
^a^  —  x  +  i. 


6. 


a»  +  2a2  +  2a  +  l 
_(a  +  l)(a^-a  +  l) 

(a  +  l)(a2  +  a  +  l) 
_  g*  —  g  +  1 

g«  -(-  g  +  r 


5    3:*^  +  23?'t^  -\-jfi 
sfi  —  i^ 

ar»-3/» 


g^  -  g  -  20 
a*  +  g  -  12 
_(g-5)(g  +  4) 

(g-3)(g+4) 
^g  — 5 

g-3' 


8.  aj»-4a;«+    9a;- 10 

ar^  +  2a;»-    3a; +  20 

-6)-6a;«  +  12y-30 

a;*—   2a;  +   6 


x' 

+  2a;» 
-2a;» 

-3a;  + 
+  5a; 

20 

4a;«- 

4a;2 

-8a:  + 
-8a;  + 

20 
20 

%  H.C.F.=a:«-2a;  +  5. 

.^  a;»-4a;«  +  9a;-10  _  (a;»- 2a;  +  5)(a;-.2) ^  a;-2 
V  +  2a;»-3x  +  20     (j;« -2a; +  5)(» +  4)     a;  +  4' 
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9.   a:»-5a:»-hllx-15 


-3a^  + 

-3z'  + 


6a: -15 
6a;- 15 


a^-    a:*+    3x+    6 
a^-5a:«-mg-15 

4)4g'-    Sx-k-20 
a:»-    2x+    6 


x-3 


10. 

t^  —  x^y  - 


H.C.F.  =  a:»-2a;  +  5. 

a:'-5ar»+lla;-15  _  (a;-3)  (a:*  -  2y -t- 5)  _  x  -  3 

a^-x«  +  3x  +  5     "(x  +  1}(j:*-2x  +  5)  'x+  f 


xy»-y* 


■  x*y*  -  xy»  - 


■y* 


11. 


-xV 


X*  +  x*y  +  xy>  -  y* 
X*  —  x'y  —  art/  —  y* 
2xy)2x»y-h2xy» 
x»+y» 


.  H.C.F.  =  x»+y». 

a^  +  x»y  -f  g?/  -  y*  __  (.c»  -h  y»)  (x»  4  xy  -  t/») 
'  it*-3^y-xy*-y*     (x"  +  y») (x«  -  xy  -  y») 


:^ 


4 

3a  +  2 

4a» 
4a»4-3a»- 

12a 
7a 

+  8 

-3a»- 
-3a'  + 

5a 
3a 

f8 

-  8a +  8 

-  8a-f8 

.-.  H.C.F.=  a-l. 
.  g'  +  4a'-5^(o- 
'  '  a'-3a  +  2  ^  (a 


a»  f 
a'- 

4a2 
3a 

+ 

5 
2 

4a«  + 
-3 

3a 

— 

7 

-12a«- 
-12a«- 

9a 
20a 

+ 

21 
32 

in 

11a 

— 

11 

a 

— 

1 

g^-jy-y* 
1 


-3a 

-8 

1)  (a'  +  5a  +  5)  ^   a'  j  ^g  -h  5 
-l)(a«  +  a-2)  "  a'  +  a-2' 


12. 


x»+x«- 
3 


x-1 


3x»4-3x»-3x-3 

3x»  +  2x»-    X 


x»-2x- 

x'  -h     X 

-3x- 
-3x- 


3x»  +  2x-l 

3j'-0x-9 

8)8x  +  8 

x  +  1 


-3 


,  H.C.F.  =  x  +  l. 

3x'-f2x-l  _(x  +  1)(3x-1)    ,3x-l 
'x»+x*-x-l°"(x  +  l)(x»-l)^  x»-l' 
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13. 

aJ_    a:»-2a:  +  2 

x'- 

-^3? 

+  4a:-2 

1 

ar»-3a:»  +  2x 

a?- 

-    a:« 

-2a: +  2 

2a;2-4a:  +  2 

-2)_- 

-2a:»-f6a:-4 

X 

2x^-Gx  +  4: 

ar» 

-3a;  +  2 

2 

2)2x-2 

2? 

—      X 

x-1 

-2a: +  2 
-2a:  4-2 

a;-2 

.-.  H.C.F,=-a:-l. 

.   a:8-3a;»-h4a:-2 

-(^-" 

l)(x« 

-2a:4-2)_ar«-2a:4-2 

a:«-a:»-2x  +  2 

{X 

-l)(a:a-2)              a:«-2 

14 

Ax'-Uax  +  da* 

16 

a«-J*-26c-c* 

8ar'-27a» 

a»4-2a6  4-6«-c» 

_       (2a;-3a)(2a:-3fl 

0 

_a«-(6«4-26c4-c») 

(2a:-3a)(4r^  +  6aaj- 

f9a«) 

(a«4-2a6  4-i*)-c* 

2a;-3a 

(a4-6  4-c)(a-6-c) 

4a:»  +  6aa:  +  9a» 

(a  4-  6  4-  c)  (a  4-  6  -  c) 

a  — 6  — c 

a4-6  — c 

15 

15a«  +  a6-2J» 

17 

ar*-a;2_2a:4-2 

9a»  +  3a6-26« 

2ar»-x-l 

(5a  +  2h)iSa-b) 

(— 1)(^  +  ^^-2) 

{3a  +  26)(3a-i) 

{a:-l)(2a:»4-2a:4-l) 

5a  +  2b 

a:»4-ar»-2 

3a  +  26 

2a:»-f2a:4-l 

18. 

ar»-2a:»-    a;  +  2 

ar»- 

-G3^ 

4-lla:-6            11 

x^^Sa^  +  2x 

a:5- 
-4)- 

-2^-      x  +  2 
-4a;«  +  12a:-8 

x^-Sx  +  2 

x' 

-    3a:4-2 

0:4-1 

.-.  H.C.F.=ar»-3a 

+  2. 

.   a^-Gx^  +  Ux- 

6_(x] 

-3a;4-2)(x-3)     x 

-3 

a:3_2xa_a;  +  2        (a:a-3a:4- 2){»  4- 1)     a:  4-1 


19.   6a:»-17a:2  4-lla;-2 
Qa?—    5a:^  4-      x 
-123^*4- 10a: -2 


6ar'-23ar'4-16x-3 
6ar»-17a;»4-lla?-2 
-1)-  6a;»4-  5a:-l 
6a:»-    5a;4-l 


1 


-123^*4- 10a: -2      -  1)  -    6a;»  4-    5a:-l  a: -2 
-12a:' 4- 10a: -2                    6a:*-    5a:  4- 1 

.   6a:»  -  23a:»  4-  16g  -  3  _ _  (Sa:*  -  5a:  4-  l)(a;  -  3)  a:  -  3 

*'6ar»-17a:2  4-lla;-2      (Ga:' -  5a:  4- l)(a:-2)  a:-2 
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21. 


ao. 


g;*  — a*  — g-f  1 

(a:»  +  a:  +  l)(x«-3x  f  1) 
(x'-l)(x-l) 

(x*  +  a:  +  l)(x«-3g  +  l) 
_(x-l)(j;»-f  g-f  l)(ar~l) 
""(aj»-3a:  +  l)(z"  +  »  +  l) 


-3a;  +  l 

H.C.F.  =  a»-a«6-a^ 

a(a»-a»*-a6«  +  6») 

a»  +  6» 


\  b^ 


22.         ^^-^-^y 


24. 


a«_a6-26» 
(a  +  &)(a  +  6) 
(a-26)(a  +  6) 

a -26 

Aia'b-ab^y 

Sab(a  +  b)(a-b) 

3(o+&) 
^ab{a-b) 

a»  +  2o&  +  y  — c* 
a*  4-  a6  —  oc 

a'  -f  a6  —  oc 
^(a  +  b  +  c){a  +  b-c) 
a{a  +  b  —  c) 

a  +  b-\-e 


25    Gx»-llj»y-h3jy« 

^g(r)j«-llry  +  3v«) 
"  y(6x*-5jy-(>7/') 
g(2ar-3y)(3j-v) 
■'y(2x-3t')(3a;;2y) 
_^  a;(3g-y) 

y(Vt2y) 

^(a-}-b  +  c  +  d)(a-b  -c-d) 
(a-b  +  c  +  d){a'-b-c-d) 
^a-\-b  +  c  +  d 
"  a  —  b  +  c-i-d 


27. 


6g»-5g-6 

8a:2-2a;-15 
(3g  +  2)(2a;-3) 
(4a;  +  5)(2a:-3) 

^3xjf2 

"4a; +  5 
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28.  ^+^'+y* 

^(x^-¥xy+y*)(a^-'Xy-{-  y*) 

{x-y?  ' 


a^  +  y* 

_  (a^  +  .v')  {^  -  ^y^  +  y*) 

a:*  —  o'y''  +  y* 
=  a;»+y^ 


^  (a+6)(a^-a5-hy)(aHa&+y) 
g  -f  5 


£XERCIS£   47. 


1. 


{C»-2a;  +  l 


:aj-l. 


a;-l 

3a;«+    2a:+    l|a;  +  4 
3a:»4-12a:  3a; -10 


-10a;+    1 
-10a; -40 


3^±2Ml=3a;-10+iL 
a;  +  4  a;+4 


r.j:2+    6a;  +    5 
3a-2  +  12a; 


x  +  4 


3a;-6 


-6a;+    6 

-6a;-24 

+  29 

3a;«+6a;+5^3^__g^_29 


a;  +  4 


(V  —    a3i-\- 

^ 

a^x 

a?  -^    ax 

a-2a; 

a;+4 


—  2aa;+    a;* 

-2aa;-2a;' 

+  3x* 

a  +  a;  a  +  a; 


5.  2a;2  +    5 

2a;2-6a; 


a;-3 


2a; +  6 


6a;  +    6 

6  a; -18 

+  23 

23:^  +  5     o^  .  ft  .     23 
__  =  2a;  +  6+— ^. 


6.   10a'  -  17aa?  +  10a;»[5o  -  x 

10a'-    2aa; |2a-3a; 

—  15aa;  +  10a;' 

--15aa;+    Zo?_ 

+  Ya;* 

10a«-17a^+10;^2a-3x-t  '^ 


5a  — a; 


7.  48  a;' 

483;*.- 12a; 


5  a— a; 

+  16[4a;-l 
12a; +  3 


12a;  + 16 
12a;-   3 
+  19 
48^  +  16^  12.  +  3  +  -19_. 
4x-l  4a;- 1 
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8.   2a^-5aj^    2 


3a;-    2 
3a;-12 
+  10 
2a:»-5a;-2 
a:-4 


9.  a* 


2x  +  3 


2ar  +  3  + 


oA  a  +  6 


10 


10.   5a:»-  «> 


+  2A» 

a  — 6  a-  6 

+  5  5^+4a:-l 


x-1 


-5a:*+  X4-5 
-5x»-4g  +  l 
+5  a? +  4 
.   5a;»-a«  +  5_^     ^        5x  +  4 
5x»  +  4j;-1"  6a:«+4x-l' 


1.  1-£^12^ 

x+y 

,g  +  .v-(x-v) 
»  +  y 

«  +  y 

a?  +  y 

2.  1  +  ^:^ 

x  +  y 

,a;-fy +  (a;-v) 

»  +  y 

__  g  +  V  +  a;  —  y 

a?  +  y 

2a; 


Exercise  48. 

4.  a  — x  + 


a«  +  a;« 


_  g*  -  2aj;  +  x»  +  (g*  -f  x*) 

g  — X 
_2(g«-gx  +  x') 
g  — X 


6.  5g-26- 


3g»-46» 


5g-6d 
_  25a«-40aft-t-126«-(3g«-4y) 
5a-6d 
22o«-40a6  +  166* 


6.  g  +  6  — 


5g-6d 
g»  +  6» 


x+y 


3.  3x- 


l+2x» 


g  +  6 

_g»  +  2g&  +  y-(g«  +  y) 
g  +  6 
2g5 


^3x»~(l+2x») 

X 

3x'-l--2a-« 

X 

x«-l 


7.  7g- 


g  +  d 

2-3g  +  4g« 


5-6g 
_  35g  - 42g»  -  (2-3g  +  4g^) 

5-6g 
^38g-46g«-2 
6-6g 
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8.  3a;- 


5oa;-3 


2a 

6ax-i5ax-3) 
2a 
^oa  +  S 
2a 

9.   «±|  +  1 

a  —  0 

o  +  6  +  (o  -  5) 
a-6 
2  a 
a-b 

10.  ^-1 

a  —  h  —  (a  +  b) 
a-\-b 
_-2b 
a  +  6 

11.  -M.-(x  +  y) 
x  +  y 

2j^-{x^-^2xy+y^) 

x  +  y 

_^x^  —  2xy  —  y^ 


12.  i£Lzi2f^.6a  +  3x 
4 

5a- 12a;  +  24  a  +  12a; 


29a 
4 


14.  a;  +  5  — 


2a;-15 


a;-3 

a;' +  2a;- 15- 2a; -f  15 
a;-3 


a;-3 

15. 

2a-6- 

2a& 

a-\-b 

2a2  + 

ab-P- 

-2ab 

a-^b 

2a»- 

ab-b^ 

a  +  b 


16.   3X-10  + 


41 


a;  +  4 
,3ar^  +  2a;-40  +  41 

a;  +  4 
3^  +  2a;  +  l 


a;-l 


a;  +  4 
17.  ar2  +  x  +  l  + 


_a:»-l+2 

a;-l 
_^+l 
a;-l' 

18.  a;3_3a,_M3_z^ 
x-2 
_  a;*-2ar>-3ar^+6a;-9a;+3aa 

x  —  2 
_x^-2x^-Sx 
x-2 
x(a^- 2x^-3) 
x-2 


13.  a-l  + 


a  +  1 
g'  -  1  +  1 
a  +  1 

a  +  1 


19.  a2-2aa;  +  4a;»- 

^aS  +  8ar^-6ar> 

a  +  2a; 
^a»  +  2a;» 
a  +  2a; 


6ar» 
a  +  2x 
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20.   x>^a-fy  +  °'-°y^y' 

_  a:'  —  o*  +  gy  +  gy  -f  g*  —  oy  +  y* 

X  +  a 
_  g*  +  gy  +  y» 
a:  +•  g 


Exercise  49. 


3g-7     4a?-9 
6     '        18     ' 
L.C.D.  =  18. 

The  multipliers  are  3  and  1 
respectively. 

3g-7    _9a:-21. 
6  18      ' 

4a;— 9      4aj-9 


18 


18 


3. 


4g  — 5c    3g  — 2c 
5ac    '      12g«c' 
L.C.D.  =  60  g»c. 

The  multipliers  are  12a  atj«l  5 
respectively. 

4a- 5c  ^  4.Sa«-r>0ar 

5ac  (JOa'c 

3a- 2c     ir)tt-10c 


12a»c 


GO  a»c 


2a;  — 4y     3  a;— 8y 

5a:»      '        10a; 
L.C.D.  =  10a:». 

The  multipliers  are  2  and  x 
respectively. 

2  a;  — 4y      4  a;  — 8y. 

5a:»  10ar» 

3a;  — 8y  _3a;»-8a^ 

10a;  10a;« 


6 


1-x    l-a;« 

L.C.D.  =  l-ar». 

The  multipliers  are  l+.rand  1. 

5  5  +  5a;. 
l_x      l-x'' 

6  6 
l-a^"l-a^* 


6. 


1 


(a_6)(6-c)    (a-b){a-c) 
L.C.D.  =  (a-5)(a-c)(6-c). 
The  multipliers  are  a  —  c  and  5  —  c. 

1 a  —  c . 

(a_6)(6-c)     {a-b){a-c)ib-cy 

1  b-c 

{a-b){a-c)     (a-b){a-c){b-c) 
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6        4g*  xy  m    8a?+2    2a;-l      Sx-^2 

'  3(a  +  6)'    6{a*-b»)  '    a?-2'   3a;-6    5a;-10* 

L.  C.  D.  =  6  (a»  -  6«).  L.  C.  D.  =  15(a?  -  2). 

The  multipliers  are  2 (a— &)  The  multipliers    are    15,    5, 

and  1.  and  3. 


3(a  +  6)     6(a«-&«)' 
xy                xy 

Swi    J 

8a;  +  2     30(4a;  +  l). 
aj-2  "  15(1-2)  ' 
2a;-l     5(2a;-l). 

3a:-6      15(a:-2)  ' 
3a: +  2      3(3a?  +  2) 
5a; -10      15(a:-2) 

c  —  hn 

mx  nx 

L.  G.  D.  =  mna;. 

The  multipliers  are  n,  mruc,  and  m. 

o  —  6w  _  an  —  6mn  , 
mx  tnnx 

mnx 
c  —  hn     cm  —  hmn 


nx  mnx 


Exercise  50. 


3a;-2y     bx~1y     8a;  +  2y 
5x  10a;  25     ' 

L.  CD.  =  50  a. 
The  multipliers  are  10,  5,  and  2  a;. 

30a;  —  20y  =  first  numerator, 

25  a;  _  35y  =  second  numerator, 

16^* +4ayy =  third  numerator. 

16a;'-}-55a;  +  4a?y  —  55y  =  sum  of  numerators. 

,  8nm  of  fractions  -  16»^  +  65x  +  4«y-55y. 
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2    -ix^-ly*     3x-Sy     5~2y 
Sx"  6x  12 

L.C.D.=  12a:«. 

The  maltipliere  are  4,  2x,  and  s*. 
16x*  -  28y«  -  first  imincrator. 

6  s*  —  16jcy  "- second  namerator, 

5a^  — 2g*y —  third  numerator. 

27 jc*  —  2x*y  —  16xy  —  28y'  —  sum  of  numerator«. 
...  Sumoffraciions^2^^-2»'y-I6^^28y« 

12«« 

o    4a«  +  55«  .  3a  +  26  .  7- 2a 

L.C.D.  =  906». 

The  multipliers  are  45,  ISh,  and  10(*. 

1 80a»  4-  225 6*  -  first  numerator, 

366*  +  54a&  »  second  numerator, 

706^ -'20ab^  =  third  numerator. 

180o«  +  331 6*  +  54a*  -  20a6*  =  Bum  of  numerators. 

906 

4  4a;-f  5     3x-7        9 

3  5x         12x* 

L.C.D.  =  60a:«. 

The  multipliers  are  202*,  12x,  and  5. 
SOx*  -f  100 X*  =  first  numerator, 

—   36  X*  +  84  a?  =»  second  numerator, 

45  —  third  numerator. 

80 x*  +    64x*  +  84x  +  45  «•  sum  of  numerators. 

...  Sum  of  fractions  -  BO^  ^  64^^  «4x  ^  45, 

60x» 

5  4x-3y     3x-H7y     5x  — 2y     9x -f  2y 

7  14  21  42 

L.C.D.  =  42. 

The  multipliers  are  6,  3,  2,  and  1. 
24x  —  18y  =  first  numerator, 
9x  +  21y  »  second  numerator, 
—lOx  +   4y  =  third  numerator, 
9g  +    2y  «  fourth  numerator. 
32 X  +   9y  =  sum  of  numerators. 

...  Sum  of  fractions  -  ^^j^- 
42 
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^  3ay-4     5y« -f  7      6g'~ll 

L.C.D.-a:»y». 

S3^y^  —  4:xy  =  first  numerator, 

—  ba^y^  _7«*  =  second  numerator, 

—  Sg'y'' -f  11  y' =  third  numerator. 

—  8 x^ y'^  —  4:xy  +  lly'^  —  7 a^  =  sum  of  numerators. 

...  Sum  of  fractions  =  Hy'-^oy -8a^y»- 7a;». 

a^yi 

^    a»  -2ac  +  (^     b^-2he-^c^ 


L.C.D.  =  a«6V. 

a*6*  —  2ah^c  +6' c*  =  first  numerator, 

—a^h^ ■\-2a?hc         —o?<?  =  second  numerator, 

—  2ab^  c-\-2a^hc-\-h^  c^—a^  (P^  =  sum  of  numerators. 

.  Sum  of  fractions  =  ^>V-2a6^c  +  2a^6c-aV 

a^b^(P 

5q»-2     3o«--a 

8a»  8 

L.C.D.  =  8a«. 

5  a'  —  2  =  first  numerator, 
c^  —  3a*        =  second  numerator. 

6  a'  —  3  a*  —  2  =  sum  of  numerators. 

,  Sum  of  fractions  =  6^'->3a*-2^ 


o    a  — 6  ,   b  —  c  ,  e  —  a  ,  aft^  +  ftc^  +  ca* 

y.     H h  — r + 7 

cab  abc 

L.C.D.  =  a6c. 

o'  6  —  a6'  =  first  numerator, 

6'  c  —  ftc*  =  second  numerator, 

at?  —c?c=  third  numerator, 

a&'  +  6c^  +  <x^c=  fourth  numerator. 

o'  6  +  6^  c  +  ac*  =  sum  of  numerators. 

.-.  Sum  of  fractions  =  '^•^  +  ^''  +  '^. 
abc 
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10.  -i I 1        2x-z     .v-2g 

2x^y     6y»2      2x2«      4x»2«       4«»y« 
L.C.D.=  12a;»y«2«. 

^yz*  »  first  numerator, 

—  2a:*2  » second  numerator, 

—  6  iry*  =  third  numarator, 

6  ay* — 3  y«2 = fourth  n umerator, 
-  6 V2» +3y«2=i  fifth  numerator. 

—  2  a:*  2  =  sum  of  numerators. 

.-.  Sum  of  fractions  =» == ? — 

12a;»y«2«         Gy»« 

Exercise  51. 

x-6     a;+5 

L.C.D.  =  (2:-6)(a:  +  5). 

The  multipliers  are  a: +  5  and  x— 6  respectivt^ly 

a:  +  5  =  first  numerator, 

x  —  6  =  second  numerator. 
2  a;  —  1  =  sum  of  numerators. 

.*.  Sum  of  fractions  =  —  ■» 

a:»-a:-30 

1  1 


2. 


a;-7     a;-3 

L.aD.  =  (a;~7)(x-3). 

The  multipliers  are  x  —  3  and  x  —  7  respectively. 

X  —  3  =  first  numerator, 
—  x-f-  7  =  second  numerator. 
4  =  sum  of  numerators. 

A 

,  Sum  of  fractions 


3. 


x»-10x  +  21 
1      .      1 


1+x     1-x 

L.C.D.  =  l-x». 

The  multipliers  are  1  —  x  and  1  -f-  x  respectively. 

1  —  X  =  first  numerator, 

1  +x  =  second  numerator. 

2  •=  sum  of  numerators. 

2 

Sum  of  fractions  = -. 

1  — ar 
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6. 


1 


L.C.D.=  l-a:«. 

The  multipliers  are  1  +a:  and  1. 

1  +  a?  =  first  numerator, 
—2        =  second  numerator. 


— 1  4-  a:  =  sum  of  numerators. 

Sum  of  fractions  =  "~^  ~y  = 

l-x»  1  +  a: 


1 


L.C.D.  =  (x-y)«. 

The  multipliers  are  x  —  y  and  1. 

x  —  y  =  first  numerator, 
X        =  second  numerator. 


2x  —  y  =  sum  of  numerators. 
Sum  of  fractions  =    ^~y. 

1  1 


2a(a  fa;)     2a{a  —  x) 

L.C.D.  =  2o(a  +  a;)(a-a:). 

The  multipliers  are  a—x  and  a-^x, 

a  —  x  =  first  numerator, 
a  -{-x  =  second  numerator. 
2  a        =  sum  of  numerators. 

►  Sum  of  fractions  = — .  =  — - — 

2a(a  +  aj)(a-a;;     a^-a^ 

a  b 


(a +  6)6     {a-b)a 

L.C.D.  =  o6(a»-6«). 

The  multiphers  are  a(a  —  b)  and  6(a  +  b). 

a'  -a^b  =  first  numerator, 

—  a6'  —  6'  =  second  numerator. 

c?  ~a^b  —  ab^  —  6*  =  sum  of  numerators. 

,  Sum  of  fractions  -  a'-a'&-ay-y 
o6{o»  -  6') 
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9. 


2.t(x-1)     4x(x-2) 
L.C.D.  =  4x(a;-l)(a;-2). 
The  multipliers  are  2(a;-2)  and  (x-1). 
10  a;  —  20  =  first  numerator, 
— 3a;+   3  =  second  numerator. 
7x  — 17  =  sum  of  numerators. 

'.  Sum  of  fractions  = *^~^* 

4a?{x«-3«  +  2) 

1+0?  l-~a? 

l  +  x  +  x*     1-x  +  x*' 
L.C.D.«l+x«+x*. 
The  multipliers  are  1  -  aj  +  x*  and  1  +  x  +  x*, 

1  +  x*  =  first  numerator, 
— 1  +  g'  =  second  numerator. 
2x'  =  sum  of  numerators. 

.-.  Sum  effractions  = ^ 

l  +  x»  +  x* 

10.   2ax-35v     2ax  +  36y 
2xy(x-y)      2xy(x  +  y)* 
L.C.D.  =  2xy(x2-y»). 
The  multipliers  are  x+y  and  x— y. 

2ax«  +  2axy  -  3 6xy  -  3 6y«  -  first  numerator, 
''2ax^  -f.  2axy  -  36xy  +  3&i/«  =  second  numerator. 
4axy  —  6  6xy  =  sum  of  numerators, 

or  2xy  (2a  -  36)  »  sum  of  numerators. 

.-.  Sum  of  fractions  =  ^^-^K 
x«-y» 

EXKRCISE    52. 

t    -1     +-JL.  +  .  2a 


1  +  a     1-a     l-a« 

L.C.D.«l.-a« 

The  multipliers  are  1-a,  1 -fa,  and  1. 

1  —    a-=  first  numerator, 

1  4-    a  =  second  numerator, 

2a  =»  third  numerator. 

2  +  2a  =  2(l  +  a)  =  sum  of  numerators. 

.-.  Sum  of  fractions  -     ^i^-^^) ?_ 

(l  +  a)(l-a)      1-a 
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2. 


1       1 

l-x     l+a 

L.C.D.  =  (1- 

l+x-\-a^  -^ 
—l-^x-x^-\- 
2x 

4-     2^ 

x)(l+x){l  +  x*), 

a^  =  first  numerator, 
a^  =  second  numerator, 
23^=  third  numerator. 

4x 

Slim  r»f 

=  sum  of  numerators 
4a; 

l-«* 


3. 


X  «*...« 


1-a?      l-o;      l-^x" 
L.C.D.=  (l-a:)(l+a:«). 

a;  +  or*         =  first  numerator, 

—  a^         —  a:*  =  second  numerator, 

.     g    — a^ =  third  numerator. 

2  a;  -  2a:'M-  a:*  -  a;*  =  sum  of  numerators. 
=  2a;(l-ar)  +  a;»(l-a;). 
.-.  Sum  of  fractions  =  (2a;  +  ar>)(l-a;)  _  2g  +  a;» 
(l  +  a;2)(l-a;)         l  +  a;* 

A      '^  V  X* 


y      a;+y      ar*  +  a^ 
Jj.C.D.^  xy{x  +  y). 

Q?    -Vx^y  =  first  numerator, 

+  xy'^  =  second  numerator, 
■¥x^y  =  third  numerator. 

a?  +  27^y  +  xy^  =  sum  of  numerators. 
=  a;(a;  +  y)«. 

Sum  of  fr-actions  ^  ^(^+.V)'  ==  ^+y 
a^(a;+y)         y 

a;--l     a;-2  ,  ?;  —  3 


a;-2     x-3     a;-4 

L.C.D.  =  (a;-2)(a;-3)(a;-.4). 

3?-   8a;2  +  19a;-12  =  first  numerator, 

a;*—    8a;*+20a;  —  16  =  second  numerator, 

ar»~   8a;^  + 21a;-- 18  =  third  numerator. 

3ar»  -  24a;2  +  60  a;  -  46  =  sum  of  numerators. 

,  Sum  of  fractions  =  3^^- 24a;' +  60a; -46 

ar'-Oar^-j- 26a; -24  " 
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6. 


9. 


4a  5a« 


x  —  a     (x—ay     (x—df 
L.C.D.  =  (a;-a)». 

3  a:"  —  6 ax  +  3  a"  =  first  numerator, 
4aa;  —  4  a'  =  second  numerator, 

—5a*  =»  third  numerator. 

3«*  —  2aa;  —  6a*  =  sum  of  numerators. 

,  Sum  of  fractions  =  3g»--2aj-Ca« 
(x-df 

_! 1 3 

a;-l     x  +  2     (a;+l)(a:  +  2)' 
L.C.D.  =  (a;-l)(x-f-l)(x  +  2). 

a*  +  3  a:  +  2  =  first  numerator, 
—  a*  +  1  =  second  numerator, 

—  3g  +  3  =  third  numerator. 
6  =  sum  of  numerators. 

,  Sum  of  fractions  =  * 


(??-l)(,x+2) 


a  —  h  b  —  e  c~a 

{b-{-c){c-\-a)     (c  +  a){a  +  b)     (a -i- 6) (6  +  c)* 
L. C. D.  =  (6  +  c){a  -I-  6) (c  +  a). 

a?  —  b^         =  first  numerator, 
+  6*  —  c'  =  second  numerator, 
—  g'  -f  c'  =  third  numerator. 

0  =  sum  of  numerators. 
,  Sum  of  fractions  =  0. 

x  —  a     x-b  _      (a  —  6)* 
X— 6     x  —  a     {x  —  a){x  —  b) 
L.C.D.  =  (x-a)(x-6). 

a^  —  2ax  +  a^  =  first  numerator, 

X*  —  2  6x  +  6'  =  second  numerator, 

-a*  +  2ab  —  b'^ =  third  numerator. 

2x*  —  26x  +  2a6  —  2ax  =  sum  of  numerators. 
=  2(x-a)(x-6). 

.-.  Sum  of  fractions  ^  2(x-a)(.x-6)  ^  ^ 
(x  —  a){x  —  o) 
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10  g  +  y     2jc   ^  gv-g» 
y      a;  +  y    y{f-y^) 

L.C.D.=y(a;'-y»). 

a;'  —  a;y'  +    ^y  —  ^^  first  nnmerator, 
2xy^  —  2a^y         =»  second  numerator, 

—  g' 4-    g^  =  third  numerator. 

jcy2  ~  y*  =  sum  of  numerators. 

.'.  Sum  of  fractions  =  ^ ,  \  ~"  ^:  =  -^^  -• 

yi^-y^)    ^+y 

a  +  b         ,         b  -\-c         ,         c-f  g 


11. 


(Z)-c)(c-a)     (c-a)(a-6)     (a-6)(Z>-<j) 
L.C.D.«(6-c)(c-a)(a-6). 

a^  —  b*         =  first  numerator, 
+  6'  —  c*  =  second  numerator, 
—  g'         +c^  =  third  numerator. 

0  =  sum  of  numerators. 
•.  Sum^f  fractions  =  0. 


12         a*  — be  6'  — gc  c^  +ab 

(a  +  6)(a  +  c)     (6  +  a)(6  +  c)     (c  +  6)(c  +  g) 
L.C.  D.  =  (g  +  b){b  +  c)(g  +  c). 

a^b  —  J'c  -f-  g*c  —  6c'  =  first  numerator, 
gft'  +  b^c  —  a*c  —  ac^  =  second  numerator, 
a^b  +  gc*  +  ftc'  +  ab^  =  third  numerator. 
2a^b  +  2g6'        =  sum  of  numerators. 
=  2g6(g  +  6). 

.-.  Sum  of  fractions  = ^aHa  +  b)        ^ 2ah 

(g-l-6)(6  +  c)(g  +  c)     {6  +  c)(g  +  c) 


13. 


X  a^  +  x^ 


a  —  x     g-f2x     (g--a;)(g  +  2») 
L.C.D.  =  (g-a;)(g+  2a;). 

a^  -\-2ax         =  first  numerator, 
—  ga;  +  a:*  =  second  numerator, 

—  g' —a:'  =  third  numerator. 

ga?         ^  sum  of  numerators. 

,  Sum  of  fractions  = ^ — -— • 

(g-a;)(g  +  2x) 
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14 3 ^  ,  6 

(a-6)(6-c)     (a-b)(a-c)     (a-c){6-c) 

L.C.D.-(a-6)(a-c){6-c). 

3  a  —  3  e  ae  fipst  numerator, 

—  4 6  +  4c  =  second  numerator, 
6a   —66  =  third  numerator. 

9a  — 10 6    +c  =  sum  of  numeratorB. 

.-.  Sum  of  fractions 9a-106-f-c    ^ 

(a-6)(a-c)(6-c) 


15. 


16. 


x  —  2y  _  2x  +  y  2x 

x{x-y)     y(x+y)~x'-y* 
L.C.D.  =  ay(x«-y«), 

x*y  -  a;y«  -  2y*  =.  first  numerator, 

—  2x'+a:'y  +  a:y»  » second  numerator, 
--2any ■■  third  numerator. 

—  2«'  —  Sy*  —  sum  of  numerators. 
--2(x  +  y)(x«-«y4.y«) 

Sum  of  fractions  ^  -^(^ +.y)(^-^ +  y') 
ay(a:+y)(x-y) 
-      2(x'-xv  +  v«) 
xy(x-y) 

a  —  b  a  —  h    _  {a  —  h){x-\-y) 

x(a  ■{■}))     y{a-vb)         xy{a-\-b) 
L.C.D.-ay(a  +  6). 

ay -by  =  first  numerator, 

—  ox  +    bx  ^  second  numerator, 

—  ay  +  by—    ax  +    bx  «=  third  numerator. 

—  2ax  +  26x  —  sum  of  numerators. 

=  2x(6-a). 
.-.  Sum  of  fractions  =  M^JI«}=,2i6_-a)^ 
xy(a-^b)     y{a  +  b) 

17        ^^     _  g  +  2y         3y 
;(x-fy)*     x«-y«'^(x-y/ 
L.C.D.  =  (x  +  y)«(x-y)«. 
3x*-6x»y+3xy«  =  first  numerator, 

— x*  —  2x^+      xy'+2y'=: second  numerator, 

+  3x*y+   Bxy'-hSy'  =  third  numerator. 
2x'-6x*y  +  10xy*  +  5y'  =  sum  of  numerators. 
.-.  Sum  of  fractions  -  2.=»-5a^ +  10»y' +  5y»^ 


^ — V—  -^-     -  '-  '"  ' 
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V— 


18.       <'-J     L, 


L.  C. D.  =  (aj-  b  +  cVa  +  6  -  c)(a  -  6  +  c). 

a'    ^r  /—  ^  =  first  numerator, 

—  o'  +  PC  +  6'  —  i^         =  second  numerator. 

ac  +  b*  —  ab  —  <^  =  sum  of  numerators. 

Sum  of  fractions  =  -  ac-ab  +  b^-c' 


{a'{-b  +  c){a-^b-c){a-\-c-b) 


19. 


a  +  b 


—   ^^^     I    a& (a?  —  y) 


ax  -\-by     cue  — by     aV  —  6*y' 
L.  C.  D.  =  (ax  +  by)  (ax  r-  by). 

a^x  +  abx  —  aby  —  b^y  =  first  numerator, 
—  a^x  +  aJo;  —  a6y  +  b^y  =  second  numerator, 

+  abx  —  a6y  =  third  numerator. 

+  3  aJ>x  —  3  al)y         =  sum  of  numerators  ; 
or,  Sab(x  —  y)  =  sum  of  numerators. 

.-.  Sum  of  fractions  =^'^^(^~y)- 
a^x^-by 

ExEuciSE  53. 

1.    ^   +  ^~y  =   ^   _ ^-y 

jc-y     y-x     x-y     x-y 
L.C.D.  =  x-y. 

a;  =  first  numerator, 
y  —  X  =  second  numerator. 
y        =  sum  of  numerators. 

.  •.  Sum  of  fractions  =  -^ . 
x-y 

2    3  +  2a;     3a;-2     16a;-a:» 
•    2-x        2  +  x        a;«-4 
_3  +  2a;^3a;-2      16a; -aj« 


2~x        2  +  x         4-a;» 
L.C.D.  =  4-cc2 

6  +    7  a;  +  2a;'^  =  first  numerator, 
—  4+    8a;  —  3a;*  =  second  numerator, 
—  16a;  +    a?'  =  third  numerator. 
2     ~  X  —  sum  of  numerators. 

,•,  Sum  of  fractions  =  -  ~  ^ 


4-a;2      2  +  i? 
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a^  X 


a^-l     x-^1      l-»     »*-l 

L.C.D.  =  «»-1. 
a*        =  first  namerator, 
3^  —  x  =  second  numerator, 
3?  -\-  X  =  third  numerator. 

B  2*        ^  sum  of  numerators. 

•^Sum  of  fractions  =  -- — -  • 
ar  —  1 


3_3y«     2~2y     6y  +  6 


4  .1.1 


3(l+y)(l-y)     2(1 -y)     6(1 +y) 
L.C.D.  =  6(l+y)(l-y). 
8  =  first  namerator, 
3y  -}-   3  =  second  numerator, 
— y  +   1  =  third  numerator. 
2 y  +  12  =  sum  of  numerators  ; 
or,  2(6  +  y)  =  sum  of  numerators. 

.  •.  Sum  of  fractions  »  ^^^"^^  ■ 
3(1-3^ 


(2-m)(3-m)     (7A-l)(m-3)     (m-l)(m-2) 
1  2.1 


(2-m)(3-m)     (l-m)(3-m)     (l-m)(2-m) 
L.C.D.  =  (l-m)(2-m)(3-m). 

1  —    m  =  first  numerator, 
—  4  +  2m  =  second  numerator, 

3—    m  =  third  numerator. 
0  =  sum  of  numerators. 
.'.  Sum  of  fractions  =  0. 


{h-a){x^a)     (a-6)(x  +  6) 
1  1 


(6-a)(x  +  a)     {h-a)(x  +  h) 
L.C.D.  -  (6 -a)(a:  +  a)(x  + 6). 

x-\-h        =  first  numerator, 
—  a?       —a  =  second  numerator. 
6  —  a  =s  sum  of  numerators. 
.  Sum  of  fractions  ~ 


(6-a)(a;  +  a)(a;  +  6)     (x  +  a)(x  +  6) 
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o*  +  ft»^  2a6»    .    2a«6       a«  +  6»       2a6»    .    2a'6 


L.C.D.-(a»-6»)(a»  +  6»). 

a^  +2a*6»+2a*6*  +6*  =  first  numerator, 

— 2a*6'  — 2a6*       =  second  numerator, 

+2  0^6  — 2a'6*  =  third  numerator. 


10. 


o*+2  o*6  —2  a6*+6*  =  sum  of  numerators. 

.SumoffracUons  =  _^L____l_. 


8.   ^-<»     a-26     Sx{a-b)^b-a     a-2b     3x(a-b) 
'  x  —  b       b+x         V^  —  x^        x  —  b       X  i-b         3^  —  b* 
L.C.D.  =  a:«-6«. 

—  ab  —  ax+    6a;  +    6'  =  first  numerator, 
ab  —  ax  +  2bx  —  2b'*  =  second  numerator, 

Sax—  Sbx =  third  numerator. 

ax  —  6'  =  sum  of  numerators. 


Sum  of  fractions  =  ^^ 


-6» 


a^-b^ 


9.   3-f  2a?     2-3a;  ^  16a;-a:«     3-f  2a;     2-Sx     16a;-z» 
2-a;        2  +  a;         a;«-4   "^  2-a;        2  +  a;        4-a;» 
L.C.D.  =  4-a:». 

6+    7a;  +  2a;'  =  first  numerator, 
—  4+    8a;  —  3a:*  =  second  numerator, 
—  16  a; -f    g^~  third  numerator. 
2     —X  =  sum  of  numerators. 

n 1 

.*.  Sum  of  fractions  = =  — - — 

4-a;»     2+a; 


3 7  4  -  20a;  _      3  7         4  -  20a; 

l-2a;     l+2a;      4a;»-l      l-2a;     l+2a;      l-4a;» 
L.C.D.  =  l-4a;'. 

3  +   6  a;  =  first  numerator, 

—  7  +  14  a;  =»  second  numerator, 

4  — 20a;  =  third  numerator. 

0  =  sum  of  numerators. 
Sum  of  fractions  =  0. 


TEACHERS*   EDITION.  99 


11. 


a  +  b        ,         b  -\-c         .         e-\-a 


(b-c)(c-a)     (6-a)(o-c)     {a-b){b-e) 
a  +  b  b-\-e  a-he 


12. 


13. 


(b-c)(a~c)     (a-b){a-c)     (a-6)(6-c) 
L.C.D.  =  (a-ft)(a-c)(6-c). 
—  a*  +  J*         =  first  numerator, 
—  J*  +  c*  =  second  numerator, 
q'         —  c*  =  third  numerator. 

0  «  sum  of  numerators. 
Sum  of  fractions  =  0. 

a*  — be       ,        J*  -f  oc        .        c*  +  a5 


14. 


(a-6)(a-c)     (6  +  c)(6-o)     (c-o)(c  +  6) 

^       a*  — be PC  +  y 0^  -t-c* 

'~{a-b){a-^c)     (b  +  c){a-b)     (a-c)(6+c)' 
L.C.D.=  (o-6)(o-c)(6  +  c). 
a*b—V^e-vc?e-b(?  —  first  numerator, 

l^c—a*e        -k-cu^—ab^  =  second  numerator, 

— a*6 +W— o^J+o^—  third  numerator. 

0  «  sum  of  numeraton. 
.  Sum  of  fractions  =»  0. 

(x-y)(a;-«)     (y-«)(y-2)     (2-x)(2-y) 

^        y  +  z g-f  g  g  +  y 

(aj-y)(g-«)    (g-y)(y-g)    (a;-g)(y-g)' 
L.C.D.  =  (g-y)(y-g)(g-g). 

y*  —  «•  =»  first  numerator, 
—  g*         +  2*  =  second  numerator, 
g*  —  y*        ■«  third  numerator. 

0  »  sum  of  numerators. 
,  Sum  of  fractions  =  0. 

3  4  6 


(a-6)(6-c)     {b-a)(c-a)     {a-c)(c-b) 

3 4  ^  6 

"(a_6)(6-c)     (o-5)(a-c)     (o-c)(6-c) 
L.  C.  D.  =  (o  -  6)(a  -  c)(6  -  c)/ 
3  a  —  3  c  =  first  numerator, 

—   46  +  4c  =  second  numerator, 
6a—   Qb         =  third  numerator. 
9a  - 106  +    c  =«  sum  of  numerators. 

a  rr      *•  9a-106  +  C 

.-.  Sum  of  fractions  = 


■(a-6)(a-c)(6-c) 


100 


ALGEBRA. 


15. 


1 


x{x-y){x-z)     y(y-x)(y-z)     xyz 

1 1 1^ 

x(x-y){x~z)     y(x-y){y-z)     xyz 
L.C.  D.  =  xyz{x  -y){x-z)(y-  z). 

y*z  — yz*  =  first  numerator, 

— x'z+xz'         =  second  numerator 
—xh/-\-xy^—yh-\-x'z—xz*-\-yz^  =  third  numerator. 
•—xh/-\-xy^  =  sum  of  numerators  ; 

or,  —xy(,x  —  y)  =  sum  of  numerators. 

•.  Sum  of  fractions  = —^\^—y)  

xyz{x-y){x-z){y~z) 

1 

z{x-z){y-z) 


Exercise  54. 


1.  -^x-- 

bx^  d 

Cancelling  common  factor  x, 

ac 
'^bd 

a        c        26 
Cancelling  2abc, 
=  9ax. 


ibx'y      24a36» 
Cancelling  8,  15,   a\   b^, 
and  y, 

9ax 


9xh/h 
lOa'b^c 


20M^c 


3. 


Sp 


2p_ 
>-l 


2|)-2 

Zp        p-l 
2{p-\)       2p 
Cancelling  p  and  p  —  1, 
=  f 

.     Mi  .    2^ 
15a6»-    3a6« 
_  8a*y  x^^ 
°°15a6»      2ar»' 
Cancelling  2x'  and  3a6*, 
^^xy 
56 


18  a:y«2 

Cancelling  Oxy'z,  10a'6*c, 
and  2, 


7,   3a^y^5y»2^      12a:' 
4rc2'      Gary         2a:y* 
Cancelling  2,  6,  a:*,  y*,  and  z, 
15a 
4« 

g  ?m*r^  ^  5^Jsr  ^  24^ 
Sp'g'  2  ay  90mn 
Cancelling  9,  5,  8,  mn,  p^q, 

and  ay, 
_  SmTiay 

4j39' 
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9. 


25Pm«       70nV       3£m  ,  ^ 

14  nV      75p«m      4*«n' 
Cancelling  25i*m,  14  n'g,  and 


10. 


a-6 


a«-6« 


a*  +  a6      a'  —  aft 

^    a-b     ^\a+b){a-bl 

a{a-\-b)  a{a  —  b) 

Cancelling  a~b  and  a  +  b, 

a-b 


12. 


'  +  6* 


o«-6« 


a-6 


"(a-6)(o  +  6)" 
Cancelling  a  +  6, 


,a-f  6 


{a-bf 


g'-f  g-2  ^  a^-13x-f42 

a:»-7a:  «*  +  2a: 

_(x+2){i-_l)^(T-r.Hr-7; 

x(x-7)  a-(xt2) 

Cancelling  x  -7  and  x  +  2 
^(x-l)(x-0) 


13. 


llx  +  30^^ 


3x 


x»-6x  +  9 
(x-5)(x- 


x-6 
'x-3 


x(x  -•  3) 
3)(x-3)^x(x-5) 


14.   4^x5^ 
a'  +  X*     {a  —  xy 

(a  -  x)(a»  -f  gj  -f  g*)  ^^  (g  -f  x)* 

(a  +  x)(a«  -  ox  +  X*)      (a  -  x)« 

(g-f  x)(a»  +  ax  +  x') 

(a-x)(g'  — gx  +  x*) 


^^    2g(x»^y')V 


(a;-y)(a;  +  y)» 


2g(x  +  yy(x-y)«^ 

ex 
2gx»(x~y) 


'(x-y)(x  +  y)« 
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•  a«  +  4ft»      o«-46«  '  i»  +  5a;     a;«  +  2a; 

_Q(a-f26)         6(0 -26)  _(x+2Xa?-2)     (a?-f5Xg-5) 

a«  +  46»      (a-26)(o+26)  a;(x+5)           x(a?+2) 

06  (a?-2)(a;-5) 

°o»  +  46«  "^           a!» 

18.  ar'  +  xy^(g-yy 
x-y        rc*-y* 

^  g(a?  4-  y)  ^         (a?-y)(g-y) : 

x-y       (a:»  +  y')(a;  +  y)(.r-y) 
—      a? 


n  —  m 


_      (m  +  n)(m-n)  c -f  d 

(c +  d)(c'-cd  +  ^*)         m-n 
-  _      ^  -f  w 


2Q    a'-4a-t-3^  a«-9a-t-20      o«-7a 
*  a«-5a  +  4     a»-10a  +  2l      a*-5o 

(a-3)(a-l)     (a-5)(a-4)     a(a-7) 
(a-4)(a-l)     (a-7)(a-3)     a(a-5) 
=  1. 


21    6'-76-f  6     6«  +  106  +  24  ^  b*-\-6b 

(6-6)(5-l)     (6-f6)(6  4-4)     6«(6-8) 
(6  +  4)  (6  -  1)     (6  -  8)  (6  -  6)     6  (6  +  6) 
=  6. 

22.  ^    ^-y'       x^^^^i^'x^jz^ 
a:*  — 3a:y  +  2y'       x* -\^  xy       {x—yf 

^  (g  -f  y)  (a;  -  y)  ^  y(g-2y)  ^      a;(g-y) 
(a;-2y)(a;-y)      x(x-\-y)      lx-y){x-y) 

y 
*°«-y* 
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23  a^--3a»6-h3ay-y     2a&~2y     o'  +  o6 

a*-6»              "*"  3             a-b 

_.a^-3a«6  4-3oy-y  3            o«  +  o6 

a«-ft*  2oi-26»      a-6 

_(a^b)(a-b)(a^b)  3        . .  a(a -H  6) 

(a  +  b)(a  -b)  2b(a  -  6)       o  -  6 
_3a 
2  A 

24  (a+6y-c«  .  j^-ja  +  bY 
a^-{b-cy"c'-(a-bf 

_{a  +  b  +  e)(a  +  b-e)(c-a^  b)(e  +  a  -  ft) 
(a  —  6  +  c)(a  +  6  -  c)(c  -  a  -  b)(r  f  a  +  ft) 

^c_-aj:_ft 
c  — a-ft 


25.  (x-aY-b^^.a^-(b^aY 
(x-6)2_a«     a;»-(a-ft)» 

^  (x  -  g  -f  ft)(a?  —  g  —  fe)(j  4-  ft  —  a)(g  -  ft  -t-  o) 
(a?  -  ft  +  g)(x  —  ft  -  g)(x  +  g  —  ft)(x  -  g  +  ft) 

_ac  — g  +  ft 
x  +  g  — ft 


26    (a-hfty-(c  +  rf)V  (g-c)«-(rf~ft)« 
*   (a  +  c)»-(ft  +  rf)«     (g-ft)»-((i-c)« 

(g  +  ft  -h  c  4-  d)(a  -f  ft  -  c  -  (/)(g  ~  ft  -t-d  -  c)(a  -  ft  -  rf  -h  g) 
(g  +  c  +  ft  +  d)(a  +  c  —  ft  —  d)(g-c  +  d-  ft)(g - c -  d  +  ft) 
=  1. 


27^  g«-2ay-hy«-2«^a;-fy--g 
a^ -\- 2xy -\- y*  -  z^     x  —  y  +  z 
(x-yy-s^^x-\-y-z 
(x  +  y)»-z»     aj-y  +  2 
(x  -  y  +  2)  (x  -  y  ~  z)  (a;  +  y  -  z) 
"^  (x  +  y  +  2)(x  +  y  -  z)(x  -  y  +  «) 
_x-y-2 
x  +  y +  « 


104 


ALGEBRA. 


3a;     x-l 
2  3 

f(x.,)-|-2i- 

Multiply  both  terms  by  6, 
_        9x-\-2x-2 

13a; +  13 -2a: -15 

llar-2 


Exercise  55. 
4. 


lla;-2 


1. 


.     (x-b)(x-c) 

X  +  a 


a^-{-ax-x^-\-bx-\^cx-  be 
X  +a 


oar  +  6x  +  ca?  —  6c 


X  -  1  4-  - 


x-6 


x-2+-^ 
x-6 

Multiply  both  terms  by  x  —  6, 

_x«-7x  +  12 

x»-8x  +  15 
_(x-4)(x-3) 
""(x-5)(x-3) 
_x-4 

x-5' 


6. 


\x     a)\x     af 

X  +  a 
/g'-x'Wa'  +  x^N 
_  \    ax    /\     ox    y 
2a 
a  +  x 

_(a'-x'')(a»  +  x^)(a+x) 
2a»x« 


3. 


-+1  X 

'-I- 

1 
"2 

Multiply  both 
ondf  fraction 

terms  of  see- 
by  2. 

3 

x  +  1 

4x-2 
2x2  +  x-l 

3 

x  +  1 

2(2x-l) 
(2x-l)(x+l) 

3 

x  +  1 

2 
x  +  1 

1 
x  +  1 

6. 


■y' 


.Ty+y«      x»  +  xy 
X  +  y  —  X 


xy(x  +  y) 
'x^-y^^    x«-y« 
(x  +  y)(x-y)» 
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x+l 1 x-1 

7     x  —  l      X  +  1 

x-Hl      x-\ 

x-1      x-hl 

(a:  +  l)«      (X. 
a:«-l         a:« 

-  1 

(x  +  l)«      (X- 

ar^-l         a:« 

_(j:»  +  2x  +  1)  + 

-1 

■2ar+l) 

(a:»+2x  +  l)-(a:«- 
2a?  +  2     a:*  +  l 

-2ar  +  l) 

10. 


I 


1-1 


1+1 

a; 

1 


x+  1 
_     g  -f  1 
ap  +  1  -X 

1 

Ax  2x  ^ar  +  1. 


11. 

X 

=  1 ^ 

x  +  1 

^  .T  +  1  —  a; 
x+1 
1 
X+l'  ■  1  +  x* 


1 

+ 

X 

^^^ 

1 

2x« 

-X 

1 

l~x 
1 

1 

+  -^ 

1 1       ^ 

'i+..-^ 

l~x 

1,           ojd-x) 

(l+x)(l-x)  + 

2x» 

__^      x(l-x) 
l+x« 

l  +  aj«  +  a?-a:* 

l+x« 

1  +a: 

12. 


\x     a        l\x     a        J 

/a'-2ax-hx»\  /a«  +  2ax4-x»\ 
\    ax     /  \    ax     j 


_  (a  -  x)(a  -  x)(a  -f  x)(a  -f  x) 
(a  +  x)(a  —  x)(a  +  x)(a  -  x) 
l+x»  =1. 
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13.  a^'-y'    g+y((g-y)*    g-yj 

«-y 

^  +  y'  ^  _2^  f  _  _^  ^  x  +  y  I 

a'-y'     g  +  yl      g-y     x-y] 

x-y 

ar^-y'     x-^y\x-y] 
x-y 

a;-y 

0:*  +  2xy  -\-y^ 

x-y 

_  (x  +  y)(x4-y)  ^  _J_  ^       x  +  y 
(x-y)(x  +  y)      x-y      x»-2xy  +  y«' 

(x»-y«)(2x«-2xy) 

14.  ^(^-y)' 

gy 

x  +  y 
_  (x  +  y) (x - y)2x(x  -- y)(x  +  y) 
4(x-y)(x-y)xy 

2y 

a6 ac 

15    x'  4-(a  +  6)x  +  a6     x»  +  (a  -f  c)x  ■Toe 


x'  +(6  +  c)x  +  bc 


(abx  4-  a5c)  — (acx  -f  abc) 
_     (x  +  a)(x4- 6)(x+ c) 

(x4-6)(x  +  c) 

ax(b-c){x-\-b){x-\-c)     _    ax 
(x  +  a)(x  +  6)(a;  +  c)(6  -  c)      x  +  a 
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16.  ^^l^JL 

X 

x+  1  x+  1 

x  +  1 

—  X. 


17        6         a  +  6  |A    oA     PC     6c 

a«-(&-hc)« 
a6 


M 

(a  +  6)«  +  i^« 

fe(a  +  fc) 

a  +  6 

ab 

(a  +  &)»  +  6«^^    a6 

.    fe(a  +  6)     '   a  +  b 

{(a  +  5)«  +  5na 

(a  +  6)« 

(a»  +  2a6  +  26»)a 

Maltiply  the  termR  of  the  na- 
merator  hy  abc,  and  factor 
the  denominator. 


abc 

(a  + 
c+6 

b-k-c){a  ~b 
ab 

ab 

abc        (a +6  -^  c){a-b-c) 
1 


c(a— 6-c) 


2m-3  +  - 

3 

2m -1 
m 

2m«-3m  +  l 
m 

1^3(l-x) 
l-x  +  3 

2?n-l 

m 

_(2m-l)(m-l) 

2m -1 
=  m-l. 

5 
7-4x 
4-x 

-3(4-x). 

7-4x 
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Exercise  56. 
J    g*-9a:»-i-7a'  +  9g-8  g    a'  +  ^ - c»  -f  2ab 

_(a;-8)(ar'-a:«-a-f  1)  _16  4-i-l+4 

(a;  +  8)(ar»-a;«-a;-fl)  IB-J-l  +  l 

^x-8  _19t 


a;  +  8 


3.   3a'  +  ?^-^ 
c        6* 


Multiply  both  terms  by  4, 


=  3x4x4  +  22<4^ixi-l 

-  48  +  2-4  =  46. 


(0^-1)2      2a:='-4a;  +  2      l~x^ 


^      :  +  -    ^ 


(a;«-lf     2{x-iy     a;»-l 
L.C.D.  =  2(a;2-l)*. 

4  =  first  numerator, 
—a;*  —  2a;— 1  =  second  numerator, 
2a:'  —2  =  third  numerator, 

x'  —  2a;  +  1  =  sum  of  numerators. 
a;»-2a;  +  l 


'.  Sum  of  fractions 


2(ar»-2a;+l)(a;  +  l)»     2(a;  +  1)« 

Vl  +  1  x+l)      \^_l  x-l) 

Va;  +  1  x-\-lJ      \x-l  x-l) 

_f    x^     ^g  +  1         ly/ar^        ^-x        1    \ 
\a;-fl      x  +  l     a;  +  l/      Va;-1      a;-l      x-\) 


x{x-\-\)^x~\ 
a;+  1       a;  — 1 
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6.   f^-^Y    (x-2a-\-b\ 
\x-bj      \x  +  a-2b} 


^[a  +  b-2ay    [a±b-ia±2b\ 
^\a  +  b-2b)      \a  +  b  +  2a-Ab) 

=  ( ^zl£ Y_  /36-3a\ 
\a~b)      [sa-'SbJ 


=  (-!)»-(- 1)-0. 

*  V2{a-6)     2(o  +  6)     a»-W  Uft 

L.  C.  D.  of  fractions  in  brackets  =  2(a*  —  6*). 

a^  -\-2ab  +    6*  =  first  numerator, 
—  a*  +  2  oft  —    6'  =  second  numerator, 

4^  =  third  numerator. 

4  a6  +  4  6*  =  sum  of  numerators ; 
or,         4  6  (a  +  6)  =  sum  of  numerators. 

.-.Sum  of  fractions  in  brackets  =  |^^?-±^-   ^-^. 

2(a'  — o')     a  — 6 

^ar*-f2g»y«-Hy*     a?*-3g^«-^y*^      (x^-\-2xy^y^     a^-2ay-t-y'\ 
"\,      ar*-y*  a?*-y*      j     V    *«-y»  x»-y»     ^ 

^  4a^*        4agy 
a?*  — y*     a:*— y" 

_4a;V«^a^-y« 
jB*— y*       4ay 

_     ay    . 
»»  +  y* 
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\  y'   JV-yJ    \  y"   JW  +  ^-^y") 

^g-f-y     g-y 

y       y 

=  2. 
10    /a«-a5Wa»  +  o6  +  6«\      /    2a»       .W.  2a6       \ 

U'-^A      a  +  6      y      U'  +  &*Aa"  +  «2'  +  *V 
_     g         o  — 6 

a  +  6     a  +  & 

2a-6 
"°  a  +  6 


1+^^    i+: 


J  J  a-^x  _         a^  +  r 


o  +  ic  o*  +  or 

Multiply  both  terms  of  first  fraction  by  a  +  a;,  and  both  terms  of 
the  second  by  a*  +  a^, 

_a-^  X  -{-a  —  x     a^  +  a:^  +  a^  —  3(^ 

a  +  x  —  a  +  x     c?  -\- a?  —  €^  -w? 
^2a     2a:*     a? 

2  a;     2a?     a 

12.^.1-3(i-^).4(..l).(..l) 
«a^+3a;+3--  +  l. 
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•ill 


13. 


=  1. 


14. 


X  +  2a     «—  2o 


26-x     26  +  x 
ah 


a-k-b 


+  2a 


46«-x» 
a  +  6 


4a» 


a +  6  a  +  6  V^  ♦  */ 

_3a6-f2a«      2o« -f  a&  4a6(a  f  6)* 


a6  +  26»      3a5+26*     6»(3a*  +  «aA+ 46*) 
_a(^b  +  2a)      a(2a-f&)  4a&(a-f6)« 

6(a  +  26)      &(3a.+  26)     ft»(3a  +  26)(a  +  26)' 
L.C.D.«6»(3a  +  2i)(a  +  2i). 
6a*6  +  13a»6»  +  6a6*  «  first  numerator, 

—  2  a'6  —   5  a*6*  ~  2  a**  =  second  numerator, 

—  4  0*6  —    8  a'6*  —  4  aft*  =  third  numerator. 


.  Sum  of  fractions  =-  0. 


0  »  sum  of  numerators. 


15. 


g-t-y-l 


x-y  +  l 

a  + 1    ^  ab-\-a     ^ 
ab-^1     aft  +  1 

a  +  1 
oi  +  l 

aft  +  a     J 
aft  +  l"*" 

2a 

ab  +  1 
2 

ab  +  1 

—  a. 
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16.  1 + 1 + I 

a{a  —  b)(a  —  c)     b{b~  c)(b  —  a)     c{c  —  a)(c  —  b) 

1  1.1 


a(a  -  b){a  -  c)     b(b  -c)(a-  b)     c{a -  c){b  -  c) 

L.G.D.  =  abc(a-b){a-c)(b-c). 

h^c  —  bc^  =  first  numerator, 

—  a^c  +  ac^  =  second  numerator, 

-f  a^b  —  ab^  =  third  numerator. 

b^c  —  6c"  —  a^c  +  ac^  +  a^b  —  ab^  =  sum  of  numerators. 

,  Sum  of  fractions  =      ^"'  "  ^^  "  ^"'  +  ^  +a^h-ab^ 


abc{b^c -b(?- a^c  ^■  a<^ -fr  a^b - ab^) 
abc 


g-l  ^  6-1  ^  c-1 
yj  3  abc  abc 


be  -\-  ca~ab  1  4.  i  _  1 

abc 

Multiply  both  terms  of  the  SQCond  fraction  by  a6c, 

3  abc  abc  —  bc+  abc  —  ac  +  abc  —  ab 

bc+  ca  —  ab 

3  abc  —  bc  —  ac  —  ab 


be 

+  ca  — 
3  abc 

ab 

be 

-\-ca- 

ab 

be 

+  ac  -{■ 

ab 

6c  +  ca  —  ab 
be  +  ac  —  ab 


m 

18. 


n 

-n» 

1 
n 

m 

fn» 

m«- 

-mn  +  n'*  ^ 

mn 
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19.  2_L±ifi  +  ^  +  ^-«' 


1 i_\ 


2bc      J 

a      b-k-c 

_(&  +  c-ho)(2&c-fy+c*~o«) 
^  (6  +  c-a)26c 

_(ft-fc  +  o){(6-fcy-a«} 

(6+c-a)26c 
_  (&  4-  c  -h  a)(b  -h  c  +  a)(&  +  c-o> 

(6  +  c-a)26c 
^(fe-fc  +  gy 
26c 

20.   3a-[6+{2a-(6-c)}]+l  +  ^fl 

=  3a-[6  +  2a-6  +  c]  +  J+^^ 

=  3a-6-2a  +  6-c  +  l+  ^^^ 
2C  +  1 

.  1^    4c»-l 


2(2c  +  l) 
2c-l 


=a— c+J+c-} 


^  '•+:" 


91    a-x     g-y     (o-z)'     (a-y)' 
21.   J J 


(a-y)(o-a)«     (a-x){a-yy 
(a-x)(a-yy-(a-y)(a-x)'  +  x(a-y)*-y{a-xy 
(a-xYia-yy 


»-y 


(a-xn<^-yy 

X 

y 

'a{2a~x  —  y). 


a{2a-x-y)(x-y) ^  (a -  a)« (o - y)« 
(a-x)*(a-y)»  aj-y 
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1 

23. 

(x^-y^)(2x^-2xy) 

X,         1 

(a;  +  y){a;-y){.T-y)2a: 
4(a;-y)(a:-y)(a;+y) 
a;y 
^^ 
o 

1    . 

-It! 

4 

4a;  +  3-a; 
4 

3(a;  +  l) 

24    /c-6     c»-6»\./(;4-5     c'  +  6n 

•   U  +  ft     C  +  6V  ■  Vc-6     c»-6V 

L.  C.  D.  Ifit  expression  =  c'+ft*.         L.  C.  D.  2d  expression  =  c*— 6*. 

c»-2c26+2c6«-^r»  =  l8t  num.  c«+2c6+   6»  =  1st  num. 

-(?  +6S  ==  2d  num.  c«         +  7>«  =  2d  num. 


-2c*6+2c6*       =8umofnum8.    2c''+2c6+26*  =  sumofnum8. 
—  2  c6  (c  —  6)  =  sura  of  n urns,  or,  2  (c'+cJ+J*)  =  sum  of  nums. 
~2ch{c-h)  (c  +  6)(c-6) 


-c6(c-&)« 


25. y. + ^ ,     ^+y 

(a._y)(a;-2)       (y_a;)(y_2)        (2_ar)(2-y) 

y  a?  ,         -'P  +  y 


(a;-y)(a;-2)     {x~y)(y-z)     {x~z){y-z) 
L.C.D.  =  (a;-y)(x-2)(y-2). 

y«         —yz  =  first  numerator, 
—  a?'         +  a;2         =  second  numerator, 

x^  —  y* =  third  numerator. 

xz  —  yz  =  sum  of  numerators ; 
or,  z(x—y)'^  sum  of  numerators. 

,  Sum  of  fractions  =  7 ^  /    "  v. 


(^ -y)(y  -2)(aJ  - 2)      (a;-2)(y-2)' 
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26.   I + I 1 

a(a  —  b)(a  —  c)     6(6  —  a)  (6  —  e)     abc 

1 1 1_ 

a(a-6)(a-c)     6(o--6)(6-c)     abe 

L.C.D.  =  abc(a  -  6)(6  -  c)(a  -  c). 

—  6c*  +  6'c  —  first  numorator, 

—  a'c  f  ac*  -»  RCH'ond  numerator. 

—  h<^  —  a*b  -h  o6*  —  6*c  +  g'c  —  a/.-'  --  tiiird  numerator. 

—  a'6  +  06*  -^  sum  of  numerators. 


••.  Sum  of  fractions  =  — 


g6(a-6) 


abc{a  —  6)  (6  -  c){a  —  e) 

1 


c{b  —  c)(a  —  c) 


srr nix.       '^-^ 


6  (x-l)(x-2) 

a'-3x  +  2         r»-x  -6 


a:»-g-G       (x-l)(x-2) 
x-l 

{x-l){x-2){x-l)  (x-Z)(x  +  2) 

■  (a;  +  1)  (x  -  3)(x  +  2)  "^  (x  +  l)(aj -  l)(x  -  l)(a:  -  2) 

1 


(x  +  lf 


Exercise  57. 

1.   5x-^±^-71.  2.  a:-3.;.a:^n. 

2  3          3 

Multiply  by  2 ;  then  Multiply  by  3  ;  then 

10a:  -  X  -  2  =  142,  3a;  -  3  +  a;  -  17, 

9x=144,  4a;  =  20, 

a?- 16.  x^b. 
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3.  ^zi2.^2  =  x     ^^- 


4  2 

Multiply  by  4 ;  then 
5-2a;  +  8  =  4x-12a;  +  16, 
6ar  =  3, 


5.  2a;-^^^  =  7-^-2' 


6  5 

Multiply  by  30  ;  then 
60x-25a:  +  20 

=  210-6  + 12a;, 
23  a;  =184, 
a;  =  8. 


A    5x     5a;^9     3  — a 
'2        4      4        2    ' 
Multiply  by  4  ;  then 
10a;-5a;  =  9-6  +  2a;, 
3aj  =  3, 
x  =  l. 


a;  +  2_14     3+5g 

2         9  4 

Multiply  by  36  ;  then 
18x+3G  =  56-27-45x. 
63a;  =  -7. 


«    5g+3     3-4g     a;_31      9-5a; 
8  3  2      2  6 

Multiply  by  24 ;  then 

15a;  +  9  -  24  +  32a;  +  12a;  =  372  -  36  +  20a;. 
39a;  =  351, 
a;  =  9. 


8. 


10a;  +  3     6a;-7 


10(a;-l).    10. 


3  2 

Multiply  by  6  ;  then 
20  a; +  6- 18a; +  21 

=  60  a; -60, 
58a;  =  87, 
aj=l}. 

9.   5a:-7_2a;  +  7^3^_^^ 
2  3 

Multiply  by  6 ;  then 
15a;-21-4a;-14  =  18x-84, 
7a;  =  49. 
a;  =  7. 


7a;  +  5     5a; -^  ^  8-5a; 

0     ~     4  12 

Multiply  by  12;  then 
14a; +10- 15a; +  18  =  8 -5x, 
4a;  =-20. 
x=  -5. 


11.  g  +  4     a?-4^o  ^  3a;-l 


3  5  15 

Multiply  by  15 ;  then 
5a; +  20-- 3a;  +  12 

=  30+3a?-l, 
—  a;  =  —  3, 
a;  =  3. 


12. 


3x  +  5      2a; +  7 


+  10-^  =  0. 
5 


7  3 

Multiply  by  105  ;  then 
45a;  +  75  -  70a;  -  245  +  1050  -  63a;  =  0, 
_  88  a;  =  -880, 
a;  =10. 
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13.    ^(3x-4)4-J(5x+3)-43-6«.  14.    l(27-2x)»  |-A(7x-54). 

Mnltiply  by  21 ;  then  Multiply  by  10 ;  then 

9x  -  12  +  35jj  +  21  135  -  lOx  -  45  -  7x  +  64, 

=  903-105x,  -3x-  -  30, 

149x  =  894,  x-12. 

X'-e. 


16.  5x-  {8x  -  3  [10  -  6x  -  (4  -  5  j)]l  -  6. 
5x~{8x-3[16~6x-4  +  5x]}  -  «. 
5a.- {8x  -  48  +  ISx  +  12  -  ir)x}  -  ft, 
5x-8x  +  48-18x-12  +  15x-6, 
-6x  =  -30. 
x-5. 


16.5^ii3_9-x^5x     19(^^4^ 

7  3  2        (5  ^ 

Multiply  by  42 ;  thon 

30x  - 18  -  12G  +  14x  -  10r>x  +  133x  -  532, 
-194X--3S.S, 
x«2. 


17. 


2x  +  7     9g-8^x-ll 
7      ^     11  2    ' 

Mnltiply  by  154  ;  then 

44x  +  154-12Gx+112 
=  77x-847, 
-159x  =  -1113, 

x=7. 


18. 


8x-15      llx-1 


7x  ♦  2 


3  7 

Multiply  by  273  ;  then 

728x-13rw)-420j-  f  30 
=  147x  +  42. 
152x=13C8. 
x-9. 


19. 


7x4-9     3x-hl_9x-13     249  ~9x 
8  7  4  14      * 

Multiply  by  56 ;  then 

49a.4.63-24x-8  =  126x-182-99G  +  36x. 
-137x  =  -1233, 
x  =  9. 
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Exercise  58. 


^    9a;  +  20_4(x-3)     x 
36  5a;-4       4 

Multiply  by  36 ;  then 

5aj— 4 
144(x-3)^^Q 

5x-4 
144x-432=100x-80, 
44x  =  352, 
x  =  8. 

2    9(2x-3)     llx-1     9x4-11 
14  3x  +  l°       7     " 

Multiply  by  14  ;  then 
154X-14 


3x  +  l 


18X-27  + 
=  18x  +  22, 
154x-14_^g 

3x  +  l 
Divide  by  7, 
22x-2_^y 
3x  +  l 

22x-2  =  21x  +  7, 
x  =  9. 


lOx  +  17     12x  +  2_5g-4 
18  13X-16        9 

Multiply  by  18 ;  then 
216x4-36 
13X-16 


lOx+17- 
=  10x-8, 
216x4- 36  _ 
13X-16  " 

325x- 400  =  216x4- 36. 

109x  =  436, 

x  =  4. 


4. 


25, 


6x-fl3      3x4-5 


15         5x-25 
Multiply  by  15  ;  then 
45x4-75 


2x 
5 


6X-I-13- 

45x4-75 


5x-25 
=  13. 


6x. 


5x-25 
45x  4- 75  =65x- 326. 
-20x  =  -400. 
x  =  20. 


5. 


18x-22^2x4-lia^  =  4A 


101  -  64x 


39-6x  24  "  24 

Reduce  the  mixed  number  to  an  improper  fraction, 


18X-22  ^9^.  l  +  lBx 

+  ^x  + 


53 
12' 


101 --64x 
24 


3(13 -2x)  24 

Multiply  by  24  ;  then 

^(^f^~^^)  4-  48x  4- 1  4;  16x  =  106  -  101  +  64x, 
13  —  2x 

144X-176      . 

13-2x     ^    • 

144x-176  =  52-8x, 
152x=228, 
x  =  lj. 
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6-5x       7-2x*      l  +  3x     lOx-11  .     I 


15         14(x-l)         21 
Multiply  by  210 ;  then 
105  -  30a:* 


30 


106 


84-70X- 


x-1 
105- 30  X* 


«10  +  30x-70x  +  77+2. 


=  30x  +  5. 


x-1 

-  106  +  30x»  -  30x*- 25x -5, 
25x=100. 

x-4. 


7    9g-t-5    8j-7_36x-fl5    41. 
'      14       6x+2         66         56* 
Multiply  by  56 ;  then 

36x  +  20-f??i^=i?5 
3x  +  l 

=  36x  +  15  +  41. 
224X-196     ^ 

-^TTi — ^' 

224x-196  =  108x  +  36. 

116x  =  232, 

x=2. 


g    6x-t-l      2x-4  ^2x-l 
15  "      7x-'l6"    '  6   " 
Multiply  by  15 ;  tlien 

6x  +  l-?5^^-^-flx-3. 
7x"lrt 

30X-60     _4 
7X-16"       • 
-30x  +  60--28x  f  64. 
-  2x  -  4. 
X--2. 


6x4-7     2x-2__2x  +  l 
15         7.T-6         5     ' 
Multiply  by  15 ;  then 

7x  — 6 

30x-30_      ^ 

7x-6 

-30x  +  30  =  -28x  +  24. 

-2x  =  -6, ' 

x  =  3. 


10. 


7x-6__x  5  ^x 
"35  0x-loi"^5 
Multiply  by  Xy ,  then 

7x-6-f^:=i^>=  7x. 
6x-  101 

Transpose,  and  clear  of  frac- 
tions, 
-35x+175-=36x-«06. 
-71X--781. 
x-11. 


1.  ax  -{■  he  —  bx  -\-  ac, 
CLx  —  bx  =  ac  —  be, 
x(a  — 6)  =  c(a  — 6), 

X="<J. 


Exercise  59. 


2a  — ex  =  3  c- 
56x  — cx  =  3  c 
x(56~c)=3c 


56x. 
-2o, 
-2a. 


x  =  3c_- 
56 


2a 
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3.   a^x  -{-bx  —  c^b^x  +  cx  —  d, 
a^x  —  b^x-i-bx  —  cx^c  —  d, 
x{a?  —  b^-\-b  —  c)  =  c-d, 
c-d 


X  — 


a«  -  6«  +  6  -  c 


—  oc*  +  i^c  +  obex  =  abc  +  cmx  —  ac^x  +  b^c  —  mc, 
obex  —  cmx  4-  cu^x  =  abc  +  b^c  —  mc  +  ou?  —  h^c, 
x(abc  —  cvn  +  at?)  —  abc  —  mc-\-  a(?^ 


•    "B.  (a  +  ar  +  5)(a  +  6  -  x)  =  (a  +  .t) {b~x)  —  ah, 

-  x«  +  a*  +  2a6  +  6'  =  aft  +  6x  -  ax  -  x«  -  a6, 

ax-bxr=-a^-2ab-b\ 

ax-bx  =  -{a^^r2ab  +  b''\ 

a-b 

6. 

(a«  +  x)'  =  x«  +  4a«+a*, 
a*  +  2a*x  +  x2  =  x«  +  4a=»  +  a*, 
2a«x  =  4a^ 
x  =  2. 

9. 

-J^-±^^acx^^. 
bx                        b 

Divide  by  a  ;  then 
bx                    b 

7. 

(a'-xXaHx)  =  (a*+2  ax-x«), 
a*-x2  =  a*4-  2ax-x*, 
—  2  ax  =  0, 

Multiply  by  bx, 
6'x  +  x^  =  Jcr^  +  x^, 

x  =  0. 

x  =  Oor^. 

Q    OX  — 5  X  ■\-  ac  oil 


c  c 


Multiply  by.;  then  Multiply  by  2, 

ax-b  +  ae^x  +  ac.  2ax-3a  +  bx  =  l, 

ax  —  x  =  b,  2ax  +  6x  =  3a  +  l, 

x(a-l)  =  b,  x{2a  +  6)  =  3a  +  1, 

x^-L^  x  =  ^a+i. 

a-1  2a+6 
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11. 

^^     iax-2b     ^ 

"O =  X. 

16. 

a6+x      6*-x     X-&     rt'j    jr 

3 

6*         a'6        a*         6> 

18a-4ax  +  26=3a:, 

a"6  +  a«x  -  &•  +  &x 

-3a:-4ax  =  -18a-26, 

-  ftijr  _  i»  _  a>A  +  a«x. 

x(3  +  4a)  =  2(9a4  6). 

-&«x  +  6x--rt>6-aV*, 

2(9a  +  fe) 

6x{6  -  1)  -  2a>6. 

3  +  4a 

6-1 

12. 

3^  — a     a—x     2x     a 

bx           b          b      X 

x»  —  a  —  aa:  +  X*  =  2ar»  -  a6, 

17. 

^_6x+l^,a(x«-l) 

—  ax  =  —  ab-^a. 

X                       X 

x^b-\. 

ax»  -  6x  -  1      ax*     a, 
-6x"  -a  +  1. 

13. 

3     ab  —  3^     4x-ac 

e         bx              ex 

36x  -  abe  +  ex*  =  4 6x  -  abc, 

-'V 

cx'^bx, 

e\             b 

18. 

'^.^a,V     0. 

x  =  Oor  -. 

6-  cx            c 

c 

<w^r*  4  a6c  -  ar*x  ♦  a6x  -  orx* 
-0. 

14. 

am-b-^+^^Q. 
b      m 

aim?  —  b^m — amx  +  6x  =  0, 

bx  —  amx  =  bhn  —  abm*, 

Divide  l>y  a, 

ex*  f  6c-c*x  4  Ax-rx*.--0, 
6x  -  r*x  ^  -  6r, 
6c 

6'm  —  abm* 

a?  =  -T 

c*-6 

b  —  am 

=  bm. 

19. 

«i-6ew/  +  i- 

15. 

Sax  — 2b    ax-a    ax    2 

J-                             X 

3 ft             2h        ft      3 

a6=--6cx  4  fix  4- 1, 

—  6cx  —  d.e  —  —  ab  4-  1 , 

6  ax-4  6-3  ax+3  a  =  6  ax-4  6, 
-3ax=-3a, 

ab-\ 

x=l. 

""     'bc\  d 

20.  «l^t.^  = 

=  ac  +  ^. 

dx 

d 

ad'  +  ax»  = 

=  ocdo:  +  ox*, 

acdx  = 

» 

x  = 

c 
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1. 


x-3 


x  —  5 


Exercise  60. 

1  A  1 


4(a;-l)     6(x-l)     9 
Clear  of  fractions, 

9x-27  =  6a;-30  +  4x-4. 

-X 7. 

a;  =  7. 


4. 


1 


x-l 


2  (x-3)    3(x-2)    (x-2Xx-3) 

Clear  of  fractions, 

3x-6-2x  +  6  =  6x-6. 
-5x  =  -6, 


x—1  x+ 1 

Clear  of  fractions, 

x'-x+a^+x  =  x'+x'-lOx+S, 
10x  =  8, 


g    ^     2(2x+3)_   6 5x-fl 

9(7-x)      7-x    4(7-x)' 
Clear  of  fractions, 

252-36x-16x-24 

=  216-45x-9. 
-7x=-21, 
x=3. 


6x+l 


3(l+2x») 
x«-l    ' 


x-l       x+ 1 
Clear  of  fractions, 

7x+7  =  6x«+x-6x-l-3-6x2, 
12x=-ll, 
x  =  -H. 


6. 


17       ^_5(21+2x)      ^Q 
x+3  3x+9 

Clear  of  fractions, 
51--12X-36 

=  105  +  10x-30x-90, 
8x  =  0, 
x  =  0. 


x-7 
x  +  7 


2x-15 


1 


2x-6      2(x  +  7) 

Clear  of  fractions, 

2x«-20x  +  42  =  2x«-x-105-x  +  3, 
-18x  =  -144, 
x  =  8. 


8. 


x-f  4  ,  1 1  ^  3x  +  8 
3x  +  6  *  2x  +  3 
Clear  of  fractions, 

12aS«  +  66x  +  72  +  36x«  +  114x+90  +  6x»  +  19x  +  15 
=  54x»  + 134x4- 240. 
-35x  =  63, 
x  =  -lf 
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9    132x^1^8^6^52.  11. 

3x+l         X— 1 

Clear  of  fractions, 

132x«-131x-l+24x«+23x+5 
=.166x«-104x-52. 

-^x 66. 

x=14. 


3x-l  4x-2^1 
2x-l  3x-2"6 
Clear  of  fractioni, 

64x»-64x+12-48x«+48x-12 
-  6x»-7x+2. 
x-2. 


10. 


1 


6 


12. 


2x-3     x-2     3x  +  2 

Clear  of  fractions, 

6x»-8x-8  +  6x>-5x-6 
=  12x»-42x  +  36. 
29x  =  60, 
x-lH- 


x  +  1 


X-1        X-1        1-X»' 


or, 


x-l     x-1 

Clear  of  fractions, 

3x  +  3-x»-2x-l--x», 
X--2 


13. 


X— 4     X— 5     x—7     X— 8 


x-5     x-6     x-8     x-9 

Thon 

(x~4)(x-6)      (x-5)(x-5)_(x-7)(x-9)      (x-8)(x-8) 

(x-5)(x-6)     (a;-5)(x-6)      (x-8)(x-9)      (x-8)(x-9)* 

-1  _  -1 

(x-5)(x-6)     (x-8)(x-9) 
Clear  of  fractions, 

-x*  +  17x-72=-x*+llx-30, 

6x  =  42. 

x=7. 

14,  {x-a)(x-6)  =  (x-a-6)», 

x^-cLx-bx-\-ab=-x^  —  2ax  -  26x  +  a'  +  2ah  f  ft*, 
ox  +  6x  =  o'  +  oft  +  6', 

X=3 

a  +  6 


15.  (a  -  6){x  -  c)  -(6  _  c)(x  -  a)  -(c  -  a)(x  -  5)  =  0, 

ax  —  hx  —  ae  -\-  he  —  hx  ^^  ex  -\-  ah  —  ac  —  ex  -k-  ax  -\-  he  —  ab  =  0^ 

ax—hx~hx-\-cx--ex-^ax  =  ac  —  bc-ah-{-ac  —  bc-\'ab, 

2ax-2hx  =  2ae-2hc, 

2x(a-h)=2e(a-hl 

x«-c. 
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16.  ^Il^  +  ^±£±l  =  2a:.         17.-^+     ^     -        ^^ 


x~l  x  +  l  x  +  2     x  +  S     a-^  +  Saj  +  e 

Clear  of  fractions,  Clear  of  fractions, 

r»  +  1  +  ar»  -  1  =  2ar»-  2a;,  4a;  +  12  +  7a;  +  14  =  37, 
2a;  =  0,  11a;  =11, 

x  =  0.  a;=l. 

18.   (a;+l)«=^a;[6-(l-a;)]-2, 
(a;+l)*  =  a;(6-l  +a;)-2, 
a;«  +  2a;  +  1  =  6a;  -  a;  +  a;»  -  2, 
-3a;  =  -3, 
a;=l. 

19    25-Jta;  ^  16a; +  4>^    23        ^ 
a;  +  l  3a;4-2       a;  + 1 

Reduce  the  complex  to  simple  fractions, 
75-a;   ^   80  a;  +  21        23     .  ^ 


3(a;  +  l)     5(3a;  +  2)     a;  + 1 

Clear  of  fractions, 

1115a;  -  15a;2  +  750  +  240a;2  +  303a;  +  63 

=  1035.1;  +  690  +  225ar»  +  375a;  +  150. 
8a;  =  27. 
a;  =  3f. 

^Q    3a6c^_a^^(2a4-6)fe^3^^^5g^ 
a  4- 6     {a  +  bf        a{a-\-hf  a 

Clear  of  fractions, 
3  a*6c+6  a»62c+3  a'}^c^a?h^^2  a'if'x+Z  ab^x+¥x 

=  3  a*ca?+9  a='6ca;+9  a^b^cx+S  ab^cx^a^bx-\-3a^b^x+Sab^x-\-b% 
3  a*cx  +  9  a^bcx  +  9  M^cx  +  3  ab^cx  +  a^bx  +  a^b^x 

=  3  a*bc  +  0  a^b^c  +  3  a^bh  +  a'ft^, 
ax  (3  ah  +  9  a^Ac  +  9  abh  +  3  ft^c  +  a'^b  +  ab^) 

=  a'^b  (3  a^c  +  6  abc  -hSbh  +  ab), 
x{Sc{a  +  bf  +  ab{a+b)}=ab{3c(a+bY  +  ab}. 
ab 


x  = 


a+b 


21. 


^     I       3         29  2  22    r_^/7_2\_a;    3a;-(4-5a;) 

a;-8     2a;-16     24     3a;-24  \^2    a;/     2  4 

Clear  of  fractions,  5-_??4-9  =  ?_  3a?~^4+5a; 

96  +  36  -  29a;  +  232  =  16,  2  2  4 


-29  a;  =  -348, 
a?  =12. 


Clear  of  fractions, 

20-14a;+8  =  2a;-3a:+4-5a;. 
-8  a;  =  -24, 
a;-3. 
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2  +  ?^  +  ^ 


23.   1-     3 '- 


5     aj-1  3 

Malttply  both  terms  of  right  member  by  1— «;  then 

1 3_         6~x 

5     x-i     3(l-xy 
1        3     ^   x-6 
5     x-l     3(a;-l)* 
Clear  of  fractions, 

3a._3_45  =  5x-30, 

-2x=18, 
x  =  ~9. 

24.   -^^+tM:t-1+  ' 


t(x-l)     i(x  +  l)  15 


B) 


Bedace  the  complex  to  simple  fractions, 

2x-3     2x-5^  1  J!^__ 

3x-3     5x  +  5  i5x«-ir)' 

Clear  of  fractions, 

10x»-5x-15  +  6x"-21x  +  15-15x»-16tx'. 
-2Gx  =  -15, 


Exercise  61. 

1.   Find  the  number  whose  third  and  fourth  parts  added  to- 
gether make  14. 

Let  X  =  the  number. 

Then  -  -=  one-third  of  the  number, 

3 

and  -  =  one-fourth  of  the  number, 

4 

and  -  +  -  =  sum  of  the  two  parts. 

But  14  ==  sum  of  the  two  parts. 

. ..  ?  +  5  =  14.     Whence,  x  =  24. 
3     4 
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2.  Find  the  number  whose  third  part  exceeds  its  fourth  part 
by  14. 

Let  X  =  the  number. 

Then  |  =  one-third  of  the  number, 

and  7  =  one -fourth  of  the  number, 

4 


and 


3     4 
But  14  =  the  excess. 

...  5_|=14.     Whence,  a;  =168. 


3.   The  half,  fourth,  and  fifth  of  a  certain  number  are  together 
equal  to  76 ;  find  the  number. 

Let  X  =  the  number. 

Then  ^  =  one-half  of  the  number, 


and 


5 

^  -f  2  + 1  =  sum  of  the  parts. 

But  76  =  sum  of  the  parts. 

•*•  ^  +  7  +  f  =  76.     Whence,  x  =  80. 
2     4     5 


t.   Find  the  number  whose  double  exceeds  its  half  by  12 

Let 

X  =  the  number. 

Then 

-  =  one-half  the  number, 

2 

and 

2x=  double  the  number, 

2x 

—  -  =  the  excess. 
2 

But 

12  =  the  excess. 

,-.  2a;-?=12.     Whence,  a: -  8. 
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5.   Divide  60  into  two  such  parts  that  a  seventh  of  one  part 
may  be  equal  to  an  eighth  of  the  other. 


Let  X  =  one  part, 

and  60  —  X  =  the  other  part. 

Then  -  »  one-seventh  of  one  part, 

7 


and  ^ — -  »  one-eighth  of  the  other  part. 

8 


60- 
8 

60-a;_g 
***       8         7 
Whence,  x  =  28, 

and  60-a;=32. 


6.   Divide  50  into  two  such  parts  that  a  fonrtli  of  one  part 
increased  by  live-sixths  of  tlie  other  part  may  Ikj  e<|ual  to  40. 

Let  X  ^  ilie  pmaller  part. 

Then      50  —  x  =  the  larger  part, 

?  +  j(50— x)  =  J  of  one  j»art  increaKo<l  by  {  of  the  othor, 
4 
But  40  »  }  of  one  part  increased  by  (  of  the  other. 

...f  +  t(r>0-x)-40. 
4 

Whence,         x  =  2f 

and  50  -  X  -  47f 


7.  Divide  100  into  two  such  parts  that  a  fourth  of  one  part 
diminished  by  a  third  of  the  other  part  may  be  equal  to  11. 

Let  X  =  one  part. 

Then    100  -  x  =  the  other. 

X  _  100  —  ?  ^  J  of  one  part  diminished  by  J  of  the  other. 

But  11  ^^  {  of  one  part  diminished  by  i  of  the  other. 

.  a;     100 -x_-^^ 
■'4  3 

Whence,         x=76, 
and  100- X- 24. 


128  ALGEBRA. 


8.  The  sum  of  the  fourth,  fifth,  and  sixth  parts  of  a  certain 
number  exceeds  the  half  of  the  number  by  112.  What  is  the 
number  ? 

Let  X  =  the  number. 

Then  ^  =  one-half  of  the  number, 

^  =  one-fourth  of  the  number, 
4 

f  =  one-fifth  of  the  number, 
5 

-  =  one-sixth  of  the  number. 
6 


...?  +  ?  +  ?=112-h?. 
4     5     6  2 

Whence,         a;  =  960. 


9.  The  sum  of  two  numbers  is  5760,  and  their  difference  is 
equal  to  one-third  of  the  greater.    What  are  the  numbers  ? 

Let  X  =  the  greater  number. 

Then  5760  —  a?  =  the  smaller  number, 
a: -(5760- a;)  =  I 

.-.  3a;  -  17,280 -H  3a;  =  a;. 

Whence,         x  =  3456, 
and        5760 -a;  =2304. 

10.  Divide  45  into  two  such  parts  that  the  first  part  divided 
by  2  shall  be  equal  to  the  second  part  umltiplied  by  2. 

Let  X  =  first  number. 

Then      45  —  a;  =  second  number, 

f  =  first  divided  by  2, 

2  ^ 

90  —  2  a;  =  second  multiplied  by  2. 

Then  -  =  90 -2a;. 

2 

.-.  a;  =  180 -4a;. 

Whence,         a;  =  36, 

and  45  —  a;  =  9. 
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11.  Find  a  number  such  that  the  aam  of  its  fifth  and  iu 
seventh  parts  shall  exceed  the  difference  of  its  fourth  aud  ita 
seventh  parts  by  99. 

Let  a:  =»  the  number. 

Then  §  =  one-fifth  of  the  number, 

5 

7  =  one-fourth  of  the  number, 
4 

-  =»  one-seventh  of  the  number. 
7 

§  +  §  =  Bum  of  t  and  1  of  the  number. 
5     7 

7  —  ^  =>  difference  between  }  and  1  of  the  number. 
4     7 

(~  +  ^)~(7""f)^^^®  ®'^®"  ®^  *^®  '^™  ^^  ^^  fourth  and 
V        '  /      \        '  /  seventh  paria  over  the  difference  of  its 

fourth  and  seventh  parts. 
But  99  =  this  excess. 


(M)-(f-f)-»'- 

Whence,     x  -=  420. 


12.  In  a  mixture  of  wine  and  water,  the  wine  was  25  gallons 
more  than  half  of  the  mixture,  and  the  water  5  gallons  less  than 
one-third  of  the  mixture.  How  many  gallons  were  there  of 
each? 

Let  X  =  number  of  gallons  in  mixture. 

Then     -  +  25  »  number  of  gallons  of  wine, 

£  —  5  =  number  of  gallons  of  water, 

£4.25  +  -  —  5  =  number  of  gallons  in  mixture. 
2  3 

.•.^+25  +  ^-5-a;. 
2  3 

Whence,        x  =- 120, 

and  ^  +  25  =  85,   |-5-35. 

2  3 
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13.  In  a  certain  weight  of  gunpowder  the  saltpetre  was  6 
pounds  more  than  half  of  the  weight,  the  sulphur  5  pounds  less 
than  the  third,  and  the  charcoal  3  pounds  less  than  the  fourth  of 
the  weight.    How  many  pounds  were  there  of  each? 

Let  X  =  number  of  pounds  in  mixture. 

Then   -  +  6  =  number  of  pounds  of  saltpetre, 
2 

-  —  5  =  number  of  pounds  of  sulphur, 

and  £  —  3  =  number  of  pounds  of  charcoal. 

...£  +  6+£-5  +  f-3  =  x. 
•        2  3  4 

Whence,  x  =  24,   £+6  =  18.    f-5  =  3.   f-3  =  3. 


14.  Divide  46  into  two  parts  such  that  if  one  part  be  divided 
by  7,  and  tlie  other  by  3,  the  sum  of  the  quotients  shall  be  10. 

Let  X  =  first  part. 

Then  46  —  a;  =  second  part, 

,  X  .  46— a;      ^^ 
and  -  +  — -—  =  10. 
3         7 

Whence,     x  =  18,    and  46  -  x  =  28. 

15.  A  house  and  garden  cost  $850,  and  five  times  the  price  of 
the  house  is  equal  to  twelve  times  the  price  of  the  garden. 
What  is  the  price  of  each? 

Let  X  =  number  of  dollars  the  house  cost, 

and      850  —x  =  number  of  dollars  the  garden  cost. 
Then        5x  =  five  times  cost  of  house, 
10,200— 12  a;  =  twelve  times  cost  of  garden. 

.•.5x=  10,200 -12  X. 
Whence,    x  =  600,     and  850  -  x  =  250. 

16.  A  man  leaves  the  half  of  his  property  to  his  wife,  a  sixth 
to  each  of  his  two  children,  a  twelfth  to  his  brother,  and  the 
remainder,  amounting  to  $600,  to  his  sistor.  What  was  the 
amount  of  his  property? 
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Let  X  =  number  of  dollars  tho  property  ainountc<l  to. 

Then  |  =  number  of  dollars  left  to  wife, 

I  =  number  of  dollars  left  to  each  child, 
6 

-^  =  number  of  dollars  left  to  brother. 

X        X        X         X 

2     6     6      12 

But  X  —  number  of  dollars  in  alL 

•••  ?  +  7  +  ?  +  :^  +  600  =  a;. 
2     6     6     12 
Whence,  x  -  7200. 

17.  The  sum  of  two  numbers  is  a  and  their  dilTcrence  is  6 ; 
find  the  numbers. 

Let  X  =  the  smaller  numt>cr. 

Then    x  +  b  =  the  larger  number, 

2aj  +  6  =  the  sum  of  tho  numbers. 
But  a  =  the  sum  of  the  numbors. 

.'.  2a;  +  6  =  o. 

Whence,     x  =  ^^,    and  a;  +  6  -  ^LL?. 
2  2 

18.  Find  two  numbers  of  which  the  sum  is  70,  such  that  the 
first  divided  by  the  second  gives  2  as  a  quotient  and  1  as  a 
remainder. 

Let  X  =  first  number, 

and        70  —  a:  =  second  number. 

Then -^^^  =  2. 

70 -a 
Whence,     x  =  47,     and  70  -  a;  =  23. 

19.  Find  two  numbers  of  which  the  diflcrencc  is  25,  such  that 
the  second  divided  by  the  first  gives  4  as  a  quotient  and  4  as  a 
remainder. 

Let  X  =  smaller  number. 

Then  x  +  25  =  larger  number, 

a;  +  25      .      4 

=  4  +  - 

Whence,     x  =»  7,     and  x  +  25  =  32. 
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20.  Divide  the  number  208  into  two  parts  such  that  the  sum 
of  the  fourth  of  the  greater  and  the  third  of  the  smaller  is  less 
by  4  thau  four  times  the  difference  of  the  two  parts. 

Let  X  =  the  greater  part. 

Then    208  —  a;  =  the  smaller  part, 

-  + . ^^  =  sum  of  J  the  greater  and  J  the  smaller, 

4  3 

X  —  (208  —  a;)  =  difference  of  the  parts. 

.-.  ^  +  ?5^zi£  +  4  =  4(a;-208+x). 
4  3 

Whence,         a;  =  112,        and  208 -a;  =  96. 

21.  Find  four  consecutive  numbers  whose  sum  is  83. 

Let  X  =  first  number. 

Then        a;  -i- 1  =  second  number, 
a;  +  2  =  third  number, 
a;  -I-  3  =  fourth  number. 
Then        a;+a;  +  l  +  a;  +  2  +  a;  +  3  =  sum  of  the  numbers. 
But  82  =  sum  of  the  numbers. 

.-.  a?  +  a;  +  1  +  a;  +  2  +  a;  +  3  =  82. 
Whence,  a;=19,  a;  +  l  =  20,  aj  +  2  =  21,  a;-f-3  =  22. 

22.  A  is  72  years  old,  and  B*s  age  is  two-thirds  of  A's.  How 
long  is  it  since  A  was  five  times  as  old  as  B? 

Let  a;  =  number  of  years  since  A's  age  was  five  times 

that  of  B. 
f  of  72  =  48  =  B's  age  at  present, 
72  —  a;  =  A's  age  x  years  since, 
48  —  a;  =  B's  age  x  years  since. 
Then      72 -a;  =  5(48 -a;). 
Whence,         x  =  42. 

23.  A  mother  is  70  years  old,  her  daughter  is  half  that  age. 
How  long  is  it  since  the  mother  was  three  and  one-third  times  as 
old  as  the  daughter? 

Let  X  =  number  of  years  since. 

Then      70  —  a;  =  mother's  age  x  years  since, 
35  —  a;  =  daughter's  age  x  years  since. 
.-.  70-a;  =  3J(35--a;). 
Whence,         x  =  20. 

24.  A  father  is  three  times  as  old  as  the  son ;  four  years  ago 
the  father  was  four  times  as  old  as  the  son  then  was.  What  is 
the  age  of  each? 
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Let  X  —  number  of  years  in  son's  ai»e. 

Then  3  a;  =  number  of  years  in  fathers  A^e, 

X  —  4  =  number  of  years  in  son's  age  4  years  since. 
3x  —  4  =  number  of  years  in  father's  ag<'  4  year*  since. 
.-.  3x-4  =  4a:-16.    Whence,  x     12.  and  lix     Ml 

9,b,  A  is  twice  as  old  as  B,  and  seven  yearn  n^o  their  united 
ages  amounted  to  as  many  years  as  now  represent  the  n^e  of  A. 
Find  the  ages  of  A  and  B. 

Let  a:  ^  number  of  years  in  B's  ano. 

Then  2x  -^  number  of  years  in  A'«  ai;»», 

x  —  7  =  number  of  years  in  IVh  an**  7  y«'ars  sinro. 
2x  —  7  =  number  of  years  in  A's  ix<n'  7  yt'jirH  i»jn<'»' 
.•.  ar  —  74-2x  —  7=-2x.     Whence,  x  =  -  14,  an  J  '2x '    JS. 

26.  The  sum  of  the  ages  of  a  father  and  son  Is  half  what  It 
will  be  in  25  years ;  the  difference  is  one-third  what  tlie  sum  will 
be  in  20  years.     What  is  the  age  of  each? 

Let  X  =  number  of  y«-ara  in  falluT'^  ag»». 

Then      50  —  x  =  number  of  years  in  son's  ago, 

X  —  (50  —  x)  =  difference  of  tiieir  agcH. 
But  (a^4  20)f(50-x)^20  .^  j.^^^^,^^,^  ^^^  ^,^^..^  ^^^^^ 

^,,_r^^/^-_±2Ci±m-x^^\ 
3 
Whence,  x  =  40,  and  50  -  x  =--  10. 

27.  A  can  do  a  piece  of  work  in  5  days,  B  in  6  days,  and  C  In 
7\  days;  in  wliat  time  will  they  do  it,  all  working  together? 

Let  X  =  number  of  days  required  for  A,  H.  and  (\ 

together. 

Tiien  -  =  part  all  can  do  in  one  dav. 

X      ^ 

-  =  part  A  can  do  in  one  day, 

-  =  part  B  can  do  in  one  day, 

2 

—  =  part  C  can  do  in  one  day. 
Jo 

112 
Then-  +  --H —  =  wliat  all  can  do  in  one  day. 
5     G     15 

But  -  =  what  all  can  do  in  one  day. 

X 

.-.  i  +  i  +  —  =  -.     Whence,  x  -  2. 
5      6      15      X 


But 
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28.  A  can  do  a  piece  of  work  in  2^  days,  B  in  3}  days,  and  C 
in  3}  days ;  in  what  time  will  they  do  it,  all  working  together? 

Let  X  =  number  of  days  required  for  A,  B,  and  C, 

together. 

Then  -  =  part  they  can  do  in  one  day. 

Now  —  =  part  A  can  do  in  one  day, 

—  =  part  B  can  do  in  one  day, 

—  =  part  C  can  do  in  one  day. 

Then  oT  "^  ol  "*"  oa  ^  ^^^^  ^^^  ^^^  ^^  ^^  ^^®  ^^^' 

2J      3j     3J 

But  -  =  part  all  can  do  in  one  day. 

X 

X     2i      3J     3i 
Whence,  a;=l^. 

29.  Two  men  wlio  can  separately  do  a  piece  of  work  in  15 
days  and  16  days,  can,  with  the  help  of  another,  do  it  in  6  days. 
How  long  would  it  take  the  third  man  to, do  it  alone? 

Let  X  =  number  of  days  required  for  third  man. 

-  H H =  part  all  can  do  in  one  da\'. 

a;     15     16 

But  -  =  part  all  can  do  in  one  day. 

•••-  +  i^  +  17  =  r     Whence.  x  =  26S. 
a;     15      IG     6 

30.  A  can  do  half  as  much  work  as  B,  B  can  do  half  as  much 
as  C,  and  together  they  can  complete  a  piece  of  work  in  24  days. 
In  what  time  can  each  alone  complete  the  work? 

Let  X  -■=  number  of  days  C  works. 

Then  2x  =  number  of  days  B  works, 

Ax  =  number  of  days  A  works. 

Then  -  +  —  +  —  =  part  all  can  do  in  one  day. 

X     2x     4a; 

But  —  =  part  all  can  do  in  one  day. 

.-.  1  +  —  +  —  =  — .     Whence,  x=-  42,  2x  =  84,  and  4a:  =  168. 

X     2x     4.T      21 
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31.  A  does  I  of  a  piece  of  work  in  10  days,  wlicn  fi  comes  to 
help  him,  and  they  finish  the  work  in  3  days  more.  How  long 
would  it  have  taken  B  alone  to  do  the  whole  work? 

Let  X  »  number  of  days  required  for  6. 

Then  _  =  part  B  can  do  in  one  day, 

—  »  part  A  can  do  in  one  day, 

4 

-  =»  part  left  to  be  finished, 

14       4 

-  of  -  or  —  =  part  both  can  do  in  one  day. 

But       —  +  _  =  part  both  can  do  in  one  day. 
18     X 

.  -L  +  1  =  A. 

"18     X     27 


Whence.         x  =  lOJ. 


32.  A  and  B  together  can  reap  a  field  In  12  hours,  A  and  C  in 
16  hours,  and  A  by  himself  in  20  hours.  In  wliat  time  can  B  and  C 
together  reap  it?    In  wliat  time  can  A,  B,  and  C  together  reap  it? 

—  =  part  A  and  B  can  do  togetlier  in  one  liour, 
1^ 

and  —  =  part  A  can  do  in  one  hour. 

20     ^ 

.'.  -1 i-  or  —  =  part  B  can  do  in  one  hour, 

12     20      30     * 

—  =  part  A  and  C  can  do  together  in  one  hour. 

.♦.  -i L  or  —  =  part  C  can  do  in  one  hour, 

16     20      80     *^ 


Let  i  =  part  A,  B,  and  C  can  do  together  in  one  hour 

Then  LjL  +  1  +  1. 

X     20     30     80 

Whence.        x=10ij.         ,' J  >'  J    ''     .     -       •  Ji-' 
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33.  A  and  B  together  can  do  a  piece  of  work  in  12  days,  A  and 
C  in  15  days,  B  and  C  in  20  days.  In  what  time  can  they  do  it, 
all  working  together? 

Let  X  =  number  of  days  required  working  together. 

—  =  part  A  and  B  do  in  one  day, 

—  —  part  A  and  C  do  in  one  day, 
15 

—  =  part  B  and  C  do  in  one  day. 

Then  h 1 =  part  all  do  in  two  days. 

2 

But  -  =  part  all  do  in  two  days. 

X     .12      15      20 
WliPDce,         X  =  10. 


34.  A  tank  can  be  filled  by  two  pipes  in  24  minutes  and  30 
minutes  respectively,  and  emptied  by  a  third  in  20  minutes.  In 
what  time  will  it  be  flUed  if  all  three  are  running  together? 

Let  X  =  number  of  minutes  required  for  all  running 

together, 

-  =  part  filled  by  all  in  one  minute, 

—  =  part  filled  by  first  in  one  minute, 

—  =  part  filled  by  second  in  one  minute, 
30     ^  "^ 

—  =  part  emptied  by  third  in  one  minute, 

f- =  part  filled  by  all  in  one  minute. 

24     30     20     ^  ^ 

But  _  =  part  filled  by  all  in  one  minute. 

"  X      24      30     20* 
Whence,         ic  =  40. 
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35.  A  tank  can  be  filled  in  15  minutes  by  two  pipes,  A  and  B. 
ranning  together.  After  A  has  been  running  by  itself  for  5  min- 
utes, B  is  also  turned  on,  and  the  tank  is  filled  In  13  minutes 
more.    In  what  time  may  it  be  filled  by  each  pipe  separately? 

Let  X  =  number  of  minutes  required  for  A. 

Then  -  =  part  filled  by  A  in  one  minute, 

18 
and  —  =  part  filled  by  A  in  eighteen  ininuteR, 

X 

=  part  filled  by  B  in  one  minute, 

15     (c     *^  ^ 

13      13 

=  part  fillo<l  by  B  in  thirteen  minute*. 

15      X 

18  .  13      13      , 


'x  "^  15      X 


Whence, 


x  =  ajjf. 


36.  A  cistern  could  be  filled  by  two  pipes  in  G  liours  and  8 
hours  respectively,  and  could  be  emptied  by  n  tliird  in  12  lionn^. 
In  what  time  would  the  cistern  be  filled  if  the  pipes  were  all  run- 
ning together? 

Let  X  =  number  of  hours  require<l  for  all  running 

together, 

-  =  part  all  can  fill  in  one  hour, 

-  =  ]^art  filled  by  first  pipe  in  one  hour, 

-  =  part  filled  by  second  pi]>e  in  one  hour, 
8 

—  =  part  emptied  by  third  pipe  in  one  hour. 

Then- 4 =  part  filled  by  all  in  one  hour. 

6     8     12     ^  ^ 

But  -  =  part  filled  by  all  in  one  hour. 

"  X     6     8      12* 
Whence,         x  =  4|. 
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37.  A  tank  can  be  filled  by  three  pipes  in  1  hour  and  20  min- 
utes, 8  hours  and  20  minutes,  and  5  hours,  respectively.  In 
what  time  will  the  tank  be  filled  when  all  three  pipes  are  running 
together? 

Let  X  =  number  of  minutes  required  for  all  to  fill  it, 

~  =  part  first  will  fill  in  one  minute, 
80     ^ 

—  =  part  second  will  fill  in  one  minute, 
200     ^ 

—  =  part  third  will  fill  in  one  minute, 
300     ^ 

-  =  part  all  will  fill  in  one  minute. 

...1=1  + J_+^. 
X     80     200     300 

Whence,         x  =  48. 

38.  If  three  pipes  can  fill  a  cistern  in  a,  5,  and  c  minutes, 
respectively,  in  what  time  will  it  be  filled  by  all  three  running 
together? 

Let  X  =  number  of  minutes  required  for  all. 

Then  -  =  part  first  fills  in  one  minute, 

a     ^ 

-  =  part  second  fills  in  one  minute, 

0 

-  =  part  third  fills  in  one  minute, 

-+-  +  -  =  part  all  fill  in  one  minute. 
a     0     c 

But  -  =  part  all  fill  in  one  minute. 

...Lia+i. 

X     a     0     c 
Whence,         x  =  -       ^^^ 


ab  +  ac  +  be 


39.  The  capacity  of  a  cistern  is  755}  gallons.  The  cisteni 
has  three  pipes,  of  which  the  first  lets  in  12  gallons  in  SJ  min- 
utes, the  second  15J-  gallons  in  2\  minutes,  the  third  17  gallons 
in  3  minutes.  In  what  time  will  the  cistern  be  filled  by  the  three 
pipes  running  together? 
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Let  X  =  nnmber  of  minutes  required  for  all. 

Then   — -li  =  number  of  gallons  let  in  per  minute  by  all. 

12 

—  =  number  of  gallons  let  in  per  minute  by  first, 

— ^  »  number  of  gallons  let  in  per  minute  by  second, 

— -  =  number  ot  gallons  let  in  per  minute  by  third, 

12     15J     77 

rr  +  -—  +  -^  =  number  of  gallons  let  in  per  minute  by  all. 

But       i  =s  number  of  gallons  let  in  per  minute  by  all. 

...7ii  =  12     15J     n 
z        3t      2i       3 
Whence,     x=48}. 


40.  A  sets  out  and  travels  at  the  rate  of  7  miles  In  5  hours. 
Eight  hours  afterwards,  B  sets  out  from  the  same  place,  aud 
travels  in  the  same  direction  at  the  rate  of  5  miles  in  3  hours. 
In  how  many  hours  will  B  overtake  A  ? 


Let  X  =  number  of  hours  A  is  travelling. 

Then    x  —  S  =  number  of  hours  B  is  travelling, 

II  —  number  of  miles  per  hour  A  is  travelling, 
if  =  number  of  miles  per  hour  B  is  travelling, 
l}a;  =  number  of  miles  A  travels, 
1§  (x  —  8)  =  number  of  miles  B  traveb. 
.•.lfa:  =  U(x-8). 
Wlience,     a;  =50,  a:-8  =  42. 


41.  A  person  walks  to  the  top  of  a  mountain  at  the  rate  of  2} 
miles  an  hour,  and  down  the  same  way  at  the  rate  of  3  J  miles  an 
hour,  and  is  out  5  hours.  How  far  is  it  to  the  top  of  the  moun- 
tain? ^ 

nber  of  hours  required  to  go  up, 
aber  of  hours  required  to  go  down. 
Abso  up  the  mountain, 
and  3h  (5  -"a;)  3  distaifcon  down  the  mountain. 
•.  2Ja;  =  3}(5-a;). 
^Whence,     x  =  3,     and  2^0;  =  7. 
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42.  A  person  has  a  hours  at  his  disposal.     How  far  may  he 
ride  in  a  coach  which  travels  h  miles  an  hour,  so  as  to  return 
home  in  time,  walking  back  at  the  rate  of  c  miles  an  hour? 
Let  X  =  number  of  miles  he  may  go. 

Then  -  =  number  of  hours  he  is  riding, 

h 

and  -  =  number  of  hours  he  is  walking. 

h     c 


Whence,     x  =  -^^^ 


b  +  c 

43.  The  distance  lietween  London  and  Edinburgh  is  3G0  miles. 
One  traveller  starts  from  Edinburgh  and  travels  at  the  rate  of  10 
miles  an  hour ;  another  starts  at  the  same  time  from  London, 
and  travels  at  the  rate  of  8  miles  an  hour.  How  far  from  Lon- 
don will  they  meet? 

Let  X  =  number  of  hours  both  travel. 

Then       10a;  =  number  of  miles  first  travels, 
and  8  a;  =  number  of  miles  second  travels. 

10a;  +  8  a;  =  number  of  miles  both  travel. 
.-.  18  a;  =  360. 
Whence,     a;  =  20,  and  8  a;  =  160. 

44.  Two  persons  set  out  from  tlie  same  place  in  opposite 
directions.  The  rate  of  one  of  them  per  hour  is  a  mile  less  than 
double  that  of  the  other,  and  in  4  hours  they  are  32  miles  apart. 
Determine  their  rates. 

I;et  X  =  rate  of  second  in  miles. 

Then  2a;  —  1  =  rate  of  first  in  miles, 
and        3  a;  —  1  =  number  of  miles  apart  in  one  hour. 
12a;  —  4  =  number  of  miles  apart  in  four  hours. 
.-.  12a;-4  =  32. 
Whence,     a;  =  3,  and  2  a;  — 1=5. 

45.  In  going  a  certain  distance,  a  train  travelling  35  miles  an 
liour  takes  2  hours  less  thau  oue  travelling  25  miles  an  hour. 
Determine  the  distance. 

Let  X  =  number  of  miles. 

Then         —  =  number  of  hours  first  was  travelling, 

and  -;:  =  number  of  hours  second  was  travelling. 


35 


Whence,  a;  =  175. 
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46.  At  what  time  are  the  hands  of  a  watch  together : 
I.    Between  3  and  4? 
II.    Between  6  and  7? 
III.    Between  9  and  10? 

I.   Let  CH  and  CM  denote  the  poeitions  of  tho  hoar  and  minute 

hands  at  3  o'clock,  and  CB  the  position  of  both  bands  when  together. 

Then  arc  HB  =  ^  of  arc  Jf  iT^. 

Then     x  —  nnmber  of  minute-Bpaces  in 

arc  MB, 
Then  —  =  number  of  minute-spaces  in 
12         arc  HB, 
and  15  =  number  of  minute-spaces  in 

arc  MK 
.    Now  arc  MB  =  arc  MH  +  arc  EB. 


That  is, 
Whence, 


II.   Let  CM  and  Off  denote  the  positions  of  hour  and  minute 
hands  at  6  o'clock,  CB  the  position  of  both  when  together. 
Then  arc  HB  =  ^oi  arc  MHB. 
Let       x  =  number  of  minute-spaces  in 

arc  MHB. 
Then  —  =  number  of  minute-spaces  in 
12        arc  HB, 
and  30  =  number  of  minute-spaces  in 

arc  MH 
Now  arc  MHB  =  arc  MH  -H  arc  HB. 

That  is,  x=-30-i--^- 

Whence.  x  =  32,^. 


III.   Let  BC  and  BA  denote  the  positions  of  the  hour  and  minute 

hands  at  9  o'clock,  and  BD  the  position  of  both  hands  when  together. 

Then  CZ>  =  ^  of  arc  AEGD. 

Let       a;  =  number  of  minute-spaces  in 

arc  AECD. 
Then  -^  =  number  of  minute-spaces  in 
12         arcCA 
and  45  =  number  of  minute-spaces  in 

arc  AEC. 
Now  arc  AECD  =  arc  AEC  +  arc  CD. 


That  is,  X  = 

Whence,  x  = 


45  + 
49^. 


12 
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47.  At  what  time  are  the  hands  of  a  watch  at  right  angles : 
I.    Between  3  and  4? 
II.    Between  4  and  5? 
III.    Between  7  and  8? 

I.   Let  CB  and  CD  denote  the  positions  of  the  hour  and  minute 
hands  when  at  right  angles. 

Let       X  =  number  of  minute-spaces  in 

arc  MHBD. 
Then  —  =  number  of  minute-spaces  in 
12         arc  HE, 
and  15  =  number  of  minute-spaces  in 

arc  Jfff, 
"]-"   also         15  =  number  of  minute-spaces  in 
arc  BD. 
Now  arc  MHBD  =  arcs  MH+HB+BD. 


That  is, 
Whence, 


aj=15+:^  +  15. 


a.  =  32A. 


12 


XL   Let  CE  and  DE  denote  the  positions  of  the  hour  and  minute 

hands  when  at  right  angles. 

Let      X  =  number  of  minute-spaces  in 

B,TcABCD, 
Then  —  =  number  of  minute-spaces  in 
12         arc  BQ 
and  20  =  number  of  minute-spaces  in 

arc  AB, 
also         15  =  number  of  minute-spaces  in 
arc  CD. 
Now  arc  ABCD  =  arcs  BC+AB+CD. 


That  is, 
Whence, 


a;  =  20-h^-Hl5. 


x  =  SS^. 


12 


Let       x  =  number  of  minute-spaces  in 

arc  AB. 
Then  -^  =  number  of  minute-spaces  in 
12         arc  CD, 
and  20  =s  number  of  minute-spaces  in 

arc  ABC, 

also         15  =  number  of  minute-spaces  in 

arc  BCD. 

Now  arc  AB  =  arcs  CD  :\-AC-  BD. 


That  is, 

Whence, 


a;  =  :^-H  20-15. 

12 
x  =  b^. 
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III.  Let  BC  And  i>(7 denote  the  positioDs  of  the  hour  &nd  minute 
hands  when  at  right  angles. 

Let      x  =  number  of  minute-spaces  in 

^         arc  MHBD, 
Then  -—  =  number  of  minute-spaces  in 
12         arc  HB, 
and  35  =  number  of  minute-spaces  in 

arc  MAff, 
also  15  =  number  of  minute-spaces  in 

arc  BD. 
Now  arc  MHBD  =  arcs  MAH^ffB^BD 


That  is. 
Whence, 
Let 


x  =  35  +  -^  +  15. 


X  =  number  of  minute-spaces  in 
^  arc  MB. 

Then  -—=  number  of  miuute-spaces  in 
12         arc  HD, 
and  35  =  number  of  minute-spaces  in 

arc  MBH, 
also  15  =  number  of  minute-spaces  in 

arc  BHD. 
Now  arc  MB 

=  arcs  HBM-\-  HD  -  BHD. 

That  is,     a;  =  35  -f  -  -  15. 

12 
Whence,  a;  =  2lT^. 


48.  At  what  time  are  the  hands  of  a  watch  opposite  to  each 
other : 

I.    Between  1  and  2? 

II.    Between  4  and  5? 

III.    Between  8  and  9? 

I.   Let  CB  and  CD  denote  the  positions  of  the  hour  and  minute 
hands  when  opposite. 

Let       X  =  number  of  minute-spaces  in 

arc  MHBD. 
Then  :^  =  number  of  minute-spaces  in 
12         a,TcHB, 
and  5  =  number  of  minute-spaces  in 

arc  MH, 
also         30  =  number  of  minute-spaces  in 
arc  BAD. 
Now  arc  MHBD 

=  arcs  MH-\-  HB  -h  BAD. 


That  is, 
Whence, 


.5  +  i  +  30. 


a!-38A. 
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II.  Let  CB  and  CD  denote  the  positions  of  the  hour  and  minute 

hands  when  opposite.  ^         r      ■     . 

Let       X  =  number  of  minute-spaces  in 

arc  MHBD. 
Then  —  =  number  of  minute-spaces  in 
12         arc  HB, 
and  20  =  number  of  minute  spaces  in 

arc  MH, 
also  30  =  number  of  minute-spaces  in 

arc  BAD. 
Now  arc  MHBD 

=  arcs  MH -^  HB -\- BAD. 

That  is,       aj  =  20  +  -^-f  30. 

Whence,      x  =  54^. 

III.  Let  CB  and  CD  denote  the  positions  of  the  hour  and  minute 

hands  when  opposite. 

Let       X  =  number  of  minute-spaces  m 

arc  MD. 
Then  -^  =  number  of  minute-spaces  in 
12         arc  RB, 
and  40  =  number  of  minute-spaces  in 

arc  MDIT, 
also  30  =  number  of  minute-spaces  in 

arc  DHB. 
Now  arc  MD  =  arcs  MDH+HB-DHB. 


That  is. 
Whence, 


a;  =  40-f::^-30. 


a;=10H- 


12 


49.  It  is  between  2  and  3  o'clock ;  but  a  person  looking  at  his 
watch,  and  mistaking  the  hour-hand  for  the  minute-hand,  fancies 
that  the  time  of  day  is  66  minutes  earlier  than  it  really  is.  What 
is  tiie  true  time? 

Let  CB  and  CD  denote  the  positions  of  the  hour  and  minute  hands 
and  CE  the  1  o'clock  point. 

Let       X  ==  number  of  minute-spaces  in 

arc  MED. 
Then  -^  =  number  of  minute-spaces  in 
12         arcJy^, 
and  10  =  number  of  minute-spaces  in 

arc  MEDH, 
also  5  =  number  of  minute-spaces  in 

arc  DHB. 
Now  arc  MED 

=  arcs  MEDH  ^  SB  -  DHB. 


That  is,  a;  =10 + 
.'.x=b^. 


12 


-5. 
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50.  A  hare  takes  6  leaps  to  a  dog*s  5,  and  7  of  the  dog's  leaps 
are  equivalent  to  9  of  the  hare's.  The  hare  has  a  start  of  60  of 
her  own  leaps.    How  many  leaps  will  the  hare  take  before  she  Is 

caught? 


Let 
Then 
Also  let 

Then 


6x^  number  of  leaps  taken  by  the  bare. 
5x  »  number  of  leaps  taken  by  the  dog. 
a  =  number  of  feet  in  one  leap  of  the  hare. 

—  =  namber  of  feet  in  one  leap  of  the  dog. 
.-.  /•^'y5x  =  (50  +  6x)a, 


45  ax 


=  50a  +  Box, 


Divide  by  a, 
Whence, 


7 

45ax-350tt  +  42ax. 
3x  =  350. 
x-116!. 
6a;  =700. 


51.  A  greyhound  makes  4  leaps  while  a  bare  makes  6 ;  but  3 
of  the  greyhound's  leaps  are  equivalent  to  4  of  the  hare's.  The 
hare  has  a  start  of  60  of  the  greyhound's  leaps.  How  many  leaps 
does  each  take  before  the  hare  is  caught? 

Let  5x==  namber  of  leaps  taken  by  the  hare. 

Then        4a;  =  number  of  leaps  taken  by  the  greyhound. 
Also  let  3  a  =  number  of  feet  in  one  leap  of  the  hare. 
Then       4a  =  namber  of  feet  in  one  leap  of  the  greyhound. 
15  ax  =  number  of  feet  passed  over  by  hare. 
16aa;  =  number  of  feet  passed  over  by  greyhound. 
240  a  =-  number  of  feet  start  the  hare  has. 
.-.  16aa;=15aa;  +  240a, 
ox  »  240  a. 
.-.  a;  =  240, 
5  a;  =  1200, 
4a;  =  960. 
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52.  A  greyhound  makes  two  leaps  while  a  hare  makes  3 ;  but 
1  leap  of  the  greyhound  is  equivalent  to  2  of  the  hare's.  The 
hare  has  a  start  of  80  of  her  own  leaps.  How  many  leaps  will 
the  hare  take  before  she  is  caught? 

Let  2x  =  number  of  leaps  taken  by  the  greyhound. 

Then        3x  =  number  of  leaps  taken  by  the  nare. 
Also  let      a  =  number  of  feet  in  one  leap  of  the  hare. 
Then        2a  =  number  of  feet  in  one  leap  of  the  greyhound. 
That  is,  2a;  X  2a  =  whole  distance. 

But  (80  +  3  x)  a  =  whole  distance. 

.-.  (80  +  3x)a  =  4aa;. 
Divide  by  a,    80  +  3  «  =  4  a;.    Whence,  x  =  80,  and  3  a?  =  240. 

53.  A  rectangle  whose  length  is  5  feet  more  than  its  breadth 
would  have  its  area  increased  by  22  feet  if  its  length  and  breadth 
were  each  made  a  foot  more.    Find  its  dimensions. 

Let  X  =  number  of  feet  in  breadth. 

Then   aj  +  5  =  number  of  feet  in  length. 
«(«  +  5)  =  number  of  square  feet  in  area, 

a:  +  1  =  number  of  feet  in  breadth  + 1, 

X  +  6  =  number  of  feet  in  length  + 1. 
.-.  (a;  +  l){x  +  6)  -  x(x  +  5)  =  22. 
Whence,  a;  =  8,  and  x  +  5  =  13. 

54.  A  rectangle  has  its  length  and  breadth  respectively  5  feet 
longer  and  3  feet  shorter  than  the  side  of  the  equivalent  square. 
Find  its  area. 

Let  X  —  3  =  number  of  feet  in  breadth, 

and  X  -f  5  =  number  of  feet  in  length. 

Then  (x— 3)(x  +  5)  =  number  of  feet  in  area. 
But  ar  =  number  of  feet  in  area. 

.-.  x*  =  x*  +  2x  -  15.    Whence,  x  =  7J,  and  x*  =  56^. 

55.  The  length  of  a  rectangle  is  an  inch  less  than  double  its 
breadth ;  and  when  a  strip  3  inches  wide  is  cut  off  all  round, 
the  area  is  diminished  by  210  inches.  Find  the  size  of  the  rect- 
angle at  first. 

Let  X  =  number  of  inches  in  breadth. 

Then  2x  —  1  =  number  of  inches  in  length, 

and  6x  +  12x— 6— 36  =  number  of  inches  in  area  cut  off. 
But  210  =  number  of  inches  in  area  cut  off. 

.•.  6x+12x-6-36  =  210.     Whence,  x=14,  and2x-l  =  27. 
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56.  The  length  of  a  floor  exceeds  the  breadth  by  4  feet ;  If 
each  dhnension  were  increased  by  1  foot,  the  area  of  the  room 
would  be  increased  by  27  square  feet    Find  its  dimensions. 

Let  X  =  number  of  feet  in  breadth. 

Then  x  +  4  =  number  of  feet  in  length, 

and  x"  4-  4x  =  number  of  feet  in  area, 

X  +  1  =  number  of  feet  in  breadth  +  1  f(K)t, 
X  +  5  =  number  of  feet  in  length  f  1  foot, 
x*  +  6x  +  5  =  number  of  feet  in 'area  after  addition. 
But  X*  +  4x  +  27  =  number  of  feet  in  area  after  a<ldition. 
.-.  x*  +  6x  +  5  =  x»  +  4x  +  27.    Whence,  x  =  ll,  and  x  +  4  -  15. 

57.  A  mass  of  tin  and  lead  weighing  ISO  pounds  los(>.s  21 
pounds  when  weighed  in  water;  and  it  is  known  that  37  pounds 
of  tin  lose  5  pounds,  and  23  pounds  of  lead  lose  2  pounds,  when 
weighed  in  water.    How  many  pounds  of  tin  and  of  lead  In  the 

mass? 

Let  X  =  number  of  pounds  of  tin. 

Then        180 — x  =  number  of  pounds  of  lead, 

—  =  number  of  pounds  x  pounds  of  tin  lose  in 
„  37  water, 

—  (180  —  x)  =  number  of  pounds  180  — x  |>ound8  of  lea«l 
23  lose  in  water. 

But  21  =  number  of  pounds  tin  and  lead  lose  in  water. 

37      23^  ^ 

Whence,  x  =  111,  and  180  -  x  =  69. 

58.  If  19  pounds  of  gold  lose  1  pound,  and  10  pounds  of  silver 
lose  1  pound,  when  weighed  in  water,  find  the  amount  of  each 
in  a  mass  of  gold  and  silver  weighing  IOC  pounds  in  air  and  99 
pounds  in  water. 

Let  X  =  number  of  pounds  of  gold. 

Then        106  —  x  =  number  of  pounds  of  silver, 

—  =  number  of  pounds  the  gold  loses  in  water, 

"Xfifi  ^ 

-— =  number  of  pounds  the  silver  loses  in  water. 

10  * 

—  +  — ^ =  number  of  pounds  both  lose  in  water. 

19  10 


But  7  ='  number  of  pounds  both  lose  in  water. 

.    X      106- x^,- 
"19  10 

Whence,  x  =  76,  and  106  -  x  =  30. 
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59.  Fifteen  sovereigns  should  weigh  77  pennyweights ;  but  a 
parcel  of  light  sovereigns,  having  been  weighed  and  counted, 
was  found  to  contain  9  more  than  was  supposed  from  the  weight ; 
and  it  appeared  that  21  of  these  ( oius  weighed  the  same  as  20 
true  sovereigns.     How  many  were  there  altogoUjBr?^  * 

Let  X  =  number  in  parcel,  V^H^f  \-4\^ 

—  =  number  pennyweights  a  good  sovereign  weighs, 
15 

a;  _  9  ^  number  good  sovereigns  that  weigh  same  as  bad, 
— V  ~  w  =  number  pennyweights  the  good  coins  weigh, 

on         ^7ly  At 

^  X  —  or  —  =  number  pennyweights  a  bad  coin  weighs. 

.   44a;_77(x--9) 
*  '     9  15      ■ 

Whence,     a;  =189. 

60.  There  are  two  silver  cups,  and  one  cover  for  both.  The 
first  weighs  12  ounces,  and  with  the  cover  weighs  twice  as  much 
as  the  other  without  it ;  but  the  second  with  the  cover  weighs 
one-third  more  than  the  first  without  it.  Find  the  weight  of  the 
cover. 

Let  X  =  weight  of  cover  in  ounces, 

12  +  a;  =  weight  of  first  cover  and  cup  in  ounces, 

2(16  —  x)  =  double  the  weight  of  the  second  cup  in  ounces. 
But    12  +  re  =  double  the  weight  of  the  second  cup  in  ounces. 

.-.  12  + a;  =  2(16-4 
Whence,     x  =  6f . 

61.  A  man  wishes  to  enclose  a  circular  piece  of  ground  with 
palisades,  and  finds  that  if  he  sets  them  a  foot  apart  he  will  have 
too  few  by  150 ;  but  if  he  sets  them  a  yard  apart  he  will  have  too 
many  by  70.     What  is  the  circuit  of  the  piece  of  ground? 

Let  X  =  number  of  feet  in  circuit  of  field. 

Then  a;— 150  =  number  of  palisades  he  had. 
But    -  +  70  =  number  of  palisades  he  had. 

.-.  a;-150  =  |  +  70. 
Whence,     x  =  330. 
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62.  A  horse  was  sold  at  a  loss  for  $200;  but  if  It  had  been 
sold  for  $250,  the  gain  would  have  been  three-fourths  of  the  loss 
when  sold  for  $200.    Find  the  value  of  the  horse. 

Let  X  =  number  of  dollars  tbo  honw  is  worth. 

Then     250— x  =  number  of  dollars  made  if  sold  for  f  2rj0, 
a;— 200  =  number  of  dollars  lost  if  aold  for  $200. 
.-.  250-ar  =  f(a:-200). 
Whence,         x  =  22«f 


63.  A  and  B  shoot  by  turns  at  a  target.  A  puts  7  bultetji  out 
of  12,  and  B  9  out  of  12,  into  the  centre.  Between  them  Uwy 
put  in  32  bullets.     How  many  shots  did  each  fire? 

Let  X  =  number  of  shots  each  lir^l, 

—  =  number  of  centres  made  by  A, 

12  ^ 

—  =  number  of  centres  made  by  B. 

12  ^ 

But  32  =  number  of  centres  made  by  both. 


.    7a; 
"  12 

12 

=  32. 

Whence, 

x  = 

=  24. 

64.  A  boy  buys  a  number  of  apples  at  the  rate  of  6  for  2  pence. 
He  sells  half  of  them  at  2  a  penny  and  the  rest  at  3  a  penny,  and 
clears  a  penny  by  the  transaction.     How  many  does  he  buy? 

Let  X  =  number  bought. 

9_ 

Then  ^^  =  number  of  pence  paid, 

5 
1        _ 
and      -  X  -  or  -  =  selling  price  of  one-half. 
^     z      ^ 

But  -  X  -  or  -  =  selline  price  of  the  other  half. 
2     3      6  ^^ 


•■■(M)- 


^  =  1 
6 

Whence,        a;  =  60. 
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65.  A  person  bought  a  piece  of  land  for  $  6750,  of  whicli  he 
kept  }  for  himself.  At  the  cost  of  $250  he  made  a  road  which 
took  7^  of  the  remainder,  and  then  sold  the  rest  at  12}  cents  a 
square  yard  more  than  double  the  price  it  cost  him,  thus  clearing 
his  outlay  and  $500  besides.  How  mnch  land  did  he  buy,  and 
.what  was  the  cost-price  per  yard? 

Let  X  =  number  of  yards. 

Then  —  =  number  of  yards  kept, 

y 

—  =  number  of  yards  used  for  road, 
90  ^ 

-  =  number  of  yards  sold. 

.-.  6750 +  - X  ^=  7500. 
8     2^ 

Whence,         x=  12,000, 
and  $6750.00  -5-  a;  =  f  0.56J. 


66.  A  boy  who  runs  at  the  rate  of  12  yards  per  second  starts 
20  yards  behind  another  whose  rate  is  lOJ  yards  per  second. 
How  soon  will  the  first  boy  be  10  yards  ahead  of  the  second? 

Let  X  =  number  of  seconds  they  are  running. 

Then  12  a;  =  number  of  yards  first  boy  runs, 

91    T 

and  =  number  of  yards  second  boy  runs. 


.-.  12.T-/'lO  +  — ^  =  20, 

12.-20Jl21^^20, 
2 

24.r-20-21a;  =  40, 

3a;  =  60, 

a?  =  20. 


67.  A  merchant  adds  yearly  to  his  capital  one-third  of  it,  but 
takes  from  it,  at  the  end  of  each  year,  $6000  for  expenses.  At 
the  end  of  the  third  year,  after  deducting  the  last  $  5000,  he  has 
twice  his  original  capital.     How  much  had  he  at  first? 
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Let  X  —  number  of  dollars  he  had  &t  first. 

Then     ^  -  5000  =>  nnmber  of  dollars  he  had  at  the  end  of 
3  the  first  year, 

or  ^""     '       =  number  of  dollars  he  had  at  the  end  of 

^  the  first  year, 

^(^^'"^^'^-5000  -  number  of  dollars  he  had  at  the  end  of 
•^  \  ^         /  the  second  year, 

or        Ig J? -105.000  _  ^^^^^  ^f  ^j^ii^„  ,,^  ,j^  ^^  ^^  ^j  ^f 
^  the  second  year, 

4/16a;-105,000\  _  5000= number  of  dollars  he  had  at  the  ond  of 
3\  9  /  the  third  year, 

or        6^^^-555.000  ^  ^^^1,^^  of  dollars  he  had  at  the  end  of 
27  the  third  year. 

But  2x  =  number  of  dollars  he  had  at  the  end  of 

the  third  year. 
64  a; -555.000     „^ 

27 
Whence,  x  =  55.500. 


68.  A  shepherd  lost  a  nnmber  of  sheep  eqnal  to  one-fonrth  of 
his  flock  and  one-fonrth  of  a  sheep ;  then,  he  lost  a  nnmber  equal 
to  one-third  of  what  he  hail  left  and  one-third  of  a  sheep ;  finally, 
he  lost  a  number  equal  to  one-half  of  what  now  remained  and 
one-half  a  sheep,  after  which  he  had  but  25  sheep  left.  How 
many  had  he  at  first? 

Let  X  =  number  of  sheep  he  had  at  first. 

Then    ^~    =  number  of  sheep  he  had  left  after  first  loss, 
4 

^^^    f  =  number  of  sheep  he  lost  the  second  time, 
12  ^ 

^~    »  number  of  sheep  he  had  left  aftx^r  second  loss, 

^"^     =  number  of  sheep  he  lost  the  third  time, 
4 

^~'     is  number  of  sheep  he  had  left  after  tliird  loss. 

But  25  «  number  of  sheep  he  had  left  after  third  lose. 

.-.  ?^  =  25. 
4 

Whence,     x  =  103. 
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69.  A  trader  maintained  himself  for  three  years  at  an  expense 
of  $250  a  year;. and  each  year  increased  that  part  of  his  stock 
which  was  not  so  expended  by  one-third  of  it.  At  the  end  of 
the  third  year  his  original  stock  was  doubled.  What  was  his 
original  stock? 

Let  X  =s  number  of  dollars  in  stock  at  first. 

Then      ^(a;-250) 

or  ^~ =  number  of  dollars  in  stock  at  the  end  of 

^  first  year, 

4/4«-1000  .250^ 


K 


3 


or =  number  of  dollars  in  stock  at  the  end  of 


'^^^  ^    =  number  of  dollars  in  stock  at  the  end  of 


^  second  year, 

l/16^^000_25o\  =  , 

^  V         9  /  third  year. 

But  2x  =  number  of  dollars  in  stock  at  the  end  of 

third  year. 

Whence,  a  =  3700. 


70.  A  cask  contains  12  gallons  of  wine  and  18  gallons  of 
water ;  another  cask  contains  9  gallons  of  wine  and  3  gallons 
of  water.  How  many  gallons  must  be  drawn  from  each  cask  to 
produce  a  mixture  containing  7  gallons  of  wine  and  7  gallons  of 
water? 

Let  X  =  number  of  gallons  drawn  from  1st  cask, 

14  —  a;  =  number  of  gallons  drawn  from  2d  cask, 
2 

-  -  proportion  of  wine  to  water  in  1st  cask, 
5 

3 

-  =  proportion  of  wine  to  water  in  2d  cask. 

...^  +  |(14-x)  =  7. 

Whence,  x  =  10, 

and  14  —  a;  =  4. 
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71.  The  members  of  a  dab  subscribe  each  as  many  doUan  as 
there  are  members.  If  there  had  been  12  more  members,  the 
subscription  from  each  would  have  been  $  10  less,  to  amount  to 
the  same  sum.     How  many  members  were  there? 

Let  X  =  number  of  members  of  the  clnb. 

Then  z  ==  number  of  dollars  each  subscribed, 

a:  -f  12  =  number  of  members  +  12, 
and        X—  10  ^  number  of  dollars  each  would  have  sub^Tibed 
in  second  case. 
But  x*  =  number  of  dollars  all  subscribed. 

.-.  (x  +  12)(x-10)=.a:«. 
Whence,  a; «  GO. 

72.  A  number  of  troops  being  formed  into  a  solid  square,  It 
was  found  there  were  60  men  over ;  bnt  wlieii  fonned  In  a  col- 
umn with  5  men  more  in  front  than  before  and  thn*e  men  less  In 
depth,  there  was  lacking  one  man  to  complete  it.  Find  the 
number  of  troops. 

Let  X  =  number  of  men  on  one  side. 

Then  x*  +  60  =  number  of  men  in  the  square, 
X  +  5  =  number  of  men  on  a  side  +  5, 
X  —  3  =  number  of  men  on  a  side  —  3, 
and  (x  +  5)  (x  —  3)  —  1  =»  number  of  men  in  the  square. 

.-.  (x  +  5)(x-3)-l  =  x»  +  G0, 
Whence,  x  =  38, 

and  x» +  00  =  1504. 

73.  An  officer  can  form  the  men  of  his  regiment  into  a  hollow 
square  12  deep.  The  number  of  men  in  the  regiment  is  1296. 
Find  the  number  of  men  in  the  front  of  the  hollow  square. 

Let  X  =  number  of  men  in  front. 

Then      12  x  =  number  of  men  in  twelve  lines, 
and  24  X  =  number  of  men  in  twelve  lines  front  and  rear. 

12  (x  —  24)  =  number  of  men  on  a  side, 
12  (x  —  24)  X  2  =  number  of  men  on  both  sides. 
Then  24x  +  12(x  —  24)x  2  =  whole  number  of  men. 
But  1296  =  whole  number  of  men. 

.-.  24x  +  12(x -  24)x  2  =  1296. 
Whence,  x  =  39. 
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74.  A  person  starts  from  P  and  walks  towards  Q  at  the  rntc 
of  3  miles  an  hoar ;  20  minutes  later  another  person  starts  from 
Q  and  walks  towards  P  at  the  rate  of  four  miles  an  hour.  The 
distance  from  P  to  Q  is  20  miles.  How  far  from  P  will  they 
meet? 

Let  X  =  number  of  miles  first  travels. 

Then  20  -  re  =  number  of  miles  second  travels, 
-  -=  number  of  hours  first  travels, 

— ^^  =■■  number  of  hours  second  travels. 
4 

. ..  ?  =  20-a?     1     ^^^         g. _ g, 
3         4  3  '7 

75.  A  person  engaged  to  work  a  days  on  these  conditions : 
for  each  day  he  worked  he  was  to  receive  b  cents,  and  for  each 
day  he  was  idle  he  was  to  forfeit  c  cents.  At  the  end  of  a  days 
he  received  d  cents.    How  many  days  was  he  idle? 

Let  X  =  number  of  days  he  was  idle. 

Then    a~x  =  number  of  days  he  worked, 
and  ex  =  number  of  cents  he  forfeited, 

b{a  —  x)  =  number  of  cents  he  received, 
{ab  —  bx)  —  cx  =  whole  amount. 
But  d  =  whole  amount. 

.  •.  {ab  —  bx)  —  cx  =  d. 

Whence,     x-   "^~^ 


b  -\-c 


76.  A  banker  has  two  kinds  of  coins :  it  takes  a  pieces  of  the 
first  to  make  a  dollar,  and  h  pieces  of  the  second  to  make  a  dol- 
lar. A  person  wishes  to  obtain  c  pieces  for  a  dollar.  How  many 
pieces  of  each  kind  must  the  banker  give  him? 

Let  X  =  number  of  pieces  of  first  kind. 

Then    c  —  x  =  number  of  pieces  of  second  kind, 

-  =  the  part  of  a  dollar  in  one  piece  of  first, 

-  =  the  part  of  a  dollar  in  one  piece  of  second. 
b 

.   g . c—x_ I 

'  '  a        b  ' 

Whence,     x^^--^,   and  c-g  =  ^(^-"X 
b—a  b—a 
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Exercise  62. 


0) 
(2) 


1.  2x+3y=7  •  (1) 
4a;-5y  =  3      (2) 

Multiply  (1)  by  2, 

4a;4-6y  =  14 
(2)  is  4a;-5y=    3 

Subtract,  lly=ll 

.•.y  =  i 

Substitute  value  of  y  in  (2), 
4x-5=3. 
.-.  x-2. 

2.  a?-2y  =  4 
2x-    y  =  5 

Multiply  (1)  by  2, 

2a;-4y  =  8 
(2)  is  2x-    y  =  5 

Subtract,  -  3y  =  3 

.-.  y  =  -l. 

Substitute  value  of  y  in  (2), 
.T  +  2  =  4. 
.-.  x  =  2. 

3.  7a;  +  2y  =  30 
-3x+    y=    2 

(l)is  7a;  +  2y-30 

(2)  by  2,     -6a;  +  2v=    4 

Subtract,    13  a:  =26 

.-.  x  =  2. 

Substitute  value  of  x  in  (1), 

14  +  2y  =  30, 

2y  =  16. 

.*.  y  =  8. 

4.  3a;-5y  =  51     (1] 
2a;  +  7y  =  3      (2! 

Multiply  (1)  by  2,  and  (2)  by  3, 
6a;-10y  =  102 
6a?4-21y=     9 

Subtract,         -31y=    93 

.•.y  =  -3. 

Substitute  value  of  y  in  (1), 
3a; +  15  =  51. 
3x»36. 
.-.a? -12. 


n 


K  r,x  +  4y-r>s   (1) 

3x  +  7y-'(i7    (2) 

Multiply  (1)  by  3,  ami  (2)  by  5, 

15x-i  12y-    174 
15g  +  3r)v..    3;{5 

Subtract.         -2:ty--  161 

.-.  y  ~  7. 

Substitute  value  of  y  in  (1), 
5x  f  2ft-5«. 
.-.  z     6. 

J.  3Tf2y--30    (I) 

3y-2x--13     (2) 
Multiply  (1)  by  3,  and  (2)  by  2. 
dx  f  6y--  117 
-4g  f  6y.»    26 

Subtract,    13x  -    iU 

.-.  x-7. 

Substitute  value  of  x  in  (1), 
21+2y-  39,  2y"18. 
.-.  y  --  9. 

r.  3x-4v--  r>  (1) 

4x-ny      I       (2) 
Multiply  (1)  by  4  and  (2)  l.y  3, 
12x-16»/     -  20 
12x-ir»y   -       3 

Subtract,  -  y  -=  -  23 

.-.  y-23. 

Substitute  value  of  y  in  (1), 
3a;  _  92  = -5.  3x--=87. 
.-.  x  =  20. 


(2) 


5.  llx  +  3y  =  100(1 

4a;_7y=     4      ' 

Multiply  (1)  by  4  and  (2)  by  ll, 
44x  +  12y  =  40O 
44x-77y  =  44 

Subtract,  89y  =  356 

.-.  y  =  4. 
Substitute  value  of  y  in  (1), 
llx  +  12  =  100,  llx-88. 
.-.  x-8. 
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a;  +  49y=    693(1) 

49  a;  +      y=   357(2) 

Add.       50a; +  50y  =  1050(3) 

Divide  by  50,  a:  +  y  =  21     (4) 

Subtract  (4)  from  (1), 

48y==672. 

.-.  y  =  14. 
Subtract  (4)  from  (2), 

48  a;  =  336. 

.-.a;  =7. 


12.  2a;-7y=    8       (1) 

-9a;  +  4y  =  19       (2) 

Multiply  (1)  by  4  and  (2)  by  7, 

8a;-28y=    32 

~63a;  +  28.v  =  133 

Add, -55  a?  =165 

.-.  a;  =  -3. 

Substitute  value  of  x  in  (2), 

27  +  4y  =  19. 

4y  =  -8. 

.•.y  =  -2. 


10.  17a;  +    3y=    57  (1) 

-3a;  +  16y=    23  (2) 
Multiply  (1)  by  3  and  (2)  by  1 7, 
51  a;  +      9y  =  l-71 
-51a;  +  272.v  =  391 
Add,  281  y  =  562 

.•.y  =  2. 

Substitute  value  of  y  in  (2), 
3a; +  32  =  23, 
-3a;  =  -9. 
.-.  a;  =  3. 


13.  69y-17a;=103 

and  (2) 


14a;-13y  =  -41   (2) 


Multiply  (1)  by  14 

by  17, 

-238  a;  +  966  y=  1442(3) 
238  a;  -  221  .v  = -697  (4) 
Add  745y=    745 

Substitute  value  of  y  in  (2), 
14a; -13  =  -41, 
14a;  =  -28. 
.-.  a;  =  -2. 


11.  12a;  +    7y  =  176  (1) 

3y-19a;  =  3       (2) 

Multiply  (1)  by  3  and  (2)  by  7, 

36a;  +  21y  =  528   (3) 

-133a;-f21y=    21 

Subt.,   169  a;  =507 

.-.a;  =  3. 
Substitute  value  of  x  in  (2), 
3y-57  =  3, 
3y  =  60. 
.•.y  =  20. 


14.  17a;  +  30y  =  69      (1) 

19a;  +  28y=77      (2) 
Multiply  (1)  by  14,  and  (2) 
by  15, 

238a?  +  420y=    826(3) 
285a;  +  420y=  1155(4) 
-47  a;  =-329 

.-.a;  =7. 
Substitute  value  of  x  in  (2), 

133  +  28y  =  77, 
28y  =  -56. 
.•.y  =  -2. 
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1.  3x-Ay^2  (1) 

7x-9y-=7  (2) 

Transpose  —  4y  in  (1), 

3x  =  2  +  4y. 
Divide  by  coeflficient  of  x, 

Substitute  value  of  x  in  (2), 

Simplify, 

14+  28y  -27y  =  21. 
.-.3/  =  7. 
Substitute  value  of  y  in  (1), 
3X-28-2. 
3x-30. 
.-.  x  =  10. 


EXEKCISK   G3 

3. 


3x  +  2y-.32        (1) 
2i)x-3y.-l  (2) 

Transpose  2y  m  (I). 

3x     32  -  3y. 
Divide  by  coefficient  of  x, 

3 
Substitute  value  of  x  in  (2), 

20(^%-3^)-3y.    1. 

!iiiLJl?2^-3v-  1 

3  ^ 

Simplify, 

r>40  -  40y     Oy     3. 

41*1/         i;37. 
.-.  y      13. 
Substitute'  v.ilutj  ofy  in  (1), 
3x  4  2r,  -  :'.2. 

.\x-2. 


2.  7x-5y  =  24        (1) 

4x-3y=ll         (2) 

Transpose  5y  in  (1), 

7x  =  24  +  5y. 
Divide  by  coefficient  of  x, 

24  +  5y 

Substitute  value  of  x  in  (2), 

Simplify, 

96  +  20y-21y-77, 

_  y  =  _  19. 
.-.  y  =  19. 
Substitute  value  of  y  in  (1), 
7X-95-24. 
7x  =  119. 
.-.  x  =  17. 


4.  nx-7y^  37        (1) 

8x+  9y-  41         (2) 

Transpose  7y  in  (1), 

llx-37^  7y. 
Divide  by  coefficient  of  x, 

11 
Substitute  value  of  x  in  (2), 

Simplify, 
296  +  5Gy  +  99y  =  451, 
155y  =  155. 

Substitute  value  of  y  in  (2), 
8x  +  9  =  41. 
,*.  X  =  4. 
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5.  7a:  +    5y  =  60         (1) 

13a:-lly  =  10        (2) 

Transpose  by  in  (1), 

7ar  =  60-5y. 
Divide  by  coefficient  of  x, 

60 -5y 

Sabstitute  value  of  x  in  (2), 

i3/6o^\   ny  =  io. 

Simplify, 
780-65y-77y  =  70, 
780  -  142y  =  70, 
142y  =  710. 
...y  =  5. 

Sabstitute  value  of  y  in  (1), 
7a: +  25  =  60, 
7a:  =  35. 
.%  a:  =  5. 


7.  10x+   9y  =  290       (1) 

12a:-lly  =  130       (2) 

Transpose  9y  in  (1), 

10a:  =  290-9y. 
Divide  by  coefficient  of  a:, 

_290-9y 
10 
Substitute  value  of  x  in  (2), 

12/29^\     ny  =  130. 

Simplify, 
3480 -108y-110y  =  1300. 
218y  =  2180. 
.•.y  =  10. 

Substitute  value  of  y  in  (1), 
10a; +  90  =  290, 
10a:  =  200. 
.-.  ar=20. 


6a:-7y  =  42        (1) 
7a: -6y  =  75        (2) 

Transpose  7y  in  (1), 

Gx  =  42  +  7y. 

Divide  by  coefficient  of  x, 

^     42+7y 
^  =  -6      • 

Substitute  value  of  x  in  (2), 

7(i2±7,^-6y  =  75. 

Simplify, 

294  +  49y-36y  =  450, 
13y  =  156. 
.•.y  =  12. 

Substitute  value  of  y  in  (1), 
6a; -84  =  42. 
,  .-.a;  =  21. 


8.  3a:-4y=18         (1) 

3a;  +  2y  =  0  (2) 

Transpose  4y  in  (1), 

3a:=18  +  4y. 
Divide  by  coefficient  of  a:, 

^-18  4-4v 
3 
Substitute  value  of  x  in  (2), 

3/li|4^\     2y  =  0. 

Simplify, 

54  +  12y  +  6y  =  0, 

18y=-54. 
...y  =  -3. 

Substitute  value  of  y  in  (2), 
3a:-G  =  0. 
.-.  x  =  2. 
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9.  9x-5y  =  52        (1) 

8y-3x  =  8  (2) 

Transpose  5y  in  (1), 

9x  =  52  +  5y. 

Divide  by  coefficient  of  x, 

9 
Sabstitute  value  of  z  in  (2), 

Simplify, 

72y-156-15y  =  72. 
57y  =  228. 
.•.y  =  4. 
Substitute  value  of  y  in  (1), 
9x-20  =  52. 
9x  =  72. 
.-.  x-8. 


11.  9y-7x-13        (1) 

15x  -  7y  -  9         (2) 
Transpoeo  -  7x  in  (I), 

9y  -  13  +  7x. 
Divide  by  coefficient  of  y. 

^  9 

Substitute  value  of  y  in  (2), 

15, -7  (13^] -9. 

Simplify, 

135x-91-49x-81. 
86x  -  172. 
.-.  X  -  2. 
Substitute  value  of  x  in  (1), 
•       9y  -  11  -  13. 

.•.y-3. 


10.  6x-3y  =  4  (1) 

12y-7x  =  10        (2) 
Transpose  —  3y  in  (1)^ 

5x  =  4  +  3y. 
Divide  by  coefficient  of  x, 

Substitute  value  of  x  in  (2), 

Simplify, 

60y-28-21y  =  50, 
39y  =  78. 

.•.y  =  2. 

Substitute  value  of  y  in  (1), 
5x-6  =  4, 
5x=10. 
.-.  x  =  2. 


12.  5x  -  2y  -  51        (1) 

19x  -  3y  -  180       (2) 
Transpose  2y  in  (1), 

5x-51  +  2y. 
Divide  by  coefficient  of  x, 

5 
Substitute  value  of  x  in  (2), 

Simplify, 

969  +  38y-15y-900, 
23y  =  -  69. 
.•.y  =  -3. 
Substitute  value  of  y  in  (IX 
5x  +  6  =  51, 
5x  =  45. 
.-.  x  =  9. 
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13.  4a;  +    9y=106      (1) 

8ar  +  17y  =  198      (2) 

Transpose  9y  in  (1), 

4a:  =  106-9y. 

Divide  by  coeflScient  of  a;, 

106 -9y 

Substitute  value  of  a:  in  (2), 

Simplify, 

212-18y +  17y  =  198. 
.-.  y  =  14. 

Substitute  value  of  y  in  (1), 
4aj  +  126  =  106, 
4a;  =-20 
.-.a;  =^5. 


14.  8a;  +  3y=3  (1) 

12a;  +  9y  =  3  (2) 

Transpose  3y  in  (1), 

8a;  =  3-3y. 
Divide  by  coefficient  of  x, 

a;  =  3:z3y. 
8 
Substitute  value  of  x  in  (2), 

Simplify, 

9-9y +  18y  =  6. 
9y  =  -3. 

••■y  =  -i 

Substitute  value  of  y  in  (1), 
8a;-l  =  3. 
8a;  =  4. 
.'.  a;  =  J. 


Exercise  64. 


X  +  15y  =  53 
3a;  +      y  =  27 


(2) 


Transpose  15  y  in  (1)  and  y 
in  (2), 

a;  =  53-15y(3^ 


3a;  =  27 
Divide  (4)  by  3, 
x  = 


27-y 
3 

Equate  values  of  x, 

53-15y  =  2Z^ 


(5) 
(6) 


Reduce, 

159 -45y  =  27-y, 
44y  =  132. 

Substitute  value  of  y  in  (2), 

335  +  3=27, 
3a;  =  24. 
.-.  a;  =  8. 


2.  4a;  +    9y  =  51  (1) 

8a;-13y  =  9  (2) 

Transpose  9y  in  (1),  and  — 13y 
in  (2). 

4i  =  51-9y  (3) 
8a!=9  +  13y  (4) 

Divide  (3)  by  4  and  (4)  by  8, 

-^  (6) 

Equate  values  of  a;, 

51-9y^9  +  13y   ,^. 
4  8         ^^ 

Reduce, 

102-18y  =  9  +  13y. 
.••3/  =  3. 

Substitute  value  of  y  in  (1), 
4a; +  27  =  51. 
.-.  a; -6. 


.    TEACHERS'    EDITION. 


161 


4a:  +  3y  =  48  (1) 

6y-3a;  =  22  (2) 

Transpose  3y  in   (1)  and  5y 

^^^^'      4x  =  48-3y     (3) 
3«  =  5y-22     (1) 
Divide  (3)  by  4  and  (4)  by  3, 
^     48 -3y 

5y  -  22 

Equate  values  of  x, 

48  -  3.V     5y  -  22 
4  3 

Eedace, 

144-9y  =  20y-88. 
-29y  =  -232. 
.•.y  =  8. 
Substitute  value  of  y  in  (1), 
4a;  +  24  =  48, 
4aj-24. 
.•rX=.6. 


a 


6.        5x-   7y"33 

lU+12y"l(K)  ,-, 

Transpose  —  7y  in  (1)  and  12y 

^°  (2)'      5jc  -  33  +  7y     (3) 
lU-100~l2y(l) 
Divide(3)by5and(t)hyll. 
33  f  7y 


Ekjoate  values  of  x, 

33  f  7y     UK)  -  12y 
5      "^        "ll       ' 
Reduce, 

3C3  f  77y-'r)00-60y. 
I47y  -»  147. 
.-.y-'l. 
Substitute  value  of  y  m  (1), 
5x  -  7  -  33. 
5x  -  40. 
.'.  ar-8. 


2*  +  3y  =  43  (1) 

lOx-    y  =  7  (2) 

Transpose  3y  in  (1)  and  y  in 

(2)'  2a:  =  43-3y     (3) 

10x=7+y         (4) 
Divide  (3)  by  2  and  (4)  by  10. 
43 -3y 

10 
Equate  values  of  x, 
43  -  3y  _  7  -f-  y 
2  10  ' 

Reduce, 

215-15y  =  7+v. 
-16y  =  -208. 
.•.y  =  13. 
Substitute  value  of  y  in  (1), 
2x  +  39  =  43. 
.-.  »  =  2. 


L  5a;  +  7y-43  (1) 

llx  +  9y«(;y  (2) 

Transpose  9y  in  (2)  and  7y 

*°(^)'      5x»13-7y     (3) 

llx-O'J  -i)y     (1) 

Divide  (3)  by  5  and  (1)  by  11, 

x-15-^. 
5 
69  -  9y 

Equate  values  of  x, 

43 -7y     09 -Oy 
5  11 

Reduce, 

473-77y-345   -45y, 
-32y  =  -128. 
.•.y  =  4. 
Substitute  value  of  y  in  (1), 
5x  +  28=13. 
.'.  x-3. 
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7.  8a;-21y  =  33.  (1) 

6x  +  35y  =  177  (2) 

Trangpose  21  y  in  (1)  and  35y 

^"(-)'       8.r  =  33  +  21y   (3) 
6j;=177-35y  (1) 
Divide  (3)  by  8,  and  (4)  by  6, 
33  +  21?/ 
''"        8       ' 
,     177 -35y 
"""         6        * 
Equate  values  of  ar, 

33  +  21y_177-35y 


21y  +  20a;=165  (1) 

77y-30a;  =  295  (2) 

Transpose  20  a;  in  (1)  and  30  x 

^^^^)'21y=165-20a;(3) 
77y  =  295  +  30a;  (4) 
Divide  (3)  by  21  and  (4)  by  77, 
165  -  20a; 


y  = 


21 
295  +  30  a; 

77 


Equate  values  of  x, 

165 -20a;     295  +  30  a; 


8                    6 

21                  77 

Reduce, 

Reduce, 

99  +  63y=708-140y. 

1815 -220  a;  =  885  + 90  a;, 

203y  =  609. 

-310a;  =  -930. 

...y  =  3. 

.-.a;  =  3. 

Substitute  value  of  y  in  (1), 

Substitute  value  of  x  in  (1), 

8a;-G3  =  33, 

21y  +  60=165, 

8a;  =  96. 

21y  =  105. 

.-.a;  =  12. 

.•.y  =  5. 

3y-7a;  =  4                (1) 

10.     lla;-10y  =  14              (1) 
5a;  +    7y  =  41               (2) 

2y  +  5x  =  22              (2) 

Transpose  7  a;  in  (1)  and  5  a; 

Transpose  — lOy  in  (1)  and  7y 

^"(2)'      3y  =  4  +  7x       (3) 

in  (2),  ii^^ioy  +  u  (3) 
5a;  =  41-7y     (4) 

2y  =  22-5x     (4) 

Divide  (3)  by  3  and  (4)  by  2, 

Divide  (3)  by  11  and  (4)  by  5, 

^          3 

X     l^V  +  1^. 

11 

22-5a;. 
^          2 

5 

Equate  values  of  y, 

Equate  values  of  a;, 

4  + 7a;      22 -5a; 

lOy  +  14  _  41  -  7y 

.      3                2 

11                5 

Reduce, 

Reduce, 

8+ 14a;  =  66 -15a;, 

50y  +  70  =  451-77y, 

29  a;  =  58. 

127y  =  381. 

.-.a;  =  2. 

.•.y  =  3. 

Substitute  value  of  a;  in  (1), 

Substitute  value  of  y  in  (1), 

3y-14  =  4. 

11a; -30  =14. 

.-.2/ =  6. 

,%;9  =  4, 
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11.         7y-3ar=139  (1) 

2x+5y  =  91  (2) 

Transpose  7y  in  (1)  and  5y 

'""^^^^    3x=7y-139  (3) 
2a;  =  91  -  5y     (4) 
Divide  (3)  by  3  and  (4).by  2, 
^-7.V-139 
3 

2 

Equate  values  of  x, 
7y  -  139     91  -  5y 
3  2 

Reduce, 

14y  -  278  =  273  -  15y. 
29y  =  661. 
.•.y=19. 
Substitute  value  of  y  in  (4), 
2a;  =  91  -  95. 
2a;=-4. 
.-.  a;  =  -2. 


12.     17a;  +  12y  =  69 

19a;-4y   =153 

Transpose  12y  in  (1)  and  4y 

'^(2),  i7a.«59_i2y  (3) 

19a;=153  +  4y  (4) 

Divide  (3)  by  17  and  (4)  by  19, 

^^59-Jl2y^ 

17 
:r-^53  +  4y 
19 
Equate  values  of  a;, 

153  +  4  V     59  -  12y 
19       "       17      * 
Reduce, 

2601 +68y=  1121 -228y, 
296y  =  -1480. 

Substitute  value  of  y  in  (1), 
17aj-60  =  59. 
.'.  a?  =7. 


13.     24x+    7yr   27  (1) 

8ar-33y   -115  (2) 

Transpose  7y  in  (1)  and  33 y 

*'*(-)•  2ix-.27-7y  (3) 
8x"  115  +  33y  (i) 

Divide  (3)  by  24  and  (1)  by  8. 

24 

H 
Equate  values  of  r, 

27_  _7y      lir,_+  33^ 
21      '■     "'  8' 
Redure, 

27  -  7y  -  34r»  +  99y. 
-  lOfiy  -  318. 
.-.  y-=-3. 

Substitute  valuo  of  y  in  (3), 
24  j;-   27f21. 
2lx      l.s. 


14.  x-3y-in     (1) 

y  =  3x-23     (2) 

Transpose  3  ar  and  y  in  (2), 

3a;  =  23+y        (3) 
Divide  (3)  by  3, 

a,^23+j^, 
3 
Equate  values  of  x, 

3y-19-21±jy. 
^  3 

Reduce, 

9y-57  =  23+y. 

8y  =  8a 

.•.y  =  10. 

Substitute  value  of  y  in  (1), 

x  =  30--19. 
.-.a;  =  11. 
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Exercise  65. 

1.                 aj(y  +  7)  =  3/(a:+l) 
2a;  +  20  =  3y  +  l 

(2) 

3.                   2           3             (1) 

a;  +  3     y-2 

Simplify  (1), 

5(a;  +  3)  =  3(y-2)+2(2) 

jry +  7a;  =  jry +  y. 

Simplify  (1), 

Transpose  and  combine, 

2y-4  =  3a;  +  9. 

7a;-3/  =  0 

(3) 

Transpose  and  combine, 

Transpose  and  combine  (2), 

2y_3a;  =  13              (3) 

2x-3y  =  -19 

(4) 

Simplify  (2), 

Multiply  (3)  by  3, 

5a;  +  15  =  3y-6  +  2. 

21a; -3y=       0 

Transpose  and  combine, 

(4Us        2a;-3.v  =  -19 

5a;-3y=-19           (4) 

Subt..     19a;          =     19 

Multiply  (3)  by  3  and  (4)  by  2. 

.-.  a;  =  l. 

^y_   9a;=     39 

Substitute  value  of  x  in  (3), 

-6v  +  10a;  =  -38 

7-y  =  0. 

.•.y  =  7. 

Add,               a;  =  l. 

Substitute  value  of  x  in  (3), 

2y-3  =  13. 

.•.y  =  8. 

2.      2a;-2^-4  =  0 

(1) 

33/+^-9  =  0 

(2) 

4.  ^-^     2Lt2-0                (1) 
5            lU 

Simplify  (1), 

E  +  y-2_3               (2) 

10a;-y  +  3-20  =  0. 

6^     4                         ^^ 

Transpose  and  combine, 

Simplify  (1), 

10a;-y  =  17 

(3) 

2a;-8-y-2  =  0, 

Simplify  (2), 

2a;-y  =  10              (3) 

9y  +  a;-2-27  =  0. 

Simplify  (2), 

Transpose  and  combine, 

2a;  +  3y-6  =  36, 

a;  +  9y  =  29 

(4) 

2a;  +  3y  =  42              (4) 

Multiply  (3)  by  9, 

Subtract  (4)  from  (3), 

90a;-9y  =  153 

2a;-    y=  ^  10 

(4)  is            a;4-9.v=    29 

2a;  +  3.v=     42 

Add.       91a;           =182 

-4y=-32 

.-.a;  =  2. 

.••3/  =  8. 

Substitute  value  of  a;  in  (4) 

Substitute  value  of  y  in  (3), 

2  +  9y  =  29. 

2a;-8=10. 

.•.y  =  3. 

.-.  a;«=9. 
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(X  +  l)(y  +  2)  -  (x  +  2)(y  +  I)  ^  -  1  (I) 

3(x+3)-4(y  +  4)--8  (2) 

Simplify,  (1),       a:y+y  +  2«  +  2-«y-2y-x-.2--l. 
Combine,  x  -  y  -»  -  1  (3) 

Simplify  (2),  3x  +  9  -  4y  -  l«i  -  -  8. 

Transpose  and  unite,  3x  -  4y   »  -  I  (4) 

Multiply  (3)  by  3,  3x  -  3y   ^   -_3 

Subtract,  -  y  -     2 

.-.  y  -  -  2. 

Substitute  value  of  y  in  (3),  x  +  2  -  -  I. 

.-.  X"  -3. 

6.  ^ll?_lP-^..3L:iiP  (I) 

5  3  4 

2y  +  4     2x4^y__xfl3  .., 

3  8      '       4  ^'^ 

Simplify  (1),  12x  -  24  -  200  f  20x   -  ir)y  -  150 

Transpose  and  combine,  32x  -  I5y  -  71  (3) 

Simplify  (2),  16y  +  32  -  «x  -  3y  =  (\x  ♦  7H. 

Transpose  and  combine,  -  12x  f  13y  -  40  (I) 

Multiply  (3)  by  3.  OOx  -    4r)y  =  222 

Multiply  (4)  by  8,  -  90x  f  1(»1 1^^  :m 

Add,  W»y-   51  »0 

.-.  y«10. 
Substitute  value  of  y  m  (3),  32x  -  150  =  74. 

32  X  ~  224. 
.-.  x-7. 

7     ?JLl_2L±2.^2(x-y}  ^. 

*       3  4  5  ^  ' 

?-:i^--2^  =  2y-x  (2) 

4  3^  ^ 

Simplify  (1),  ^  20x  +  20  -  15y  -  30  ^  24  x  -  24  y. 

Transpose  and  combine,  —  4x  +  9y  ^-^  10                  (3) 

Simplify  (2).  3x  -  9  -  4y  +  12  =  24v  -  12^. 

Transpose  and  combine,  15x  —  28y  =  -  3                (4) 

Multiply  (3)  by  15,  GOx  -  135y  =  -  150 

Multiply  (4)  by  4,  GQx-112.v  =  -    12 

Subtract,^  -23y  =  -138 


Substitute  value  of  y  in  (3),  -  4  x  +  54  =  10, 

—  4x  =  —  44. 


.y  =  6. 

:-10, 

!=1L 
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8. 


3a?-2y     5a;-3y^        3^  (1) 

5  3 

2g-3y     4a;-3y^     ^  (2) 

3  2  ^ 

3implify  (1).  9a;-  6y  +25a;-  15y  =  15ic  +  15. 

Transpose  and  combine,  19  a;  -  21  y  =  15  (3) 

Simplify  (2),  4a;  -  6y  +  12a;  -  9y  =  6y  +  6. 

Transpose  and  combine,  16  a;  —  21  y  =  6  (4) 

Subtract  (3)  from  (4),  19a; -21?/ =15 

-3a;  =-9 

.-.  a;  =  3. 

Substitute  value  of  x  in  (4),  48  -  21  y  =  6, 

-21y  =  -42. 

.•.y  =  2. 

9. 

2  a;  -  y  +  3  _  a;-2.v+3  _  ^  qx 

3  4 

3a;-  4v  +  3      4a;-  2y  -  9  ^  ^  f^) 

4  3 

Simplify  (1),  8x  -  4y  +  12  -  3a;  +  6y  -  9  =  48. 

Tranapoise  and  combine,  5a;  +  2y  =  45  (3) 

Simplify  (2),  9a;  -  12y  +  9  +  16a;  -  8y -  36  =  48. 

Trans^poae  and  combine,  25a;-20y  =  75  (4) 

Divide  (4)  by  5,  5a;-4y=     15 

(3)  is  ,  5a;  +  2.v=     45 
Subtract,                                              '  -6y  =  -30 

.•.y  =  5. 

SubatiLule  value  of  y  in  (3),  5a;  +  10  =  45, 

5a;  =  35. 
.-.a;  =  7. 

10.  lia;=Uy  +  4^j     (1) 

4}a;  =  iy-2V5     (2) 

Simplify  (1),  18.r-16y«53  (3) 

Bimpl.l^(2),  54a;-   4y  =  -259  (4) 

Multiply  (3)  by  3,  54a;  -  48  y  -      159 

(4)  ifl  54a;—   4y  =  — 259 
Subtract,  -44y=     41^ 

.•.y  =  -9}. 

BubBtitute  value  of  y  in  (3),  18  a;  +  152  =  53, 

18  a;  =  —  99. 
.'.  a;  =  —  5J. 
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11,      _J5_« *? m 

»  +  2y  +  3         4«-5y +6    ' 
3  _  19         ^2j 


ex-5y  +  4     3x  +  2y+l 
Simplify  (1),  55x-59y--87  (3) 

Simplify  (2),  -  105ar  + 101  y "  73  (4) 

Transpose  59y  in  (3)  and  101  y  in  (4),  and  divide  by  55  and  Xifj 
respectively,  5!>y  -  87 

55      ' 

1U5 

Equate  values  of  x,  — %7    "  " r  -  *'-' 

^  55  loo 

Simplify,  1239y  -  1S27  «  111  1  y   -  So3, 

128y-1024. 

.-.y-S. 

Substitute  value  ol  y  in  (3),  55x  -  472  -  -  87, 

55  X  -  385. 


12.           ?t.S  =  i;2 

y-x      8 
9«     ^2L±J^     100 

(I) 

(-0 

Simplify  (1), 
Transpose  and  combine, 
Simplify  (2), 
Transpose  and  combine, 

8x  +  8y  =  15y-15x. 
23x-7y:-0 
63x-3y-4l-700. 
C3x-3y-744 

(3) 
(4) 

Multiply  (3)  by  3, 
Multiply  (4)  by  7, 
Subtract, 

G9x-21y-     0 
4nx-21y^     5208 
-372x            =-5208 
.-.  x  =  14. 

Substitute  value  of  x  in  (3), 

322-7y  =  0, 
-7y  --322. 
.-.  y«46. 
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13. 

3a?-5.V  .  3  _  2x±y  .^. 

2  5  ^  ' 

g_^^y^^     2/  (2) 

4  2     3 

Simplify  (1),  15rr-25y  +  30  =  4a:  +  2y. 

Transpose  and  combine,  11  a;  —  27y  =  —  30  (3) 

Simplify  (2),  96 -  3a?  +  6y  =  6a;  +  4y. 

Transpose  and  combine,  —  9a!  +  2y  =  -  96  (4) 

Multiply  (3)  by  9,  99a:-243y  =  -   270 

Multiply  (4)  by  - 1,1,  99a;-   22y=.      1056 

Subtract,  -221y  =  -1326 

.-.  2/  =  6. 
Substitute  value  of  y  in  (4),  -  9  a;  + 1 2  =  -  96. 

.-.a;  =  12. 

14    4a;-3y-7_3a;     2y     5      ... 
5  10      15     6      '^  ^ 

^^ +£_3i^_  1  =y-Zl^ +  £^J_  (2) 
3         2      20  15       6      10  "^  ^ 

Simplify  (1),  24a;  -  18y  -  42  =  9a;  -  4y  -  25. 

Transpose  and  combine,  15a;—  14y  =  17  (3) 

Simplify  (2),  20y  -  20  +  30a;  -  9y  -  60  =  4?/-4a;  +  10a;  +  6. 

Transpose  and  combine,  24a;  +  7y  =  86  (4) 

Multiply  (4)  by  2,  48 aj  +  14y  =  172  (5) 

(3)  is  15x-14.v=    17 

Add  (3)  and  (5), 

Substitute  value  of  a;  in  (3), 


15. 


Simplify  (1), 
TrftpEpfjae  and  combine, 
Simplify  (2), 
Tm.nHpoae  and  combine, 

Subtract,  4y=-32 

...y-.8. 

Sabatitute  value  of  y  in  (4),  2a;  +  24  =  42. 

.-.a;  =  9. 


63  a;            =189 

.-.  a;  =  3. 

45-14y  =  17. 

...y  =  2. 

a;  -  4     y  +  2 
5           10 

(1) 

l.^^.s 

(2) 

21  -  8  =  y  +  2. 

2a:-v=10 

(3) 

2x  +  3y-6=36. 

2x  +  3y  =  42 

(4) 

2x-    y  =  10 

(3) 
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16.  3x-H2y^Q  (I  J 

l-3x     ll-3y  .„v 
^~  '       5       ^^^ 
Simplify  (1)  and  (2). 

3x  +  12y-99  (3) 

15x-21y=.-72      (4) 
Divide  (3)  by  3  and  (4)  by  15, 
99-12^ 
'  3 

-72-f21y 
15 
Equate  values  of  x, 

99-12;/_-72  +  21y. 
3  15 

Simplify, 

495-60y--72  +  21y, 
-Sly  --  -5G7. 

Substitute  value  of  y  in  (3), 
3x  +  84  =  99. 
.•.  x  =  5. 


17.     5x-i(5y  +  2)  =  32  (1) 

3y  +  J(^  +  2)  =  9  (2) 
Simplify  (1)  and  (2). 

20x  -  5y  =  130  (3) 

X  +  9y  =  25  (4) 

Multiply  (4)  by  20, 

20x+180y  =  500        (5) 
20x-     5y  =  130         (3) 

Subtract,     185y  =  370 

.•.y  =  2. 

Substitute  value  of  y  in  (3), 
20X-10-130. 

.-.  x  =  7. 


la         3x-0.25y-2tf  (I) 

0.12x  +  0.7y-2,54       (2) 

Multiply  (1)  by  0.(M, 

0.12x-0.01y  -1.12       (3) 
0.12x+    0.7  v>   2r>i        (J) 

Subtract.    -  0.71  y --- 1.42 

.-.  y-2. 
Substitute  value  of  y  in  (I). 
3X-0.5-28. 
.-.  r  -9  5. 


19.  7(x-l)-3(yf8)(l) 

4xi2^5y  +  9      ,. 
9  2        ^"^ 

Simplify  (1)  and  (2). 

7x-7-3y  +  24, 
7x-3y-3l  (.'O 

8x  +  4  =  45y  \  81. 
8x-4r,y  =  77  (J) 

Multiply(3)l>y8and(4)l.y7, 
5r>x-    24y-=248 

5r,x-3ir>y--=r)r>9 

Subtract,      291y  =  -291 

.•.y  =  -l. 

Substitute  value  of  y  in  (3), 
7x  +  3  =  31. 
.  ••  .r  ^  4. 
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20.    7a;  +  J(2y+4)=16 

(1) 

21.    ^£ll^+3a;  =  4y   2     (1) 

3y-i(*  +  2)-8 

(2) 

13                     "^ 

Simplify  (1), 

5a;  +  6y     3a;-2y     gy    2     (2) 

35a;  +  2y  +  4  =  80. 

Transpose  and  combine, 

Simplify  (1), 
5a;  -  6y  +  39a;  =  52y-26. 

35a;  +  2y  =  76 
Simplify  (2), 

(3) 

Transpose  and  combine, 

44a;-58y  =  -26       (3) 

12y-a?~2  =  32. 

Simplify  (2), 

Transpose  and  combine, 

10a;+12y-9a;+6y  =  24y-24. 

12y-a;  =  34 

(4) 

Transpose  and  combine, 

Multiply  (4)  by  35, 

a;-6y  =  -24       (4) 

-  35a; +  420y  =  1190 

Multiply  (4)  by  44, 

35a;  +      2y=      76 

(3) 

44  a; -264y  =  - 1056 

422y  =  1266 

44a;-   58.v  =  -     26  (3) 

.•.y  =  3. 

206y  =  1030 

Substitute  value  of  y  in  (3), 

...y  =  5. 

35a; +  6  =  76, 

Substitute  value  of  y  in  (4), 

35  a;  =  70.' 

a;_30  =  -24. 

.-.a;  =  2. 

.-.a; -6. 

Simplify  (1), 
Simplify  (2), 


5a;-3      3a;-19 
2  2 

2a;+.v      9a;  — 7_ 


_3^ 


Transpose  and  combine  (1), 
Transpose  and  combine  (2), 
Divide  (1)  by  2, 


Substitute  value  of  y  in  (4), 


15  a; -9- 9a; +  57  = 
16a; +  8y- 18a; +  14  = 


4a;  +  6y  =  -24 
2a;  +  y=  22 
2a;  +  3y  =  -12 

2y  =  -34 
.•.y  =  -17. 
2a;- 17  =  22, 

2a;  =  39. 
.-.  a;=19J. 


3 
_3Cv  +  3)     4a;  +  5v 

4  16 

»24-6y +  2a;. 
12y  +  36-4x-5y. 


(1) 

(2) 


(3) 
(4) 
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28. 

3y+ll-i^Llitk±3ld  +  31-4ar   (1) 
x-y  +  i 
(x  +  7)(y-2)  +  3-2ajy-(y-l)(x  +  l)  (2) 

Simplify  (1),  3iry-3y«+12y  +  llx-lly  +  44 

=  4a:«-ay-3y»  +  31x-31y  +  124-4x>  +  4ry-16*    (3) 
Transpose  and  combine,     32y  —  4  x  =  80  (4) 

Divide  by  4,  8y  -  x  -  20  ('>) 

Simplify  (2),    iry +  7y  — 2x-14  +  3-2afy-ay-y  +  af+l  («) 

Transpose  and  combine,       8y  —  32»12 
Subtract  (5),  8y-    x-^20 

-2x--8 
.-.  x  =  4. 
Substitute  value  of  x  in  (5),    8y  -  4  -  20. 

8y- 24. 
.•.y-3. 

24. 

6xjf9  3x  +  5y     31  3r  f  4     .^. 

4  4x-G  '    *  2          ^  ' 

8y  +  7  (fx--3y^^  4j^    J|         .o) 

10  2y-8  5             ^  ' 

Multiply  {l)by4.  6x+9  +  ^^  +22^^-13  +  Cx  t  8. 

aX  —  u 

Transpose  and  combine,  -— -^  =12. 

JdX  —  o 

Divide  both  sides  by  (2),  ^T^  =  ^' 

Jx  —  u 

Multiply  by  2x  -  3,  3x  +  5y  =-  12x -  18. 

Transpose  and  combine,  —  9x  +  5y  =  —  18  (3) 

Multiply  (2)  by  10                8 y  +  7  +  ^^^-^^'V  =  40  +  8y  - 18. 
Transpose  and  combine,  7-*  =  15. 

Divide  both  sides  by  15,  ^  =  1. 

Multiply  by  y  -  4,  2x  -  y  ---  y  -  4. 

Transpose  and  combine,  2x  —  2?/=-  —  4. 

Divide  by  2,  x-y  =  -2  (4) 

Multiply  (3)  by  1  and  (4)  by  9,  -  9 x  +  5y  -  -  18 

9x  — U.>/  ^  —  18 
Add,  -4y  =  -36 

.•.y  =  9. 
Substitute  value  of  y  in  (4),  x  -  9  ==  —  2. 

.-.  x  =  7. 
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Multiply  (1)  by  2, 

Transpose  and  combine, 

Multiply  by  23  -  a?, 
Transpose  and  combine, 

Multiply  both  sides  of  (2)  by  3, 

Transpose  and  combine, 

Multiply  by  a;  -  18, 
Transpose  and  combine, 
Add  (3), 

Substitute  value  of  y  in  (3), 


2x 


2Z-X 

^     x-18 
4y-2a;_ 

23-a; 

4v-2a; 

23 -a; 

4y-2a: 

4y +  17a; 

3.V-9 
a;-18 
3y-9 

3y-17a; 

4v  +  \lx 


^Q_59--2g     ^^j 


30 


-73-3y 


a7a;-306. 
=  -297 
:      437 


7y 

80  + 17a;  = 
17a;  = 
.*.  x  = 


:  140 

20. 
437, 
357. 
21. 


(2) 


40-59  +  2X. 

=  19. 

=  437-19ar. 
=  437  (3) 

=  90-73  +  3y. 
=  17. 


(4) 


Exercise  66. 


X  -\-y  =  a 
x  —  y  =  h 


Add, 


2a; 


=  a  +  6 
a  +  6 


Subtract  (2)  from  (1), 

2y  =  a  —  6. 
a  — & 


(1)  2.  aa;  +  6y  =  c         (1) 

(2)  i)a;  +  jy  =  r         (2) 
Multiply  (1)  by  p  and  (2)  by  a, 

apx  +  6py  =  cp       (3J 
gpa;  +  a^y  =  ar       (4) 

Subt.,     y{6p  —  agr)  =  cp  -  ar. 


bp  —  aq 

Multiply  (1)  by  q  and  (2)  by  6, 
aqx  +  65'y  =  eg' 
bpx  +  bqy  =  br 

Subt. ,     {aq  —  6p)  x  =cq  —  br 

^.^^^cj[-br 

aq^bp 
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3.                  mx  +  ny  =  a 

(1) 

4.            ax  +  6y^e 

(I) 

px-\-qy^b 

(2) 

cut  +  ey  »  (i 

(2) 

Multiply  (1)  by  p  and  (2)  by  m, 

Subt.      (b~e)y^  t~d 

mpx  -f  npy  =  ap 

(3) 

mpx  +  mqy  =  mb 

(4) 

Sub.,  {np  —  mq)y-^ap- 

-mb 

Multiply  (1)  by  e  and  (2)  by  6. 

.   ..     ^P' 

-mb 

OCX  +  bcyee 

.'.  y  =  -— - 

^mq' 

abx-\'bcy  -  M 

Multiply  (1)  by  q  and  (2)  by  n, 

Subt..  {ae-ab)x     cf    hd 

mqx  +  n^y  =  o^r 

...*-i- H 

npx  +  nqy  =  n5 

a(c-6) 

Sub.,  {mq  —  np)x  =  aq 

-nb 

.-.:r  =  ^- 

-n6 

m^- 

-np 

6.       tfix  —  ny  -  r 

0) 

m'x  -\^n'y==f* 

(-') 

Multiply  (1)  by  m'. 

mm'x  —  wfny  -=•  m'r 

(•■') 

Multiply  (2)  by  m. 

mm'x  +  m  ?i'?/  -  mr' 

l«) 

Subtract, 

(wfn  +  m  n')y  -  mr'  -  m'r 
m/n  ■\-  mn' 

Multiply  (1)  by  < 

mn'x  —  nvfy  =  n'r 

Multiply  (2)  by  n, 

m'nx  +  nn^y  =  nr^ 

Adcl, 

{mvf  +  m'n)x  -  n'r  +  nr' 
.   J.  _  n'r +  71?^ 
mn'  +  m'n 

6.         a«  +  6y  =  c 

0) 

dx-\-fy  =  <^ 

(2) 

Multiply  (1)  by  rf, 

adx  +  6dy  =  cd 

Multiply  (2)  by  a, 

adx  +  a/y  --  oc* 

Subtract, 

6dy  —  afy-^cd-GU^ 
^      bd-af 

Multiply  (1)  by/. 

afx  +  bfy-<f    . 

Multiply  (2)  by  6, 

bdx  +  bfy-=b<? 

Subtract, 

{a/-bd)x=~cf-bc* 

a/- fed 
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-  +  ^  =  c 
a     0 


(1) 

(2) 

(3) 
(4) 


X     y 
o     a 
Simplify  (1),  bx  +  ay  =  abc 
Simplify  (2),  ax  +  bey  =  0 
Multiply  (3)  by  a  and  (4)  by  6, 
abx  +  a^y  =  a^bc 
abx  +  b^cy  =  0 
Subt.,         a^y  —  b'^cy  =  a^bc 
(a'  —  b'^c)y  =  a^bc, 

^.         _^bc_ 
^      d'-b'^c 
Multiply  (3)  by  be  and  (4)  by  a, 
b^cx  +  abcy  =  ab^c^ 
a^x  +  abcy  =  0 

Subt.,         b^cx  -  a%  =  ab^c' 
(b'^c-a^)x  =  ab^(^. 
ab^c" 

.    .    X  =  ; 


9. 


a 
b+y 


b' 


'6a-\-  X 
ax  •{-  2by  =  d 

Simplify  (1). 

3  a^  +  Oic  =  h^  -{■  by. 

Transpose  and  combine, 
a^—    by  =  b^  —  3a' 

(2)is     ax  +  2by  =  d 


(1) 
(2) 

(3) 


Subt,       -36y  =  62_3a2-J 
Za'^-b'^  +  d 
"^  Zb 

Multiply  (3)  by  2, 

2aa;-26y  =  2&2_6a2 
(2)i8     ax  +  2by  =  d 


Add,  3a2; 


=  2&2_6a2+rf 

25»-6a»  +  rf 

3a 


b'c- 


8. 


a6a;  +  crfy  * 
ax—  cy  = 


10. 


1 


Simplify  (2), 

abdx  —  body  =  d—b  (3) 
Multiply  (1)  by  6, 

ab'^x  +  bcdy  -- 
(3)  is  abdx  —  bcdy  ■- 
Add,     (ab^  +  abd)x- 


r  =  26      (4) 
^  =  d-b\b) 
-b  +d 
b  +  d 


or,  X  =  —-■ 


Multiply  (1)  by  d, 

ahdbc  +  cdy  = 
(3)  is  <Jibdx  -  hcdy  = 
Add,     icd^^Ud)y-. 

or,  y  = 


ab(b  +  c?) 
1^ 
ab 


2d 
d- 


-b^d 

b  +  d   ^ 
cd{b-\-d) 

"Vd 


(1) 
(2) 


a+6     a—b     a+6 

a-\-b     a  —  b     a—b 
Add  (1)  and  (2), 

2x    _     \      ^     1 
a+6     0+6    a— 6 
Simplify, 

2a;(a-6)  =  2a, 
x{a  —  6)  =  a. 

*'•"'     a-b 
Subtract  (1)  from  (2), 

2y  1  i 


a—b     a  —  b     a  +  6 
Simplify, 

2y(a  +  6)  =  26, 
y(a  +  6)  =  5. 

^     a-vb 
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11. 

a(a-x)^b(x-\-y-a)  (1) 

Simplify  (1),  a^  -  ax  =  bx  i^  by  -  ab,  (3) 

Simplify  (2),  ay-ab-ax  =  hy-  A*.  (4) 

Transpose  a'  and  bx  in  (3),         aop  4-  &x  ^  a*  l-  ab  -  by  (6) 

Transpose  ay  —  aft  in  (4),  cue  ^  ay  —  ab  —  by  t  ft*.  (6) 

Divide  (5)  by  (a  +  6)  and  (6)  by  a,       «  =  ^-±!}^S±L, 

a  \  b 

ay  —  ab  —  by -^  b^ 

a 

Equate  values  of  x.  ^'^^-^.V  -  <^V-<^^'^^^. 

a  +  6  a 

Simplify,  a^  +  a'6  —  oiy  =-  a*y  —  a*6  -  J*y  -f  M, 

.•.  y  =  a  +  6. 
Substitute  value  of  y  in  (5),        oar  +  6x  --  a'  +  a6  —  ad  —  A*. 


12. 


^^^=a  (1) 

x-y-l 

^  +  y  +  ^»&  (2) 

a:  +  y-l 
Simplify  (1),  a?  —  y  +  1  =  ox  -  ay  -  «. 

Simplify  (2),  a;  +  y  +  1  =  ftjc  +  6y  —  6. 

Trans,  and  combine,  (a  — l)a;— (a  —  l)y  =  a  +  1  (3) 

(6-l)a:  +  (6-l)y  =  6  +  l  (4) 

Multiply  (3)  by  6- 1  and  (4)  by  (a-1), 

(a-l)(6-l)x-(a-l)(6-l)y  =  (a  +  l)(6-l)  (5) 

(a-l)(6-l)x  +  (a~l)(6-l)y  =  (a-l)(6  +  l)  (6) 

Add,  2(a  - 1)  (6  -  l)x  -  2(a6  - 1) 

ab-1 


(a-l)(&-l) 
Subtract  (5)  from  (6),    2(a - 1)(6  -  l)y  =  2(a - 6). 

g  — 5 
•^~(a-l)(6-l) 
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13.       ax  =  by  +  ^        (1) 

(a-b)x  =  (a  +  b)y  (2) 

Simplify  (1),  2aa?  -  26y  =  o«  +  6»  (3) 

Simplify  (2),  ax  —  bx  —  ay  —  by  =  0  (4) 

In  (3),  ^^a«  +  y+26y 

2a 

In  (4).  *  =  S!M±/. 

a-b 

Equate  values  of  x.  '^  +  l^+2by  ^  ay +hy 

2a  a—  b 

Simplify, 

cfl-\-ab^-{-  2aby  -  o«6  -  ft»  -  2b^  =  2a«y  +  2a6y. 

Transpose  and  combine,     2a*y  +  26*y  =  a'  -  a*6  +  a6*  -  6*, 


Substitute  value  of  y 

in(l).               ax-^^-^  + 

2 

ox  =  "'  +  "*. 
14. 

2     ' 

<m;  +  6y  =  c* 

(1) 

Simplify  (2), 
Add  (1)  and  (3). 

6  +  y     a+  a; 

(2) 
(3) 

2aa;  =  c«  -  a«  +  6» 


2a 
Subtract  (3)  from  (1),  ax  +  by  =  (? 

ax  —  by  =  —a^  +  b^ 


26y  =  c*  +  a«~ft3 
^  26 
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15. 

-^+     y---2a  (1) 

£ny„  »  +  y  (a 

2aA      a«  +  6»  ^  ' 

Clear  (1)  of  fractions,     oap  -  te  +  ay  +  iy  -  2a^  -  2  oi*  (3) 

Clear  (2)  of  fractions.  o«a:+6«a;-a*y-6*y  -  2abx  +  2a5y  (4) 
In(3),                                                           y,2a»-2a/.»-ax  +  fcr 


In  (4).  y 

Hence, 


a  +b 
^  a^x  -  2abx  +  Mg 
o*  +  2aA  +  6» 
2a'-2a6»-aaj  +  6x     a«x  -  2aAx  f  A«x 


a +6  a«  +  2o!r  f  6" 

2a*  -  2aW  -  a«x  +  2a»6  -  2a6»  +  6*i?  =  o*x  -  2a*x  +  b^x. 
Transpose  and  combine,         2  a»x  —  2  abx  =  2  a*  -  2  o»^»  +  2  a*6  -  2  oM. 
Divide  by  2  a,  ax  —  6x  —  a*  -  ai'  4  aVt  -  6* 

a»  _  a/>>  +  a«6     6» 

••'*-• ^36 

or,  x»»a'  +  2a6  +  6*. 
Substitute  value  of  x  in  (3), 

G?  +  2a«6  +  o62_a»5_2a6»-6»  +  ay  4-6y  =  2a»-2a6«. 
Transpose  and  combine,  ay  +  6y  «  a*  —  o'&  —  oi*  +  A*. 

_  a»  -  <iV>     g//*  f  y 
***  ^  '  a  4  6 

or,  y='a»-2a6  +6*. 


16. 


bx  —  be-^ay  —  ac 
x—y^a^b 

(1) 

(2) 

Transpose  (1), 
Multiply  (2)  by  a, 

6x  —  oy  =»  (6  —  a)  c 
ax  —  ay=^{a-b)a 

(3) 

Subtract. 

(b-a)x=^c(b-a)+a(b-a) 

Multiply  (2)  by  b, 

bx  —  ay-^ib  —  ajc 
bx  —  by  ==  (a  —  b)b 

(1) 
(4) 

Subtract, 

(ft  _  o)  y  -  c  (6  -  a)  +  6  (6  -  a) 
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17. 

^  =  c  (1) 

y-o 

a(x-a)  +  6(y-6)+o6c  =  0  (2) 

Simplify  (1),  x-cy  =  a  —  he  (3) 

(2)  is  ax -{■  hy  =  a^  ■{- h^  -  abc  (4) 

Multiply  (3)  by  a,  ax-acy  =  a^-  abc 

Subtract,  by  +  acy  =  6* 

y 

6  +  ac 
Multiply  (3) by  6 and (4) by  c,    hx—hcy=^ah  —  cb^ 

OCX  +  &cy  =  g'c  -f  b*c  —  a&c^ 
Add,  bx  -f  OCX  =  aft  +  a*c  —  cM 

ac+  b 

18. 

(a  +  6)ar-(a-6)3/  =  4a6  (I) 

(a  -  6)a;  +  (a  +  6)y  =  2a«  -  26»  (2) 

Multiply  (1)  by  (a -6), 

(a«  _  62)a;  -  (a  -  6)»y  =  4a»6  -  4  a6»  (3) 

Multiply  (2)  by  (a  +  6), 

(a« - 5«)a;  +  (a  +  6)»y  =  2a»-2a6»  +  2a»6-26»  (4) 
Subtract  (3)  from  (4),  (2o«  +  26«)y  =  2a» -  2a«6  +  2a6» -  26». 

.*.  y  =  a  — 6. 
Multiply  (1)  by  (a  +  b)  and  (2)  by  (a  -  b\ 

(a  +  bfx  -  (a«  -  62)y  =  4o«6  +  4a6» 
(g  -  b)^x  +  (g'  -  b^)y  =  2a»  -  2a»6  -  2ab'  +  26» 
Add,  (2o«  +  26«)x  =  2g3  +  2g»6  +  2o6»  +  26» 

.'.  a;  =  g  +  6. 

19. 

(jc  +  a)(y  +  6)-(a;-g)(y-  6)  =  2(a-6)«  m 

Simplify  (I)  ..a  (2).      a:-y  +  2(g-6)  =  0  (2) 

xy  A-  bz^  ai^  +  ao  —  xy  +  ay  +  bx  —  ab  =  2(g  —  6)'  (3) 

x-y  +  2g-26  =  0  (4) 

Tranflpofie  and  combine,         2  ay  +  2  6x  =  2  a*  —  4  g6  +  2  6*  (5) 

a;-y  =  26-2g  (6) 

Divide  (5)  \\y  2,  ay  ■}-bx=a^  —  2ab  +  6» 

Multiply  (U)  by  a,  -ay -faa;  =  2g6- 2a' 

Add,  (6+g)a;  =  6«-a« 

.*.  x  =  b—a. 
Sabfitiluto  vsliM  of  x  in  (6),     6  —  a  —  y  =  26  —  2a. 

,  •.  y  '=a  —  b. 
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20. 


Simplify  (1). 
Simplify  (2), 
Multiply  (3)  by  a. 
Multiply  (4)  by  6, 
Subtract, 


(a  +  b)(x-{^y)-{a  -  6)(x-y)-a« 

(a-&)(x  +  y)  +  (a+6)(x-y)-6« 

2fta;  +  2ay-a* 

2ajr-26y  =  i» 

2a6x  +  2a«y  -  a* 

2061- 2bh/     " 


Multiply  (3)  by  b. 
Multiply  (4)  by  —a, 
Subtract, 


6» 


(2a»  +  26«)y-(i»-6» 

^      2{a«  ^  6») 
26«xl-2a6y  =  a»6 
—  2o*a;  +  2fl^y  =  -ay 
(2o«  +  26«)x-a«6  +  a6« 


2(a«  +  6«) 


0) 


1. 


£XEKC1SE   67. 

1  +  ?=10 

(1) 

2.               l  +  ?..a            (1) 

X    y 

X    y                ^  ' 

1,5  =  20 

(2) 

5  +  1   .6            (2) 

X      y 

X     y 

Multiply  (1)  by  4, 

Multiply  (1)  hy  3. 

4      8,^ 

3       n       _                 -^ 

-  +  -  =  40 

(3) 

-  +  --3a         (3) 

X     y 

X     y 

(2)  is 

^?  =  20 

(2)18           ?  +  l^& 

a?   y 

'   y 

Subtract, 

5  =  20 

Subtract,           -=-3  a     h 

y 

y 

.•.y=J. 

0 

,•.  V  —  — — — 

Multiply  (1)  by  3, 

^      Za-b 

5  +  5=      30 

«   y 

(4) 

Multiply  (1)  by  2, 

M=2a 

(2)  by  2. 

5  +  5=     40 

(5) 

^   y 

a;     y 

(2)i8           £  +  1  =  6 

5 

*   y 

Subtract, 

--        =-10 

Subtract,    1        =6_2o. 

a; 

or,  lOx  =  6. 

X 

.-.x-i. 

...X-      1     . 

6-2a 
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3. 

2     ±_± 

(1) 

8.                  ?-l  =  5        (1) 

X     3y     27 

*  y 

J.+l  =  ll 
4x^y     72 

(2) 

i-l-  « 

(1)18 

Bx{2)\s 

2      5  _  4 

Multiply  (1)  by  (4). 

X     3y     27 

2     8     11 
x'-y      9 

(3) 

L2-l?  =  20 

*     y 

(2)  by  3.     1?-1§  =  18 

Sabtract, 

29      29 

*     y 

3y     27 

Subtract,           -1=   2 

.-.y  =  9. 

y 

Sabstitnte  value  of  y  in  (1), 

-••y=-}- 

2       5       4 

Substitute  value  of  y  in  (1), 

X      27     27 

3     o     e 

2      9 

-  +  8  =  5. 

X 

X     27* 

.•.x  =  -l. 

.•.x  =  6. 

hrj  (^) 

4. 

X     y 

(1) 

-  +  ?  =  *£       (2) 
X     y      a 

3_2„4 

(2) 

Multiply  (1)  by  h  and  (2)  by  a. 

^^^  =  ac 

Multiply  (I)  by  3. 

^    y 

?  +  5  =  12 

^   y 

?_2.   4 

aft     a'      , 
_  +  —  =  6c 

^     y 

(2)  is 

Subtract,      ^~***  =  ac     be 

«    y 

y 

a  +  6 

Subtract, 

5  =  8 

...y=         ^    . 

y 
.•.y  =  i. 

Multiply  (1)  by  a  and  (2)  by  6, 

a'     ah     a^c 

(l)is 

U?  =  4 

X      y  ~  h 

«   y 

^  +  ^-^ 

3     2 

(2)  is 

r_f  =  4 

X      y       a 

a;     y 

a^  —  h^     cfic~h^c 

Add, 

1        -8 

Subtract,      ^5^ — ~  =  ^^  , 
X              ao 

X 

.    3._     a6(a  +  6) 

.•.x=J. 

c(o*  +  a6  +  6*) 
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7. 

ax     by 
5       2, 
ax     by 

(1) 

(2) 

Multiply  (1)  by  5. 

15  +  15  =  25 
av     by 

Multiply  (2)  by  2. 

12_±_   6 
ax     by 

Subtract, 

1?=19 

•■•y-b 

Multiply  (1)  by  2. 

ax     by 
ax     by 

Multiply  (2)  by  3. 

» 

Subtract 

1?=.19. 

OX 

1 

.'.  X  =-  — 

a 

a 

i!L4  Jl^^m^n 
nx     viy 

Tl         7/1             n           - 

.T       y 

0) 

(2) 

Multiply  (1)  by  n, 

77171         W                /               . 
-h  =-7l(77l  +  ?l) 

710?      my 

Multiply  (2)  by  - 

mn     771*      7n  (m*  +  n') 
nx      ny              n 

Subtract 

fl'-77l'_7l'(m-f-7l)- 

7n(7n' 

77l» 

+  n») 

»Hf  %ftm#  VA.  9M\JV^ 

mny                         ti 

7l»- 

^        Wl^n^  ^  7/171*  - 

-7n*- 

-ro'n' 

1 
.     •••3^  =  7n' 

Substitute  value  of  y  in  (2),     a?  =  — 
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y.     _  +  _  =  wi 

^   y 

(1) 
(2) 

Multiply  (1)  by  &, 

ab     b^      , 
—  +—  =&m 

X      y 

ab     a« 

r=an 

X      y 

Multiply  (2)  by  a. 

Subtract, 

Multiply  (1)  by  a, 
Multiply  (2)  by  6, 

Add, 


=  bm^an 

^      _  «'  +  ^' 
"  *  ^     6m  —  an 

— I =  am 

X      y 

X      y 


a«  +  6» 


=  am-{-  bn 

a^  +  b\ 
am  +6n 


Exercise  68. 


1 


5x  +  3y-6z  =  4  (1) 
Sx-y  +  2z=^S  (2) 
a;  -  2y  +  2z  =  2     (3) 

(l)is         5a;  +  3y-6z=   4  (1) 
3  X  (2)  is  9a?-3y  +  6z  =  24 

Add,       14  X  =28 

.-.  x  =  2. 

(I)i8         5a;  +  3y-6z=   4  (1) 
3x(3)is    3g-6y  +  6z=    6 

Add,         Sx-Sy         =10  (4) 
Substitute  value  of  x  in  (4), 
16~3y  =  10, 
-3y  =  -6. 

Substitute  values  of  x  and  y 
in  (3), 

2-4-h2z  =  2, 

22  =-4. 

.-.  z  =  2. 


2.      4a:-5y  +  2z  =  6         (1) 

2a:  +  3y-z  =  20       (2) 

7a:-4y  +  3z=35       (3) 

Multiply  (1)  by  3  and  (3)  by  2. 
12a;-15y+6z=  18  (4) 
14a;-8y+6z=      70 

Subt,-2x-  7y        =-52  (5) 
Multiply  (2)  by  3  and  (3)  by  1, 
6a:+9y-3z  =  60 
7a;-4y-f3z  =  35 

Add,    13a;+5y        =95      (6) 
Multiply  (5)  by  5  and  (6)  by  7, 
10x  +  35^=     260 
91g4-35y=     665 

Subt.,  -81a;  =-405 

.-.  a;  =  5. 
Substitute  value  of  x  in  (6), 
65  +  5y  -  95. 

.•.y  =  6. 

z  =  8. 
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x  +  y+«-6  (1) 
5a:  +  4y  +  32  =  22  (2) 
15x  +  10y-t^-53  (3) 
(3)  is  ^15x+10y+6«-53 
6  X  (1)18  Qx-k-  6y-f62:^3G 
Subtract,  9a?+  4y  -17  (4) 
(2)  is  5x+4y+32=22 

3x(l)i8      3z-H3y+32=rl8 

Subtract,     2z+  y        »   4  (5) 
(4)is  9x  +  4y-17 

4 X  (5)18  8x-|-4y-16 

Subtract,  x  «»    1 

Substitute  value  of  x  in  (5), 

2  +  y-4. 

.•.y  =  2. 

Substitute    values  of  x  an<l  y 

in(l),  1+2  +  2  =  6. 

.*.  «  =  3. 


^  4x-3y  +  £  =  9     (1) 

9x  +  y-6z=16  (2) 

x-4y  +  32  =  2     (3) 

(l)iB  4x-3y+     2=    9 

3x(2)i8  27x+3y-152  =  48  (4) 

Add.        31 X        -142  =  67  (5) 
Multiply  (2)  by  4, 

36x+4y-202  =  64  (6) 
(3)  is  x-4y+  32=   2 

Add,       37x        -172  =  66(7) 
Multiply  (5)  by  37, 

1147x-5272  =  2046 
31 X  (7)  is  1147x-5182  =  2107 
Subtract,  -  92  =  -  63 

.-.2=7. 

Substitute  value  of  2  io  (7), 
37x-119  =  66, 
37x=185. 
.-.  x  =  5. 
Substitute  values  of  x  and  y 
in(l),    20-3y  +  7  =  9, 

-3y  =  -18. 


b.        8x  +  4y-3s-6       (1) 
x  +  3y-«-7       (l'» 
4x-5y  +  4«-8       (3; 
(l)i»       8x+4y-3«-      6 
3 X (2)i»  3x^9y-32-     21 

Subt..      5x~5y         --15(4) 
Multiply  (2)  by  4, 

4x+12y-42  -2^ 
(3) is      4x-  hyA.\z^    tt 

Add,      8x4-  7y        -  3»5     ^5) 
Multiply  (4)  by  7  an«l  (5)  by  5. 
35x  -  r»y  -  -  105 
40x  r  3-">y  -       1-^) 

Add,         75x  -        75 

.-.  x-1. 
Substitute  value  ofx  in  (4). 
5-5y--   15. 
-5v-  -2i>. 
.•.y-4 
Substitute  values  of  x  and  y 
in  (2).     1  +  12-2-7. 

6.      12x  +  5y-42   -29     (1) 

13x-2y +  5y..58     (2) 

17x-y-2.-l5     (:{) 

(1)18      12x+5y-42-29 
4x(3)ia6Sx-4y~42  =  *R»     (4) 

Subt,  56x-9y  =31  (5) 
(2)  is  13x-2y+52=  58 
5x(3)  is  85  x-5  y  -5  z  -  75  (iJ) 
Add,  98x-7y  =133  (7) 
Multiply  (7)  by  9  and  (5)  by  7, 
882x-63y  =  1197('*) 
392x-63y=    217^^) 

Subt.      490x  =    ysO 

.-.  x  =  2. 
Substitute  value  of  x  in  (7), 
196  -  7y  =  133. 
...^  =  9. 
Substitute  values  of  x  and  y 
in(l),  24+45-42  =  29. 
.-.  2  - 10. 
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(I)i8 

(3)  is 
Add, 


x—y —2=5 
a;  +  y  -  2  =  25 
a  +  y  +  2  =  35 
re  — y  —  z==  5 
a;  +  y  +  2  =  35 
2x 


(1) 
(2) 
(3) 


=  40 

.-.  a:  =  20. 

Substitute  value  of  ar  in  (2)  and  (3), 

y-z=^   5 

y  +  2  =  15 

Add,  2y        =  20 

.•.y  =  10. 


Subtract, 


-  22  =  -  10. 
.-.2  =  5, 


8.  a;+y+2  =  30  (1) 

8x  +  4y  + 22  =  50  (2) 

27ar  +  9y  + 32-64  (3) 

Multiply  (1)  by  2, 

2«  +  2y  +  22  =  60  (4) 

(2)  is     8g  +  4y  + 22  =  50 

Sub., -6a;- 2y  -10  (5) 

Multiply  (1)  by  3, 

3aj  +  3y  +  32  =  90  (6) 

(3)  is    27a;  +  9y  +  32  =  64 

Sub.,-24a;-6y  -=26  (7) 

Multiply  (5)  by  3, 

-18a;-6y  =  30  (8) 
(7)  is         -24a;-6y  =  26 

Subtract,       6aj  =4 

.•-*=f. 

Substitute  value  of  x  in  (8), 
-  12  -  6y  =  30. 
.-.  y--7. 
Substitute  values  of  x  and  y 
in(l).        J -7 +  2  =  30. 
.•.2  =  36J. 


Multiply  (1)  by  2, 
Multiply  (2)  by  3, 

Add, 

Multiply  (2)  by  7, 
Multiply  (3)  by  16, 
Add, 

Multiply  (6)  by  154, 
Multiply  (9)  by  3, 

Subtract, 


9.  15y  =  242-10a;  +  41 

15a;=12v-162+10 
18a:-(72-13)  =  14y 

20a;  +  30y-482=  82 
45a;-36y  +  482=  30 
65a;-   Qy  =112 

105a;-    84y  +  1122  =  70 
288a;  -  224y  -  1122  =  -  208 
393x-308y  =-138 

10,010a;  ^924y  =  17,248 
1,179  a; -924y=  -414 


8.831a; 


=  17,662 

.  ar  =  2. 


Substitute  value  of  x  in  (6),  130  -  6y  =  112. 

.'.  «  =  3 
Substitute  values  of  x  and  y  in  (1), 

20  +  45-242-41. 
.-.2  =  1. 


(2) 
(3) 

\% 

(6) 
(7) 
(8) 
(9) 
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10.                     3x-y  +  2=17  (1) 

12.         x+  2y  4^  32-6 

(1) 

5x-f  3y-22-10  (2) 

2x  +  4y  +  22-8 

(2i 

7a;  +  4y-52-3     (3) 

3x+2y  +  8«-101 

U 

Multiply  (1)  by  2, 

Multiply  (1)  by  2. 

6x-2y  +  22  =  31  (4) 

2x  +  4y +  62-  12 

(*) 

(2)  is      5x  +  3y  — 22=10 

(2)i«    2x  +  4y  +  22-    8 

(5) 

Add,    llx+    y           -44  (5) 

Subtract,              42-4 

Multiply  (1)  by  5, 

.-.  2-1. 

15x  — 5y  +52  =  85  (6) 
(3)iB      7x-+4y-52-   3 
Add,    22x-    y           *  88  (7) 
(5)  is    11x4-    y          =44  (5) 

(2)i«     2x+4y+  22-8 
2x(3)iB6xf4y+ir,2^     202 
Subt..--4»        -142   -  -lt*| 

(7) 

Substitute  value  of  2  in  (S), 

Add,    33  X                    =132 

-4x-14  --194 

.-.  x  =  4. 

-4X--180 

Substitute  value  of  x  in  (5), 

44  +  y  =  44. 
.-.  y  =  0. 
From(l),                  2  =  5. 

.-.  X   '45. 

Substitute  values  of  x  and  t  in 
45  4-  2y  j  3    -  <J. 

2y  -  -  42. 

.-.y  -  -21. 

'(1). 

11.                      x  +  y  +  2  =  6     (1) 
3x-5y  +  72=75  (2) 
9x-ll2+10  =  0     (3) 

13.         x-3y-22  =  l 

2x-3y+  5s---  19 
5x  +  2y-2=  12 

(1) 
(li) 

Multiply  (1)  by  5, 

Multiply  (3)  by  2, 

5x  +  5y+    52=   25(4) 

10x  +  4y-22-24 

W 

(2)18   3x-5y+    72=   75 

(l)is      x-3v-22=.    1 

Add,    8x           +122  =  100(5) 

Subt.,  9x  +  7y              1»3 

if^) 

Multiply  (5)  by  9  and  (3)  by  8, 

Multiply  (3)  by  5. 

72x  +  1082=  900 

25x+10y-52=      GO 

CO 

72x-   88 2  =  -80 

(2) is      2x-  3  vf52  =  - 19 
Add,  27x+  7y          =     41 

Subtract.            .1962=  980 

(7) 

.-.2-5. 

(5)  is    9x+  7v          =     23 

Substitute  value  of  z  in  (3), 

Sub.,  18  X                   =      18 
.-.  x=l. 

9x  -  55  =  -  10, 

9x  =  45. 

Substitute  value  of  x  in  (5), 

.-.  x  =  5. 

9  +  7y  =  23. 

Substitute  values  of  x  and  z 

.-.  y  =  2. 

in(l), 

Substitute  values  of  x  and  y  in 

(1). 

5  +  y  +  5  =  5. 

l-6-2«  =  l. 

.•.y--5. 

.-.2 --3. 
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14.  3x-2y==5       (1)   16. 

4a;-3y  +  22=ll     (2) 
a;-2y-5z  =  -7    (3) 

Multiply  (2)  by  5  and  (3)  by  2, 

20ar-15y+10z=     55(4) 

2x-  4y-102  =  -14(5) 

Add,    22a;-19y  =     41(6) 

Multiply  (1)  by  19  and  (6)  by  2, 
57x-38y  =  95  (7) 
44a;-38y  =  82     (8) 

Subtract,    13  a:  =13 

Substitute  value  of  x  in  (1), 
3-2y  =  5, 
-2y  =  2. 
.•.y  =  -l. 

Substitute   values  of  x  and  y 
in  (2), 

4  +  3  +  2z  =  ll, 
2z  =  4. 

.-.   3  =  2. 


(1)18 
(2)18 

Add, 
(3)is 

Add. 


2a;-3y  =  3 

3y_42=7 

-5a;  +  42  =  2 

2a;-3y  =   3 

3y-42=    7 


(2) 
(3) 


2x 
—5x 


-4z  =  10 
+  42=    2 


-3  a; 


=  12 
.-.  ar  =  -4. 
Substitute  value  of  a?  in  (1), 
•  -8-3y  =  3, 
-3y  =  ll. 
r.y  =  -3l 
Substitute  value  of  x  in  (3), 
20  +  4z  =  2, 
42  =  -18. 

.-.  2  =  -4J. 


17. 


15.  a;+    y  =1     (1) 

y+    z-   9     (2) 
x  4-    2=    5     (3) 

Add,      2a;  +  2y  +  22  =  15 

a;  +  ?/  +  2  =  7J     (4) 
Subtract  (1)  from  (4), 

2  =  6}. 

Subtract  (2)  from  (4), 

a;  =  -l}. 

f^uLtracl  (3)  from  (4), 

y  =  2}. 


3a:-4y  +  62=l  (1) 

2x  +  2y-z  =  l  (2) 

7a;-6y  +  72  =  2  (3) 
(l)is        3a;~  4y+62=l 

6x(2)  i8l2a;-i-12y-62  =  6  (4) 

Add.      15ar+  8y         =7       (5) 
Multiply  (2)  by  7, 

14a:4-14y-72  =  7       (6) 
(3)  is         7a;-  6^+72  =  2 

Add,      21x+  8y        =9      (7) 

Subtract  (7)  from  (5), 

-6a:  =  -2. 
.-.  x  =  i. 

Substitute  value  of  x  in  (7), 
7  +  8y  =  9, 
8y  =  2. 

Substitute  values  of  x  and  y 
in  (2). 

.-.2=  J. 
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18. 


7«~3y  =  30 
9y-5«  =  34 
« -i-  y  +  «  =»  33 
Multiply  (3)  by  7, 

7a; +  7y +  72  =  231 
(1)  is      7a;-3y  =   30 


P) 


Subtract,       lOy  +  72  =  201 
Multiply  (2)  by  10  and  (5)  by  9, 

90y-  502=       340(6) 

90y+    632=     1809(7) 

Subtract,  -1132  =  -1469 


SabstitnU  yalae  of  s  in  (5). 

lOy  +  91-201. 
lOy^llO. 
.-.y-ll. 

Sabstitutevalaes  of  y  and  x  in  (3), 
«+ 11 +  13-33. 
.*.  «  -  9. 


2=13. 


19, 


-!*!-■ 

3x(l)i«18x+9y+62"108 
(3)18        3ap+2y+62  -  102 

£         X 

Sub.,      15xf7y        "     (»       (4) 

y^M— ^• 

2x(2)i8  4arfl2y+62--    12 

(3)ifl      3a;+2y+62-      102 

^^+f+?=i^. 

Sub.,        ar+lOy        "-114   (5) 

2     3 

Subtract  7  X  (5)  from  10  x  (4), 

Simplify, 

M3X-858 

Ga;  +  3y  +  22=    36 
2a;  +  6y +  32  =  -6 

(1) 

(2; 

.\a;«0. 
Substitute  value  of  x  in  (r>), 
•/  - .      1  *> 

3x  +  2y  +  62  =  102 

(3) 

y  -  -  1— 

Substitute  values  ofx and  y  in (1), 
2 -IS. 

20. 

(1) 

Multiply  (6)  by  4  and  (3)  by  3. 

12     32 
-+-  =  108 

,^-1-6 

(2) 

X          2 

12     9       ,^ 

(    y   - 

+  -=    15 

^2        X    ^^ 

(3) 

X        2 

Add                      11  =  123 

^■^^' 

2 

Multiply  (1)  by  3  and  (2)  by 

2. 

.•.e  =  i. 

5  +  5=15 
X     y 

Substitute  value  of  z  in  (3), 

(4) 

9-1  =  6. 

X 

8     6 

.".  x=l. 

+  -  =  -12 

«    y 

(5) 

Substitute  value  of  x  in  (1), 
1+2  =  5. 

Subtract,           ?  +  -=     27 

(6) 

X      z 

.-.y-}. 

/ 


/ 
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Add, 
(l)is 
Subtract, 


111 

-+ =a 

X     y     z 

111, 
X     y     z 

1      1      1 

-  + =  c 

y     2      X 


21. 

(1)  (4)i8  l  +  l  +  l^a  +  ft  +  c 
"^  '  X     y     z 

/ox-  1      1      1      7. 

(2)  (2)iB  ---  +  -=6 


1      1      1 

_  +  _  +  _  = 

X     y     z 

1      1      1 

-  + =  a 

X     y     z 


(3) 
a+h+c  (4) 


2      , 
z 


6  +  c 


Subtract, 


2 

y 


=  a  +  c 

2 
a  +  c 


111  1. 

(4)  IS         _4.-  +  _  =  a  +  6  +  c 
^  ^  X     y     z 

,ox-  111 

(3)  IS    __  +  _  +  _  =  c 
a:     y     2 


Subt., 


=  a  +  6 
a  +  6 


22. 


Multiply  (1)  by  a, 
Multiply  (2)  by  6, 
Multiply  (3)  by  c 

Add  (4),  (5),  and  (6), 
Subtract  twice  (4)  from  (7), 
Subtract  twice  (5)  from  (7), 
Subtract  twice  (6)  from  (7), 

In  (8), 
In  (9), 
In  (10), 


hz-\-  cy  = 

a 

(1) 

az  +  cx  = 

-h 

(2) 

ay  +  bx'='C 

(3) 

abz  +  acy  = 

-a^ 

(4) 

abz  +  hex  = 

-h^ 

(5) 

acy  +  hex  = 

-<? 

(6) 

2abz 

+  2acy  -\-2hcx  = 

=  a»  +  62 

+  c2 

(V) 

2hcx  = 

-.}^^<? 

-a' 

(8) 

2acy  = 

:a«-62 

+  c2 

(9) 

2ahz  = 

=  a»  +  62 

-c« 

(10) 

62 

+  c2- 

a' 

a' 

26c 
-6*4 

c* 

a' 

2ac 
+  62- 

-c« 

2a6 
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Multiply  (1)  by  60  and  (2)  by  30, 
1L0_!?,^.456        (4) 

12  +  15  +  50  =  305        (5) 
X      y      z                     "-  ^ 

24. 

Add, 
Multiply 

(2)  is 
Subt., 

{4)IH 

Subtract, 
Substitut 

?-5  +  ^-2.9     (1) 
X     y     z               ^  ' 

■(l)by2. 

Sub.,  170    63         _^5j 

X         y 

Multiply  (2)  by  60  and  (3)  by  30, 
^  +  ^  +  1^  =  610        (7) 

X      y        z                     ^  ^ 

1-S!!^5.8      (5) 
X     y     z                ^  ' 

5     6      7 

X     y      z                ^  ' 

1     7 

Sub.,--+—           =127         (9) 

-i%-  "•'  <«) 

X      y 
Multiply  (6)  by  2  and  (9)  by  85. 

^^^-^-^-302       (10)- 
X          y 

«-    ..8 
0  value  of  2  in  (4), 

Add, 


3699 


=  11097 


Substitute  value  of  y  in  (9), 
--  +  135=127, 

X 

8x  =  4. 
Substitute  values  of  x  and  y 

•°  (^>' 

60 
20+45+— «  305, 

2 

240z  =  60. 
.•.2  =  i. 


-  '  +  7.7  -=  7.4. 
x 


Simplify,   -1+7.7t  ^7.4j-, 
3x-10. 
.-.  x  =  3f 

Substitute  values  of  x  and  z  in  (1), 

0.6  -  -  +  4.4  =  2.9. 

y 

Simplify, 

0.6y-3  +  4.4y  =  2.9y. 
.-.y^lf 
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25. 

*    y    z 

(1)     (5)  is                  ^-L 

=  2 

2-2  =  2 
z     y 

(2)     Mul.(3)by3,    ?+?  = 

=  4 

Multiply  (1)  by  2, 

(3)     Add,                  1        =6 
Substitute  value  of  x  in  (5), 

l+2_6^0 
X     y     z 

(2)i8                 -?  +  -  =  2 

y    2 

(4,                               f-f- 
Substitute  values  of  a;  and  y  ii 

Kl). 

Add,              ^        -?  =  2 

JC               z 

26. 

ax  -{-by  +  cz^a 

(1) 

ax  —  hy  —  cz=^h 

(2) 

CLX  -\-  cy  -\- hz  =  c 

(3) 

Add  (1)  and  (2), 

•2ax  =  a  +  6 

(4) 

Multiply  (2)  by  h  and  (3)  by 
abx           —hhf 

OCX 

•a:     ^  +  ^ 
2a 

-  6cz  =  6» 
f  c^y  +  6c2  =  c* 

g{ 

Add,               ahx  +  acx  —  6^ 

+  cV           =6«  +  c« 

(V) 

Substitute  value  of  x  in  (7), 

a^t  +  fi*n  -L  a?;-'  +  ahc 

-r6«-av  =  6»  +  c«. 

•    -  .  a6  +  oc-f  6c-6«-2c» 

"^  2(6«-c«) 

Substitute  valufis  of  x  and ;/  in  (3), 

a  +  5  ,  fj^c  +  flc'  +5c^-6^c-2c»  ,  , 

+  — — -^^^— ^-^^— ^^— — —  +  oz  =  c. 

_  She  —  db  —  ac  —  h^ 


teachers'  edition.  191 


2T. 

3  4  6  ^  ' 

Simplify, 40x-20y  =  45y4-30«-  12x  -  12y - 12« -  240 

40x-20y"r>*'^ 
45y  +  30«  -  ; 
12a:-12y-122- 
Divide  (1)  by  20.  .  2x  -  y  ^ 

Divide  (2)  by  15,  3y  +  2«. 

Divide  (3)  by  12,  x-y-f 

Multiply  (4)  by  3,  6x  -  3y 

(5)  is  3y  +  22  - 


Add.  6x  +  22  ^ 

(4)  is  2x  —  y 

(6)  is  X  — y- 


Sabtract,  x        + « 

(8) -5-*  2  is  3x  +  2 

(9)  is  X  +  2 


210 

s 

210 

240 

i3> 

12 

4 

10 

(S) 

20 

(«) 

36 

(7) 

16 

52 

(8) 

12 

20 

-8 

(9) 

26 

-  8 

Subtract,  2x        -     34 

.•.  x==  17. 
Substitute  value  of  x  in  ^4V  y  =  22. 

Substitute  value  of  y  in  (5),  « --  —  25. 

28. 

x~y  ^x-a-h  .J. 

a        a  +  6  +  c 


y_'~_^  —  X  —  a  —  h 
h        a  +  6  +  c 

X  4-  g  _x—  g  —  6 
c        a  +  6  +  c 


(2) 
(3) 


x(a  +  6  +  c)  —  y(a  +  6  +  c)  =  ox  —  a*  -  aft  (1) 

-z{a  +  6  +  c)  +  y(a  +  6  +  c)  =  6x  -  6*  -  a6  (r)) 

x(a  +  ft  +  c)  +  2(a  +  6  +  c)  =  ex  —  PC  —  6c (<">) 

Add,  2x(a  +  ft  +  c)  =  x(a+ft+c)-a*-ft''-2aft-ac-ft<j 

x(a  +  ft  +  c)  =  -  (a*  +  ft'  +  ^oJb  ■^ac-\-  he). 
...  x  =  -(a  +  ft). 

From(4),   -{a+ft)(a+ft+c)-yra+ft+c)  =  -  2a*  -  2aft, 
or,  -y(a+ft+c)  =  -  a*  +  ft'  4-  oc  4-  ftc. 

.  (a+ft)(a-ft-c) 

a  +  ft  +  c 
Froin(6),  --(a+ft)(a+ft+c)+2(a+ft+c)  =  -  2ac  -  2ftc, 

z(a+ft+c)  =  a*  +  2  aft  +  ft*  -  ac  -  ftc. 

.^  ^     (a  +  ft-c)(a  +  ft) 

°°        a  +  ft+c 
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Exercise  69. 

1.  The  sum  of  two  numbers  divided  by  2  gives  as  a  qaotient 
24,  and  the  difference  between  them  divided  by  2  gives  as  a  quo- 
tient 17.    What  are  the  numbers? 


Let                X  =  first  number, 
and                    y  =  second  number. 

Then 

^±i^-24 
2 

and 

?^  17 
2 

Add  (1)  and  (2). 
Subtract  (2)  from  (1), 

x  =  41 

(1) 

(2) 


2.  The  number  144  is  divided  into  three  numbers.  When  the 
first  is  divided  by  the  second,  the  quotient  is  3  and  the  remainder 
2 ;  and  when  the  third  is  divided  by  the  sum  of  the  other  two 
numbers,  the  quotient  is  2  and  the  remainder  6.  Find  the  num- 
bers. 

Let  X  =  first  number, 

y  =  second  number, 


and                    2  =  third  number. 

Then 

x  +  y  -\-z=  144 

(1) 

-2  =  3 
?-6     2 

(2) 

and 

(3) 

x-\-y 

Simplify  (2), 

x~3y  =  2 

(4) 

Simplify  (3), 

z-2y-2x=     6 

(5) 

Multiply  (1)  by  2, 

2a:  +  2y  +  22=288 

(6) 

Add  (5)  and  (6), 

32  =  294 
.-.  2  =  98. 

Substitute  value  of  z  in  (1),  a?  +  y  +  98  =  144, 

x-\-    3/ =  46 

(7) 

(4)  is 

a;-3y=    2 

Subtract, 

4y  =  44 

.•.y  =  ii. 

Substitute  value  of  y 

in  (7),      a: +  11  =  46. 
,-.  a;  =  35. 

teachers'  edition. 


193 


3.  Three  times  the  greater  of  two  nnmberB  exceeds  twice  the 
less  by  10 ;  and  twice  the  greater  together  with  three  times  the 
less  is  24.    Find  the  numbers. 


Let                X  =  greate] 

r  numl>6r, 

and                   y  =  less  naml>6r. 

Then 

3x-2y-10 

(I) 

and 

2x  +  3y-24 

(2) 

Mnltiply  (1)  by  2. 

6x-   4y=-     20 

Multiply  (2)  by  3. 

6x+   9y=-     72 

Subtract, 

-13y--62 

.•.y-4. 

Substitute  value  of  y  in 

(1),  3X-8-10. 
.-.  X  =  6. 

4.  If  the  smaller  of  two  numbers  be  divided  by  the  greater, 
the  quotient  is  0.21  and  the  remainder  0.0057^  but  if  the  greater 
be  divided  by  the  smaller,  the  quotient  is  4  and  the  remainder 
0.742.    What  are  the  numbers  ? 


Let                X  =  larger  number, 

and             .     y » smaller  number. 

y 

Then             |  ==  smaller  divided  by  larger. 

-  =  larger  divided  by  smaller. 

y                0.0057 

Hence,                                            |-0.21  +  — j^ 

0) 

and                                                     ?  =  4.^-7^2 

(2) 

y          y 

Simplify  (1),                                  y  =  0.21  x  +  0.0057 

y  -  0.21  x  =  0.0057 

(3) 

Simplify  (2),                                  x  =  4y4-0.742 

x-4y  =  0.742 

(4) 

Multiply  (?)  by  4,         4y  -  0.84x  =  0.0228 

(4)  is                           -4v+         x  =  0.742 

Add.                                       0.16x  =  0.7648 

.-.  x-4.78. 

Substitute  value  of  x  in  (4), 

-4y= -4.038 

.-.  y  - 1.0095. 
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5.  Serea  jeara  ago  the  age  of  a  father  was  four  times  that  of 
his  SOD ;  seren  jean  heooe  tlie  age  of  tlie  father  wiU  be  double 
that  of  the  son.    What  are  their  ages? 

Let  X  =  namber  of  yean  in  Other's  age. 

Then    x  4-  7  =  nnmber  of  years  in  hUhers  age  7  years  hence, 

x  —  7  =  nnmber  of  years  in  Other's  age  7  years  ago. 
Let  y  =s  nnmber  of  years  in  son's  age. 

Then   y  +  7  =  nnmber  of  years  in  son's  age  7  years  hence, 
y  —  7  =c  number  of  years  in  son's  age  7  years  ago. 

x-7  =  4(y-7)  (1) 

x  +  7  =  2(y  +  7)  (2) 

x-4y  =  -21  (3) 

x-2y=       7  (4) 

Subtract,  -2y  =  — 28 

-•.y  =  14. 
Snbstitnte  value  of  y  in  (4), 

x-28  =  7. 

.-.  x  =  35. 

6.  The  sum  of  the  ages  of  a  father  and  son  is  one-half  what 
it  will  be  in  25  years ;  the  difference  between  their  ages  is  one- 
third  of  what  the  smn  will  be  in  20  years.    What  are  their  ages? 

Let  X  =  namber  of  years  in  fiather's  age, 

and  y  =>  number  of  years  in  son's  age. 

Then    x  +  y  —  sum  of  ages, 
X  +  y  +  60  —  sum  of  ages  in  twenty- five  years. 


,_«^^±it±iO 


(2) 


Simplify  (1),  x  +  y  =  50 

Simplify  (2),  2x-4y  =  40 

(3)  is  x+    y  =  50 

(4)-i-2iB  X— 2y  =  20 

Subtract,  3y  =  30 

•.•.y  =  10. 
Substitute  value  of  y  in  (3), 

x  +  10  =  50. 
••.  a?  =  40, 


TEACHCBS'    EDITION.  195 

7.  If  B  give  A  $25,  they  will  have  equal  sums  of  money;  but 
if  A  give  B  $  22,  B's  money  will  be  double  that  of  A.  How 
much  has  each? 

Let  X  =  number  of  dollars  B  has, 

and  y  »  number  of  dollars  A  has. 

Then  a;  —  25  =>  number  of  dollars  B  has  after  giving  f  25  to  A. 
y  4-  25  =  number  of  dollars  A  has  after  receiving  |25. 
a;-25  =  y  +  25  (1) 

y  —  22  =  number  of  dollars  A  has  after  giving  125  to  H. 
a;  +  22  =>  number  of  dollars  B  has  after  receiving  |22. 
ar  +  22  =  2(y-22)  (2) 

Transpose  and  combine, 

a?-    y-     50  (3) 

x~2y  =  -66  (4) 

Subtract,  y-    116 

Substitute  value  of  y  in  (3), 

x-116-50. 
.-.  x-166. 


8.  A  farmer  sold  to  one  person  80  bushels  of  wheat  and  40 
bushels  of  barley  for  $67.50;  to  another  person  he  sold  50 
bushels  of  wheat  and  80  bushels  of  barley  for  $85.  What  was 
the  price  of  the  wheat  and  of  the  barley  per  bushel? 

Let     X  =  number  of  dollars  received  per  bushel  of  wheat, 
and         y  ==  number  of  dollars  received  per  bushel  of  barley. 

Then  30»  +  40y-67}  (1) 

50a:  +  30y-86  (2) 

Simplify  (1),  60x  +  80y  - 135  (3) 

Multiply  (2)  by  f,    60x-H36y  =  102  (4) 

Subtract,  44y=   33 

Substitute  value  of  y  in  (3),  ^ 

60x  +  60=135. 
60x=75. 
•••  X  =»  IJ. 
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9.  If  A  gives  B  $6,  he  will  then  have  $6  less  than  B;  but 
if  he  receives  $5  from  B,  three  times  his  money  will  be  $20  more 
than  four  times  B's.    How  much  has  each  ? 

Let  X  =  number  of  dollars  A  has 

and  y  =  number  of  dollars  B  has. 

Then  x  —  b  =  number  of  dollars  A  has  after  giving  B  $6, 

and  y  +  5  =  number  of  dollars  B  has  after  receiving  $5. 

Hence,        x  —  5  =  y  +  5  —  6, 
and  3(a;  +  5)  =  4(y-5)  +  20. 

Transpose,  a;  —  y  =  4  (1) 

3a;-4y  =  -15  (2) 

Multiply  (1)  by  3,  3a;-3y=     12  (3) 

(2)  is  3a;-4y  =  -15 

Substitute  value  of  y  in  (1), 

a;  -  27  =  4. 
.-.  aj  =  31. 


10.  The  cost  of  12  horses  and  14  cows  is  ^1900;  the  cost  of 
5  horses  and  3  cows  is  $650.  What  is  the  cost  of  a  horse  and  a 
cow  respectively? 


Let                    X  =  number  of  dollars  a  horse  costs, 
and                        y  ==  number  of  dollars  a  cow  costs. 

Then                            12a; +  14y- 1900 
and                                   5a?  +   3y  =  650 

(1) 
(2) 

Multiply  (1)  by  3,       36aj  +  42y  =  5700 
Multiply  (2)  by  14,     70x  +  42y  =  9100 

(3) 
(4) 

Subtract,                      34a?            =  3400 

.-.a:  =  100. 

Substitute  value  of  x  in  (2), 

5db  +  3y  =  650, 
3y  =  150. 

.-.  y  =  50. 
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11.  A  certain  fraction  becomes  equal  to  2  when  7  Ih  added  to 
its  numerator,  and  equal  to  1  when  1  is  subtracted  from  iU 
denominator.     Determine  the  fraction. 


Let 

-  =  required  fraction. 

By  conditions, 

y 

(1) 

id 

'.-» 

(2) 

y-i 

Simplify  (1), 

X  +  7  - 2y 

(3) 

Simplify  (2), 

x-y-\ 

(1) 

Transpose  (3), 

X  -  2y  -=  -  7 

C') 

Transpose  (4), 

X-    y-'-\ 

(«) 

Subtract, 

y-    0 

Substitute  value 

lofyjn  (5), 
x-12  =  -7. 
.-.  x  =  5. 

.'.  fraction  =  f. 

« 

12.  A  certain  fraction  becomes  equal  to  \  when  7  Is  ad<]ed  to 
its  denominator,  and  equal  t^  2  when  13  is  added  to  \\a  numera- 
tor.    Determine  the  Inaction. 

Let  -  =  required  fraction. 

By  conditions,       — ^  =  -  (1) 

and  ?±1^  =  2  (2) 

y 

Simplify  (1),        2a;-y  =  7  (3) 

Simplify  (2),        a:-2y  =  -13  (4) 

Multiply  (3)  by  2, 

4x-2y=      14 
(4)  is  x-2y  =  -13 

Subtract,  3  a;  =27 

.-.a;  =  9. 

Substitute  value  of  x  in  (3), 

18-y=-7. 

.•.y  =  ll. 

.'.  fraction  --  j\. 
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13.  A  certain  fraction  becomes  equal  to  |  when  the  denomi- 
nator is  increased  by  4,  and  eqnal  to  }f  when  the  nnmerstor  is 
diminished  by  15.    Determine  the  fraction. 

Let  _  =  fraction. 


Tlien  _i^=?  (1) 

y  +  4     9 

(2) 


y 

h4^ 
x-15     20 


y       41 

Simplify  (1),  9a;  =  7y  +  28. 

Simplify  (2),  41 X  -  615  =  20y. 

Transpose,  9a;  -  7y  =  28  (3) 

41a;-20y  =  615  (4) 

Multiply  (3)  by  20,         180x-140y=       560  (5) 

Multiply  (4)  by  7,  287  x  -  1  lOy  =      4305  (6) 

Subtract,  -  107  a;  =  -  3845 

.-.  a;  =35. 

Substitute  value  of  x  in  (3),  315  -  7y  =  28. 

.•.y  =  41. 
.'.  fraction  =  f  f. 

14.  A  certain  fraction  becomes  equal  to  J  if  7  be  added  to  the 
numerator,  and  equal  to  -J  if  7  be  subtracted  from  the  denomina- 
tor.    Determine  the  A*action« 

Let  ?  =  fraction. 

y 

Then  £+1=2  .j. 

y        3  ^' 

and  -?_  =  5  (2) 

Simplify  (1),  3a;  +  21  =  2y. 

Transpose,  3a;  -  2y  =  -  21                   (3) 

Simplify  (2),  8x=3y-21. 

Transpose,  8a;-3y=-21                   (4) 

Multiply  (3)  by  3,  9a;  -  6y  =  -  03 

Multiply  (4)  by  2,  16a;  -  6y  =  -  42 

Subtract,  —7  a;  =  —  21 

.-.  a;  =  3. 
Substitute  value  of  x  in  (3),      9  —  2y  =  -  21. 

.-.  y  =  15. 
.'.  fraction  =  ^^. 
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15.  Find  two  fractions  with  muneralora  2  ami  6  respectively* 
whose  sum  is  1},  and  if  their  denominators  are  Interchanged 
their  sum  is  2. 

Let  X  =  denominator  of  fini  fraction, 

and  y  =  denominator  of  second  fraction. 

Then  -  +  --5  0) 

X     y     2 

and  -  +  ?  -  2  (2) 

y    ' 

Multiply  (1)  hj  2,  "*  f  1^  -  3  (3) 

Multiply  (2)  by  5.  .^  t  ^^  ^  10  (4) 


_ 

+  - 

-s  _ 

X 

y 

2 

Q 

n 

+  - 

-.2 

y 

X 

4 

10 

f 

■ — 

-  3 

X 

y 

25 

-  t 

10 

^10 

J 

.V 

21 

-7 

X 

. 

•.  X 

«3. 

Subtract, 


Substitute  value  of  x  in  (2),  y  -  6. 

.-.  first  fraction  =  §,    second  fraction  =  |. 

16.  A  fraction  which  is  equal  to  |  is  increased  to  |*|  when  a 
certain  number  is  added  to  l>oth  its  numerator  and  denominator, 
and  is  diminished  to  {  when  one  more  than  the  same  number  is 
subtracted  from  each.    Determine  the  fraction. 

Let  X  equal  numerator,  y  the  denominator,  and  z  the  number 
to  be  added. 

Then  ^-|  (1) 

X  +  2  _.  ^  /o^ 

y-^z     11  ^^^ 

y-(2+l)      9 

Clear  of  fractions  and  transpose, 

3x-2y==0  (4) 

llx-8y  +  3«-0  (5) 

9x-5y-42  =  4  (6) 

Multiply  (5)  by  4,  44x-32y+122=  0 
Multiply  (6)  by  3,  27x- I5y- 122  =  12 
Add,  71x-47y  =12  (7) 

Multiply  (7)  by  3.  213  x  -  141  y  =  36 

Multiply  (4)  by  71.  213x-142.v=  0 
Subtract,  y  =  36 

Substitute  value  of  y  in  (1),  x  •=  24. 

.•.  fraction  =  ft. 
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17.  The  siiin  of  the  two  digits  ofa  Dumber  is  10.  awl  if  S4  be 
added  to  the  nnmber  the  digits  win  be  intcndiaBgHL  Wbat  is 
the  Dumber? 


Lei 

x  = 

^T-^:  is  :-: 

is' 

?••*«. 

.ml 

y  = 

diz.i  la  iir. 

:Z3 

■pjce 

Then 

lOx 

-y  = 

n:ir:ber. 

By  conditionjt, 

T 

*y  = 

!> 

•1) 

and 

lOar+y  ^ 

51  = 

l-'V  -X. 

9z- 

r.y  = 

-it 

Divide  by  9. 

X- 

-y  = 

-#5 

(2) 

Add  (1)  and  (2).  2x  =  4. 

.-.  *  =  2. 

Subtract  (2)  from  (1).        2y  =  1.6. 
.•.y  =  8. 
number  =  lOx  +  y. 
number  =  28. 


18.  The  sum  of  the  two  digits  of  a  nmnber  is  6,  and  if  the 
number  be  divided  by  the  sum  of  the  digits  the  quotient  is  4. 
What  is  the  number? 


Let 
and 
Then 

X  =  digit  in 

y  =  digit  in 

10  a;  +  y  =  number 

tens' 
units 

place. 
*  place. 

and 
But 

a;+y  =  6 
6 

(1) 

(2) 

Clear  of  fractions, 

10a;  +  y  =  24 
x  +  y=    6 

Subtract, 

9aj        =18 
.'.x^2. 

Substitute  value  of  x  in  (1), 

2  +  y  =  6. 

.•.y-4. 

.*.  number  =  24. 
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19.  A  certain  number  is  expressed  by  two  di^^ts,  of  wbtcb  tbe 
tens'  digit  is  tbe  greater.  If  the  number  be  divided  by  the  Hum 
of  Its  digits  tbe  quotient  is  7 ;  if  the  digits  t>e  interchanged,  and 
the  resulting  number  diminished  by  12  l)c  divided  by  the  differ- 
ence between  the  two  digits,  the  quotient  is  9.  What  Is  the 
number? 

Let  z  =»  digit  in  tons*  place, 

and  y  »  digit  in  units'  placo. 

Then  lOz  -f-  y  =-  number. 

By  conditions,  ^^-7  (1) 

a? +  y 

I2y±^^i}2..0  (2) 

x-y 

Simplify  (1),  3x-(Jy  =  0  (.1) 

Simplify  (2),  -  8 X  +  lOy  -  1 2  (t) 

Multiply  (3)  by  f ,  _8 x -  IHy    _  0 

Add,  3y  "12. 

.-.  y  =-  4. 
Substitute  in  (3),  x  -  8. 

.*.  number  —  84. 

20.  If  a  certain  number  be  divided  by  the  sum  of  it.s  two 
digits,  the  quotient  is  6  and  the  remainder  3;  if  ilie  digits  )m*  in- 
terchanged, and  the  resulting  number  be  dividtnl  by  tlie  8um  of 
the  digits,  the  quotient  is  4  and  tlie  remainder  9.  Wliat  Ih  the 
number? 

Let  X  »  digit  in  tens'  place, 

and  y  »  digit  in  units'  place. 

Then  lOx  +  y  =  number. 

By  conditions,  ^ '  0  (1) 

^  X  +y  ^  ' 

10y^+x~0      ^ 

X  +  y 

Clear  (1)  and  (2)  of  fractions,  transpose  and  combine, 

4x-5y  =  3  (3) 

-3x  +  0y  =  9  (A\ 


Divide  (4)  by  3, 

-x  +  2y-= 

=  3 

Add  4  X  (5)  and  (3), 

-4x  +  8y  =  12 
4x-5y-    3 

3y-  15 

.-.  y-5. 

Substitute  value  of  y  in  (3),             x  «•  7. 

.'.  number  =  75. 
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21.  If  a  certain  number  be  divided  by  the  sum  of  its  two 
digits  diminished  by  2,  tlie  quotient  is  5  and  the  remainder  1 ;  if 
the  digits  be  Interchanged,  and  the  resulting  number  be  divided 
by  the  sum  of  the  digits  increased  by  2,  the  quotient  is  5  and 
the  remainder  8.    Find  the  number. 

Let  X  =  digit  in  tens*  place, 

and  y  =  digit  in  units  place. 

Then  lOx  -\-  y  =  number. 

By  conditions,  Vdx±y_  _  ^  ^ 1 ^ 

X  +y-2  x  +  y  — 2 

and  ^Qy  +  ^=5+. 


s 


a;  +  y  +  2  a;  +  y  +  2 

Clear  of  fractions,  lOx  +  y  =  5a;  +  5y  —  10  +  1. 

lOy  +  a;  =  5a;  +  5y  +  10  +  8. 
Transpose  and  combine,     5a;  —  4y  =  —  9 
5y-4a;  =  18 

Multiply  (1)  by  5,  25a;  -  20y  =  -  45 

Multiply  (2)  by  4,       -  16a;  +  20y  =      72 

Add,  9  a;  =27 

.-.  x  =  3. 
Substitute  value  of  x  in  (1),  y  =  6. 

.'.  number  =  36. 


22.  The  first  of  the  two  digits  of  a  number  is,  when  doubled, 
3  more  than  the  second,  and  the  number  itself  is  less  by  6  tlian 
five  times  the  sum  of  the  digits.    What  is  the  number? 

Let  x  =  digit  in  tens'  place, 

and  y  =  digit  in  units  place. 

Then  lOx  +  y  =•  number. 

By  conditions,  2x  =  y  +  3,  (1) 

and  lOx  +  y +  6  =  5x  +  5y  (2) 

Transpose  and  combine,        2x  -  y  =  3  (3) 

5a;-4y  =  -6  (4) 

Multiply  (3)  by  4,  8x  -  4y  =  12 

(4)  is  5x-4y  =  -6 

Subtract,  3x  =18 

.-.  x  =  6. 
Substitute  value  of  x  in  (3),  y  =»  9. 

.•.  number  =  69. 
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23.  A  number  is  expressed  by  three  digits,  of  which  the  first 
and  last  are  alike.  By  interchanging  the  digits  in  the  units* 
and  tens'  places,  the  number  is  increased  by  54 ;  but  If  the  dl^rits 
in  the  tens'  and  hundreds'  places  are  interchangc<1,  9  must  be 
added  to  four  times  the  resulting  number  to  malic  it  equal  to  the 
original  number.    What  is  the  number? 

Let  X  =>  digit  in  hundreds*  and  nnitii*  place, 

and  y  =>  digit  in  tens*  place. 

Then  101 «  + lOy  =  number. 


By  conditions,                        llOz  +  y  -  101  a:  f  lOy  f  54 

0) 

4(llx  +  100y)f9-101x  +  10y 

(2) 

Transpose  and  combine  (I),    9x  -  9y  «  54 

P) 

Divide  (3)  by  9,                            x  -  y  -  0 

{«) 

Transpose  and  combine  (2), 

-  57x  +  390y  -  -  9 

Multiply  (4)  by  57.           57x  -    57 y  >  312 

Add.                                                333 y.  333 

.-.y-l. 

Substitute  value  of  y  in  (1),               x  =  7. 

.-.  number  =  717. 

24.  A  number  is  cxpres8e<l  by  three  digits.  The  sum  of  the 
digits  is  21 ;  the  sum  of  the  first  and  second  exceeds  the  thinl 
by  3;  and  if  198  be  added  to  the  number,  the  digits  in  the  units' 
and  hundreds'  places  will  be  interchanged.     Find  the  number. 

Let  X  =  digit  in  hundreds*  place, 

y  =  digit  in  tens'  place, 
and  z  =>  digit  in  units'  pla^c. 

Then    lOOx  +  lOy+z  =  number. 

By  conditions,  x  +  y  +  a  =  21  (1) 

and  X  +  y  -  2  =  3  (2) 

lOOx  +  lOy  +  2  +  198  =  lOOz  f  lOy  +  x        (3) 
Subtract  (2)  from  (1),  2z  =  IS. 

.-.2  =  9. 
Divide  (3)  by  99.  x-2  =  -2  (4) 

Substitute  value  of  z  in  (3),         x  —  9  =  —  2. 

.•.x  =  7. 
Substitute  values  of  x  and  z  in  (2),  y  =  5. 
.-.  number  =  759. 
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25.  A  number  is  expressed  by  three  digits.  The  sum  of  the 
digits  is  9 ;  the  number  is  equal  to  forty-two  times  the  sum  of 
the  first  and  second  digits ;  and  the  third  digit  is  twice  the  sum 
of  the  other  two.    Find  the  number. 


Let 

X  =  digit  in  hundreds*  place, 

y  =  digit  in  tens'  place, 

and 

z  =  digit  in  units'  place. 

Then 

a;4-y +  0  =  9 

100a;  +  102/+z  =  42(a;  +  y) 
2  =  2(a;  +  y) 

From  (2), 
From  (3), 

58a;-32y +  z  =  0 

-2a;-    2y  +  z  =  0 

Subtract, 

GOx  -  SOy        =0 

Divide  by  30, 

2x-v=0 

Subtract  (3)  from  (1),          3a;  +  Sy  =  9 

Divide  by  3, 

a;4-3/  =  3 

(4)  is 

2a;-y  =  0 

Add, 

3a;        =3 

(4) 
(5) 


.-.  x  =  l. 

Substitute  value  of  x  in  (5),  y  =  2. 

Substitute  values  of  x  and  y  in  (1),  z  =  6. 
.*.  number  =  126. 

26.  A  certain  number,  expressed  by  three  digits,  is  equal  to 
forty-eight  times  the  sum  of  its  digits.  If  198  be  subtracted  from 
the  number,  the  digits  in  the  units*  and  hundreds*  places  will  be 
interchanged ;  and  the  sum  of  the  extreme  digits  is  equal  to 
twice  the  middle  digit.    Find  the  number. 

Let  X  =  digit  in  hundreds'  place, 

y  =  digit  in  tens'  place, 
and  z  =  digit  in  units'  place. 

Then  100a;  +  10y  +  2=48(a;  +  y  +  2)  (1) 

100a;  4-  lOy  +  2  -  198  =  IOO2  +  lOy  +  a;        (2) 
and  X  +  z=2y 

From  (1),  52a;  -  38y  -  472  =  0 

From  (2),  99a;- 992=  198. 

Divide  by  99,  a; -2  =  2  (5) 

From  (3),  x  -  2^/  +  2  =  0  (6) 

Subtract  19  X  (6)from  (4),  33  a;  -  C62  =  0. 
Divide  by  33,  a;  -  22  =  0  (7) 

Subtract  (7)  from  (5),  z  =  2. 

Substitute  value  of  z  in  (5),  a;  =  4. 

Substitute  values  of  x  and  2  in  (6),  y  =«  3. 
.-.  number  =  432. 
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27.  A  waterman  rows  30  miles  and  back  in  12  lionrs.  He 
finds  that  he  can  row  6  miles  with  the  stream  in  tlie  same  time 
as  3  against  it.     Find  the  time  he  was  rowing  up  and  down 

respectively. 


Let             X  =  number  of  hours  ho  rowe<l  down, 

and                y  =  number  of  hours  he  rowed  up. 

By  conditions, 

a;  +  y"12 

0) 

and 

5x»3y 

(^) 

Transpose  (2), 

bx  —  Zy^   0 

Multiply  (1)  by  3, 

3x  +  3y  =  36 

Add, 

8x          -36 
.-.  x-41. 

Substitute  value  of  x  in 

(1).  41+y-12. 
.•.y  =  7J. 

28.  A  crew,  which  can  pull  at  the  rate  of  12  mites  an  liour 
down  the  stream,  finds  that  it  takes  twice  as  lon^  to  come  up  the 
river  as  to  go  down.     At  what  rate  does  the  stream  flow? 


Let 

X  =  rate  of  pulling, 

and 

y  =  rate  of  stream, 
x  +  y  =  rate  down  stream, 
X  —  y  =  rate  up  stream. 

Then 

x  +  y  =  12 

(1) 

x-y=    6 

(2) 

Subtract, 

2y=    6 
.-.  y  =  3  =  rate  stream  flows. 

Substitute  value  of  y  in  (1), 

x+3  =  12. 

x=-12-3. 

.-.  x-9. 

29.  A  man  sculls  down  a  stream,  which  runs  at  the  rate  of  4 
miles  an  hour,  for  a  certain  distance  in  1  hour  and  40  minutes. 
In  returning  it  takes  him  4  hours  and  16  minutes  to  ariive  at  a 
point  3  miles  short  of  his  starting-place.  Find  the  distance  he 
palled  down  the  stream  and  the  rate  of  his  pulling. 
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Let  X  =  rate  the  man  sculls, 

and  y  =  number  of  miles  he  goes. 

Then       x  +  4  =  rate  going  down  the  stream, 
and  a;  —  4  =  rate  going  up  the  stream, 

(x  +  4)  J  =  number  of  miles  he  goes. 

...(a:  +  4)}  =  y  (1) 

and  (a;_4)^  =  y-3  (2) 

4x(l)iB  20a;  +    80=12y  (3) 

3  X  (2)  is  51g-204  =  12y-36  (4) 

Subtract,  -  31  a;  +  284  =  36 

.  •.  a;  =  8,  rate  of  pulling. 
Substitute  value  of  a;  in  (1),      y  =  20. 

30.  A  person  rows  down  a  stream  a  distance  of  20  miles  and 
back  again  in  10  hours.  He  finds  he  can  row  2  miles  against  the 
stream  in  the  same  time  he  can  row  3  miles  with  it.  Find  the 
time  of  his  rowing  down  and  of  his  rowing  up  the  stream;  aod 
also  the  rate  of  the  stream. 

Let  X  =  rate  of  rowing, 

and  y  =  rate  of  stream. 

Then  ^ i_  (1) 

x-y     x+y 

20  20 

^  +  -=-  =  10  (2) 

x-{-y     x-y  ^  ' 

Simplify  (1),  »  =  5y  (3) 

Substitute  this  value  of  x  in  (2), 


/■ 


6y      4y 

From  (3),  a;  =  4J.  / 

Therefore,  ^,      ,  ==  4 (time  of  wifiiinn  down), 

4J  +  J  / 


20 
and  J- — -  =  6  (time  of  rowing  up). 


I 
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31.  A  grocer  mixed  tea  that  cost  him  48  cents  a  ponnd  with 
tea  that  cost  him  54  cents  a  pound.  He  had  80  pounds  of  the 
mixture,  and  by  selling  it  at  the  rate  of  60  cents  a  pound,  he 
gained  as  much  as  10  pounds  of  the  cheaper  tea  cost  him.  How 
many  pounds  of  each  did  he  put  into  the  mixture? 


Let 

x  = 

=  number  of  pounds  of  tea  at  42 

1  cents. 

and 

y- 

--  number  of  pounds  of  tea  at  5-1  cents. 

Then 

x  +  y=. 

=  30 

(1) 

42x  +  My  = 

=  ISOO  - 

420 

(2) 

Multiply  (1)  by 

42.             42x  +  42y  - 

.1260 

42x+5iy  = 

■  1380 

12y- 

.    120 

•*-y 

=  10. 

x  +  lO^ 

=  30. 

.-.  x-20. 

32.  A  grocer  mixes  tea  that  cost  liim  90  cents  a  pound  witti 
tea  that  cost  him  28  cents  a  pound.  The  cost  of  the  mixture  is 
^61.20.  He  sells  the  mixture  at  50  cents  a  pound,  and  gains 
^3.80.    How  many  pounds  of  each  did  he  put  into  the  mixture? 

Let  X  =»  numbfer  of  pounds  of  tea  at  90  cent/*, 

and  y  •=  number  of  pounds  of  tea  at  28  cents. 

28  y  =  number  of  cents  second  kind  cost 
Then  90x  +  28y  =  number  of  cents  whole  cost, 

X  +  y  =  number  of  pounds  in  whole  mixture, 
and  50(x  +  y)  =  number  of  cents  received. 


Hence, 

50x  +  50y  =  6500 

(1) 

90x  +  28y  =  6120 

(2) 

Multiply  (1)  by  il. 

28x  +  28y  =  3640 

(3) 

Subtract, 

62x            =  2480 
.-.  x  =  40. 

Substitute  value  of  a;  in  ( 

1),              y-90. 
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33.  A  farmer  has  28  bushels  of  barley  worth  84  cents  a  bushel. 
With  his  barley  he  wishes  to  mix  rye  worth  $  1.08  a  bushel,  and 
wheat  worth  $1.44  a  bushel,  so  that  the  mixture  may  be  100 
bushels,  and  be  worth  $1.20  a  bushel.  How  many  bushels  of 
rye  and  of  wheat  must  he  take? 

Let  X  =  number  of  bushels  of  wheat, 

and  y  =  number  of  bushels  of  rye. 

Then    2352  =  cost  in  cents  of  barley, 
144  X  =  cost  in  cents  of  wheat, 
108  y  =  cost  in  cents  of  rye, 
and        12,000  =  cost  in  cents  of  mixture. 

a;  +  y  +  28  =  100, 

a;  +  y  =  72  (1) 

144a;  +  108y  +  2352  =  12000, 

144  a; +  108y  =  9648  (2) 

Divide  (2)  by  36,  4a;  +  3y  =  268  (3) 

Multiply  (1)  by  3,  3a;  +  3y  =  216  (4) 

Subtract,  x  =52 

Substitute  value  of  x  in  (1),  y  =  20. 

34.  A  and  B  together  earn  $40  in  6  days ;  A  and  C  together 
earn  $54  in  9  days ;  B  and  C  together  earn  $80  in  15  days.  What 
does  each  earn  a  day? 

Let  X  =  number  of  dollars  A  earns  in  one  day, 

y  =  number  of  dollars  B  earns  in  one  day, 
and  2  =  number  of  dollars  C  earns  in  one  day. 

Then  »  +  y  =  ^  (1) 

x-^z  =  6  (2) 

and  y  +  z  =  ii  (3) 

Simplify  (1),  3a?  +  3y  =20  (4) 

Simplify  (3),  3y  +  32==16  (6) 

Subtract,  3  a;  -32=    4  (6) 

Multiply  (2)  by  3,  Sx  +32  =  18  (7) 

Add,  6x  =22 

.-.  a;  =  3f. 
Substitute  value  of  x  in  (1),  y  =  3. 

Substitute  value  of  x  in  (2),  z  =  2J. 
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36.  A  cistern  has  three  pipes,  A,  B,  and  C.  A  and  B  will  All 
it  in  1  hour  and  10  minutes ;  A  and  C  in  one  hour  and  24  min- 
utes ;  B  and  C  in  2  hours  and  20  minutes.  How  long  will  It  take 
each  to  fill  it? 

Let  X  «  number  of  minutes  it  takes  A  to  fill  it, 

y  z»  number  of  minutes  it  takes  B  to  fill  it, 

and  z  =  number  of  minutes  it  takes  0  to  fill  it 

1   1   1 


-t  =  partfi  A,  B,  C  can  fill  in  one  minute. 
X  y  z 


Hence, 

1,1..  L 
X     y     70 

1+1  .1 

X     z      84 

y     z      110 

Add,  and  divide  by  2, 

UUl.l" 

X     y     z     m 

Subtract  (1), 

z  -  420. 

Subtract  (2), 

y-^210. 

Subtract  (3). 

X  -  105. 

(1) 

(2) 
(3) 


36.  A  warehouse  will  hold  24  boxes  and  20  bales;  6  boxes 
and  14  bales  will  fill  half  of  it.  How  many  of  each  alone  will  it 
hold? 

••  number  of  boxes  it  will  hold, 

=  number  of  bales  it  will  hold. 

'  parts  one  box,  one  bale,  can  fill. 

X       y 

6     14     1  .ox 

X      y      2 


Substitute  value  of  y  in  (2), 


Let 

X 

and 

y 

Then 

1  1 

Hence, 

and 

4x(2). 

-(1) 

36 

=  1. 

y 

'.  y  = 

=  36. 

X  = 

=  54. 
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37.  Two  workmen  together  complete  some  work  in  20  days ; 
but  if  the  first  hod  worked  twice  as  fast,  and  the  second  half  as 
fast,  they  would  have  finished  it  in  15  days.  How  long  would  it 
take  each  alone  to  do  the  work? 

Let  X  =  number  of  days  it  would  take  the  first  alone,     • 

and  y  =  number  of  days  it  would  take  the  second  alone. 

Then      -,  -  =  parts  they  can  do  in  one  day, 

-  +  -  =  part  both  could  do  in  one  day, 
X    y 

2      1 
and       -  +  -^  =  part  they  could  do  if  first  worked  twice  as  fast, 

*     2y        and  second  worked  half  as  fast. 

X     y     20 
and  i+l.  =  l.  (2) 


(1)- J  of  (2)  is 


X     2y     15 

4y     60' 
.•.y  =  45. 
Substitute  value  of  y  in  (1),  a:  =  3G. 


38.   A  purse  holds  19  crowns  and  6  guineas ;  4  crowns  and  6 
guineas  fill  JJ  of  it.    How  many  of  each  alone  wiU  it  hold? 

Let  X  =  number  of  crowns  bag  holds, 

y  =  number  of  guineas  bag  holds. 

Then  -  =  part  of  bag  1  crown  occupies, 


-  =  part  of  bag  1  guinea  occupies. 


and 
5  X  (1)  -  6  X  (2)  is 

Substitute  value  of  x  in  (1), 


19 

6 

+  -  = 

=  1 

X 

y 

4 

,  5 

17 

+  -  = 

X 

y 

63 

71 

213 

X 

--63 

\  X  = 

=  21. 

19 

,  fi 

+  -  = 

=  1. 

21 

y 

. 

••y  = 

=  63. 

(1) 

(2) 
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39.  A  piece  of  work  can  be  completed  by  A,  B,  uid  C  together 
in  10  days;  by  A  and  B  together  In  12  days;  by  B  and  C,  If  B 
work  15  days  and  C  30  days.  How  long  will  it  take  each  alone 
to  do  the  work? 

Let  X  =  number  of  days  it  takes  A, 

y  =  number  of  days  it  takes  B, 

and  z  =>  number  of  days  it  takes  C. 

Then  -,  -,  and  -,  respectively, «  part  each  can  do  in  one  dav. 
X  y  z 

0) 

(2) 

and  4:+T-l  (3) 

Subtract  (2)  from  (1), 

Substitute  value  of  z  in  (3), 

Substitute  value  of  y  iu  (2), 


40.  A  cistern  has  three  pipes,  A,  B,  and  C.  A  and  B  will  flU 
it  in  a  minutes ;  A  and  C  in  h  minutes ;  B  and  C  in  c  minutes. 
How  long  will  it  take  each  alone  to  fill  it? 

Let  X  —  number  of  minutes  it  takes  A, 

y  =  number  of  minutes  it  takes  B, 

and  z  »  number  of  minutes  it  takes  C. 

Then  -i  -,  -,  respectively,  =  part  each  fills  in  one  minute, 

and         -  -f  ^  »  part  A  and  B  fill  in  one  minute. 
X     y     ^ 

But  -  =  part  A  and  B  fill  in  one  minute. 


1 

1 

1 

1 

+  - 

f  -- 

X 

y 

z 

"  10 

1 

.1^ 

y 

1 

X 

°12 

15 

30 

—  + 

•    — _    s. 

=  1 

y 

z 

1 

,  1 

—  s 

2 

'go 

\  Z^ 

-60. 

15 

^   1 

-f  -«  1. 

y 

2 

.' 

•.  y  "  30. 

1 

1 

1 

-  + 

X 

30  " 

"12 

1 

1 

X 

'20* 

," 

:  x  = 

=  20. 
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Ul  =  i  (1) 

X     y     a 
X     z      o 

111  .ON 

-  +  -  =  -  (3) 

y    2     c 


Add.  and  divide  by  2,  1  +  1  +  1  =  ^^±^+^     (4) 


Subtract  (1)  from  (4), 
Subtract  (2)  from  (4), 
Subtract  (3)  from  (4), 


1^ 
z 

,  z  — 

i_ 

X 


ac 

2abc 
-hab-bc 

2abc 
2abc 

ac  -{-ab  —  be 
ab  —  ac  -\-  be 

2abc 
2abc 

ab 
ac 

—  ac  +  bc 
-ab  +  bc 

2abc 
2abc 

.*.  X  =  - 

ac  —  ab  +bc 

41.  A  man  has  $10,000  invested.  For  a  part  of  this  sum  he 
receives  5  per  cent  interest,  and  for  the  rest  4  per  cent ;  the  in- 
come from  his  5  per  cent  investment  is  650  more  than  from  his 
4  per  cent.    How  much  has  he  in  each  investment? 

Let  X  =  number  of  dollars  invested  at  5%, 

and  y  =  number  of  dollars  invested  at  4%. 

Then    x-\-  y  =  total  number  of  dollars  invested. 

.-.  a; +  y  =  10,000  (1) 

hx 

As  he  receives  5%  on  x  dollars,  =  interest  at  5%. 

As  he  receives  4%  on  y  dollars,  — ^  =  interest  at  4%. 
But  interest  at  5%  is  $  50  more  than  that  at  4%. 

...5£„4^^50  (2) 

100      100  ^  ^ 

Simplify  (2),  5a;  -  4y  =        5000 

Multiply  (1)  by  6,  5a;  -j-  5y  =      50000 

Subtract,  -  9y  =  -  45000 

.-.  y  =  5000. 
Substitute  value  of  y  in  (1),  .t  =  5000. 
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42.  A  sum  of  money  at  simple  interest  amounted  in  fi  yearn 
to  $26,000,  and  in  10  years  to  ^dO.OOO.  Find  tlie  sum  and  the 
rate  of  Interest. 

Let  X  «  number  of  dollars  at  interest, 

and  y  =  rate  of  interest 

Then       -^  =  interest  on  x  dollars  for  one  year, 

-^  =  interest  on  x  dollars  for  six  yoam. 
and  "TtS^  '^  interest  on  x  dollars  for  t<^n  years. 

.•.^^  +  x»20,000  (1) 

and  ?-^^  +  X  -  30.000  (2) 

100 

Multiply  (1) by  5,  ?^  +  5x  =  130,000 

Multiply  (2)  by  3.  — ^  +  3  x  -  90.000 


Subtract,  2x  =  40.000 

.•.x  =  20,000. 
Substitute  value  of  x  in  (1),  y  =  5. 


43.  A  sum  of  money  at  simple  interest  amounted  in  10 
months  to  $26,250,  and  in  18  months  to  $27,250.  Find  the  sum 
and  the  rate  of  interest. 


Let 

X  =  sum, 

and 

y  =  rate  of  intera«<t. 

Then 

j^  =  interest  for  one  year. 

Since  10  months  equals  ^  of  a  year, 

-  of  -^  =  interest  for  10  months, 
6      100 

and  -  of  -^  =  interest  for  18  months. 

2      100 

But  26,250  —  X  =  interest  for  10  months, 

and  27,250  —  x  =  interest  for  eighteen  months. 
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•••l^  =  2«,250-a:  (1) 

600  ^  ' 

and  ^  =  27,250-0?  (2) 

200  ^  ^ 

Mnltiply(l)by|,  ^^^^236,^0^ 


Subtract,  0^100.000-4.: 

4x  =  100,000.  . 
.-.a;  =  25,000. 
Substitute  value  of  x  in  (2),  y  =  6. 

44.  A  sum  of  money  at  simple  interest  amounted  in  m  years 
to  a  dollars,  and  in  n  years  to  b  dollars.  Find  the  suhk  and  the 
rate  of  interest. 

Let  X  =  sum, 

and  y  =  rate  of  interest. 

Then      ^^  =  interest  on  sum  for  m  years, 
100  ^ 

and  — 2l  =  interest  on  sum  for  n  years. 

100  ^ 

r.'^  +  x^a  (1) 

100  .      ^  ' 

and  ^  +  ^  =  ^  (2) 

Multiply  (1)  and  (2)  by  100, 

micy  + 100.1;=  100  a  (3) 

nxy  +100a;=1006  (4) 

Multiply  (3)  by  n,       mnxy  +  lOOna;  =  100 an 

Multiply  (4)  by  m,       mnxy  +  100  ma?  =  1006m 

Subtract,  100  tix  -  100  tmo;  =  100  an  -  1006m 

Divide  by  100,  nx  —  'mx  =  an  —  bm,  * 

an  —  hm 
.*.  x  = 

n  —  TTi 

Substitute  value  of  x  in  (3), 

many  —  m^hy  ^  100  an  — 1006m      -  ^ 

-J —  —  luu  a. 

n  —  m  n  —  m 

Multiply  by  n  —  m, 

many-m^by  +  lOOan  -  1006m  =  lOOan-  100am, 
Tnany  —  m^6y  =  1006m  —  100  am, 
any  -  miy  =  1006  -  100a. 
_  100(6 -a) 
*  *  ^       an~bm 
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45.  A  sum  of  money  at  simple  Interent  •rooanted  In  a  months 
to  c  dollars,  and  in  b  months  to  d  dollars.  Find  the  sum  and  the 
rate  of  interest. 

Let  X  =»  som, 

and  y  =  rate  of  interest. 

Then  -^  =  interest  of  f  x  for  one  year, 

*  +  t^t:  =  amount  of  f  x  for  a  months, 
1200  ^ 

X  +  -^-  =  amount  of  f  x  for  b  months. 


-53L  +  X-C 
1200 

(1) 

1200 

(2) 

Simplify  (1).                       oxy  +  1200t  -  1200« 

(3) 

Simplify  (2).                       bxy  +  120<)x   ■  I2ili)<i 

W 

Multiply  (3)  by  b  and  ( })  by  a, 

ahxy  f  12006*- 1200 Jc 

(5) 

dbxy+  12fiO<tr-1200,(,/ 

(6) 

(6)  -  (5)  is  1200x(a  -  i)  -  1 200  {ad  -  be) 

ad  —  be 

Substitute  value  of  x  in  (3), 

Simplify,  ay  (ad-  be)  +  1200  (ad  -  be)  =  1200(ac  -  be). 
Transpose  and  unite,        ay  {ad  —be)  =  1200  <i  (r  -  d), 

1200(c-dX 
^         ad -be 

46.  A  person  has  a  certain  capital  invested  at  a  certain  rate 
per  cent.  Another  person  has  $  1000  more  capital,  and  his  capi- 
tal invested  at  one  per  cent  better  than  the  first,  and  receives  an 
income  $80  greater.  A  third  person  has  $  1500  more  capital,  and 
his  capital  invested  at  two  per  cent  better  than  the  first,  and  re- 
ceives an  income  $150  greater.  Find  the  capital  of  each,  aad 
the  rate  at  which  it  is  invested. 
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Let  X  =  capital, 

and  y  =  rate. 

Then  (^  "^  ^^l^^  "^  ^  =  interest  on  capital  $1000  greater,  at  1% 
•1^^  greater, 

and       i^Lt2^9^h±^  =  interest  on   capital  $1500  greater,  at  2% 
1^  greater. 

^  +  80  =  interest  on  first  capital,  increased  by  $80, 

^-  +  150  =  interest  on  first  capital,  increased  by  $  150. 

(a:  +  1000)(.v  +  l)^j3^ 

100  100  ^  ^ 

(a:  +  1500)(y  +  2)^^     .^  . 

100  100  ^  ^ 

Simplify,  try  +  lOOOy  +    x  +  1000  «=  a:y  +  8000, 

xy  +  1500y  +  2a:  +  3000  =  xy  + 15000 

Combining,  lOOOy  +    a;  =  7000  (3) 

1500y  + 2a;  =12000  (4) 

Multiply  (3)  by  2,  2000y  +  2x  =  14000  (5) 

(4)  is  1500y4-2a;  =  12000 

Subtract,  500y  =    2000 

.*.  y  =  4. 
Substitute  value  of  y  in  (5),  x  =  3000. 

.-.  the  capitals  are  $3000,  $4000,  $4500;  and  the  rates  4%,  5%,  G%. 

47.  A  person  has  $12,760  to  invest.  He  can  buy  three  per 
cent  bonds  at  81,  and  five  per  cents  at  120.  Find  the  amount 
of  money  he  must  invest  in  each  in  order  to  have  the  same 
income  from  each  investment. 

Let  X  =  number  of  dollars  in  three  per  cent  bonds, 

and  y  =  number  of  dollars  in  five  per  cent  bonds. 

Then  =  interest  of  money  invested  in  three  per  cents. 

But  - — ^-  =  interest  of  money  invested  in  five  per  cents. 

3Q0a^5Q0y  ... 

*  *    81  120  ^  ^ 

ic  +  y=  12750  (2) 

Reduce  (1),  8a;-9?/  =  0 

Multiply  (2)  by  8,  8a;-f  Sjy^  102000 

Subtract,  17y  =  102000 

.-.  y  =  6000. 
Substitute  value  of  y  in  (2),  x  =  6750. 
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48.  A  and  B  each  invested  $1500  in  bonds;  A  in  three  per 
cents  and  B  in  four  per  cents.  The  bonds  were  bought  at  ^urli 
prices  that  B  received  $5  interest  more  than  A.  Both  classes  of 
bonds  rose  ten  points,  and  they  sold  out,  A  receiving  9  50  more 
than  B.    What  price  was  paid  for  each  class  of  bonds? 


Let 

a:  =  amount  paid  for  $1  three  per  cento. 

and 

y  =  amount  paid  for  |1  four  per  cento. 

=  face  value  of  three  per  cento, 

X 

=»  face  value  of  four  per  cento. 

y 

i-^  X  —  =  income  from  three  per  cento, 
a;         100  *  • 

=5^  X =  income  from  four  per  cento. 

y         100  ^ 

Then    W^  jLVfl^xAVs. 

firm^  io\    /1500    lov  ,50 
\;ir^i66)~[-y   ""mj    ^' 


Simplify, 

G0_45^g 

X    y 

Multiply  (2)  by  20, 

Add  (1)  and  (3), 

5-5. 

X 

.-.  jc-0.60. 

Substitute  value  of  x  in 

(2).      5_?.l. 

.•.y-0.75. 

(1) 

(2) 
(3) 


That  is,  the  three  per  cento  were  bought  at  60  and  tho  four 
per  cento  at  75. 
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49.  A  person  invests  $10,000  in  three  per  cent  bonds,  810,500 
in  three  and  one-half  per  cents,  and  has  an  income  from  both  in- 
vestments of  $  1056.25.  If  his  investments  had  been  $  2750  more 
in  the  three  per  cents,  and  less  in  the  three  and  one-half  per 
cents,  his  income  would  have  been  62 J  cents  greater.  What 
price  was  paid  for  each  class  of  bonds? 

Let  X  =  amount  paid  on  $1  three  per  cent  bonds, 

and  y  =  amount  paid  on  Jl  three  and  one-half  per 

cent  bonds. 

10000       3 

Then     x =  number  of  dollars  income  from  first  invest- 

X         100         ment, 

16600      3i 
and  X  —J-  =  number  of  dollars  income  from  second  in- 

y         100         vestment. 

.30000^115500^105^25  (1) 

100a:        200y  ^  ^ 

12750       3 

X  — -  =  number  of  dollars  income  of  3  per  cents  if 

X         100         tije  stated  addition  in  the  amount  invest- 
13750      31  ®^  ^*^  been  made, 
X  —J-  =  number  of. dollars  income  of  3i  per  cents  if 

y         ^00         the  stated  deduction  in  the  amount  invest- 

38250    96260         ®^  ^*^  been  made. 
Then   -— —  +  — -r-  =  number  of  dollars  income  on  both. 
100  a;      200y 

...  ».^.p<».s„  ,, 

Multiply  (2)  by  6.           ^^^  ^  577500  _  ^34125  (4) 

^•^  ^  ^    -^  100a;         200y ^  ' 

Subtract,  25552  =1060. 

100a; 

106000  a;  =79500. 

.-.  x=0.75. 

That  is,  the  3  per  cent  bonds  were  bought  at  75. 

Substitute  value  of  a;  in  (1), 

30000      115500^1(^53  25 

75  200y    . 

11^  =  656.25. 
200y 

.-.  y=0.88. 

That  is,  the  3}  per  cent  bonds  were  bought  at  88. 
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50.  The  sum  of  $2600  was  divided  itito  two  uucqual  parts 
and  invested,  the  smaller  part  at  two  per  ceDt  more  than  the 
larger.  The  rate  of  interest  on  the  larger  sam  was  afterwards 
increased  by  1,  and  that  of  the  smaller  sum  diminished  by  1 ;  and 
thus  the  ijOerest  of  the  whole  was  increased  by  one-foorth  of  its 
value.  If  the  interest  of  the  larger  snm  had  been  so  increased, 
and  no  change  been  made  in  the  interest  of  the  smaller  som,  the 
interest  of  the  whole  would  have  been  increased  one-third  of  Its 
value.    Find  tlie  sums  invested,  and  the  rate  per  cent  of  each. 

Let  X  »  number  of  dollars  in  larger  part, 

and  y  =  number  of  dollars  in  smaller  part. 

Then  «  +  y  =  2500  (1) 

Let  z  =  rate  per  cent  on  larger  part, 

and  «  +  2  =  rate  per  cent  on  smaller  part. 

Then  xz  +  y(2  +  2)  =  interest  on  whole  amount. 

Changing  rate  per  cent, 

2  +  1  »=  rate  per  cent  on  larger  part, 
and  s  +  1 «  rate  per  cent  on  smaller  part. 

Then         a;(z  + 1)  +  y (2  + 1)  —  interest  on  whole  after  change. 
Then        it(2  +  l)+y(2  +  l)  =  }[«  +  y(2+2)]  (2) 

Changing  rate  per  cent  again, 

2  +  1  «=  rate  of  larger  part, 
«  +  2  =  rate  of  smaller  part. 
Then      «(2+l)  +  y(2  +  2)=J[x2  +  y(2  +  2)]  (3) 

Simplify  (2),  4a:-6y--acz-yz  =  0. 

Simplify  (3),  3«  -  2y  -  a»  -  yz  =  0.  C^) 

Subtract,  «-4y  =  0  (6) 

Subtract  (5)  from  (1),  5y  =  2500. 

.•.y  =  500. 
Substitute  value  of  y  in  (4),  x  =  2000. 

Substitute  values  of  x  and  y  in  (3), 

6000-1000-20002-5002  =  0, 

-25002  =  -5000. 
.-.2=2. 
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51.  If  the  sides  of  a  rectangular  field  were  each  increased  by 
2  yards,  the  area  would  be  increased  by  220  square  yards ;  if  the 
length  were  increased  and  the  breadth  were  diminished  each  by 
6  yards,  the  area  would  be  diminished  by  186  square  yards. 
What  is  its  area? 

Let  X  =  number  of  yards  in  length, 

and  y  =  number  of  yards  in  width. 

Then        xy  =  number  of  yards  in  area. 

{x  +  2)(y  +  2)  =  0^  +  220  (1) 

(a;  +  5)(y-5)  =  a:y--185  (2) 

Simplify  (1),  xy  +  2x  +  2y+4:  =  xy  +  220, 

2a;  +  2y  =  216, 

a:  +  y  =  108  (3) 

Simplify  (2),  xy-5x-}-5y-25  =  xy-  185, 

5a;-5y  =  160 

a:-y  =  32  (4) 

Add  (4)  and  (3),  2  a;  =140 

,',x  =  10. 
Subtract  (4)  from  (3),  2  y  =  76. 


.  xy  =  2660  square  yards. 


.•.y  =  38. 


52.  If  a  given  rectangular  floor  had  been  3  feet  longer  and  2 
feet  broader  it  would  have  contained  64  square  feet  more ;  but  if 
it  had  been  2  feet  longer  and  3  feet  broader  it  would  have  con- 
tained 68  square  feet  more.  Find  the  length  and  breadth  of  the 
floor. 

Let  X  =  number  of  feet  in  length, 

and  y  =  number  of  feet  in  breadth. 

Then        xy  =  number  of  feet  in  surface. 

(x  +  3)(y  +  2)  =  a:y  +  64 

{x-{-2)Q  +  S)  =  xy  +  6S 

Simplify  (1),  a;y  +  3y  +  2a:  +  6  =  icy  +  64. 

3y  +  2a;  =  58  (3) 

Simplify  (2),  a:y  +  2y  +  3a;  +  6  =  a:y  +  68. 

2y  +  3a:  =  62  (4) 
Multiply  (3)  by  2,  6y  +  4  a;  =  116  (5) 
4)1     " 


Multiply  (4)  by  3,  6y  +  9a;=    186  (6) 

Subtract,  —  5  a:  =  —  70 


.-.a:  =  14. 
Substitute  value  of  a:  in  (3),    3y  +  28  =  58, 

3y  =  30. 
.•.y«10. 
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53.  In  a  certain  rectangular  garden  there  is  a  strawberry-bed 
whose  sides  are  one-third  of  the  lengths  of  the  correspondiog 
sides  of  the  garden.  The  perimeter  of  the  garden  exceeds  that 
of  the  bed  by  200  yards ;  and  if  the  greater  side  of  the  garden 
be  increased  by  3,  and  the  other  by  6  yards,  the  garden  will  be 
enlarged  by  645  square  yards.  Find  the  length  and  breadth  of 
the  garden. 


f 

1 

Let 

and 

Then 
and 

Also, 


X  =  number  of  yards  in  length  of  gjirdm, 
y  =  number  of  yards  in  width  of  gunlcn 
2a5  +  2y  =  perimeter  of  garden, 
xy  =  area  of  garden. 
^  =  number  of  yards  in  Irngth  of  bed, 

o 


^  =  number  of  yards  in  width  of  bed. 


^^  ^-ilL^  I)crimeter  of  bed. 


and 

Then 

Add  3  to  one  side  of  garden,  a;  4-  3. 
Add  5  to  other  side  of  garden,  y  +  5. 
Then  (a?  +  3)  (y  +  5)  =  area. 

2x  +  2y-(|f^|^).200. 


Simplify, 

a:+y  =  150 

(1) 

(^  + 

3)(y  +  5)  =  xy  +  645. 

Simplify, 

5x  +  3y  =  630 

(2) 

Multiply  (1)  by  5, 

5a;  +  5y  -  750 

Subtract, 

2y  =  120 

.-.  y  =  60. 

Substitute  value  of  y 

in(l). 

05  +  60-150. 
.-.  »-90. 
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54.  Iq  a  mile  race  A  gives  B  a  start  of  100  yards,  and  beats 
Urn  by  15  seconds.  In  tfie  second  trial  A  gives  B  a  start  of  45 
seconds,  and  is  beaten  by  22  yards.  Find  tlie  rate  of  each  Id 
miles  per  hour. 

Let  X  =:  nmnber  of  yards  A  nins  in  one  second, 

and  y  =■  nmnber  of  yards  B  runs  in  one  second. 

Since  there  are  1760  yards  in  one  mile, 

and   =  number  of  seconds  A  ran  in  first  and  second 

*  ^  trials  respectively, 

and  =  number  of  seconds  B  ran  in  first  and  second 

y  y  trials  respectively. 

Then  10^  _  13^  =15  (1) 

aad  l^_l52  =  _45  (2) 

•  it       y 

Multiply  (1)  by  88.  146080  _  154880  ^     ^^^ 

y         " 

»»  1.-  1    /o^  u    oo           146080     144254         „„,^ 
Multiply  (2)  by  83, + =  -  3735 


Add,  _10^  =  _2415 

X 

Therefore,  A  runs  4^^  yards,  or  ^^  of  a  mile,  in  one  second, 
and  in  one  hour  (=  3600  seconds),  9  miles. 

Substitute  value  of  x  in  (1),  y  =  4. 

Therefore,  B  runs  4  yards  in  one  second,  or  S^  miles  in  one 
hour. 

55.  In  a  mile  race  A  gives  B  a  start  of  44  yards,  and  beats  him 
ly  51  seconds.  In  the  second  trial  A  gives  B  a  start  of  1  minute 
and  15  seconds,  and  is  beaten  by  88  yards.  Find  the  rate  of  each 
in  miles  per  hour. 

=  number  of  yards  A  ran  in  one  second, 
=  number  of  yards  B  ran  in  one  second. 

=  number  of  seconds  A  ran  in  first  and  second 
trials,  respectively. 

s  number  of  seconds  B  ran  in  first  and  second 
trials,  respectively. 


Let 

X 

and 

1760 

X 

y 

1672 
a; 

1716 

1760 
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171G   17G0   j.^ 
y         « 

0) 

1672  1700    ^^ 

X          y 

(2) 

33110,  32004^   0G9 

X           y 

33410  35200    ^^^ 

^^^^^>»   531 

Then 
and 

Multiply  (1)  by  19,    - 
Multiply  (2)  by  20, 

Add, 

y 

...y-4J. 
Therefore,  B  runs  4f  yards  per  second,  or  10  miles  per  hour. 
Substitute  value  of  y  in  (1),  «  =  5|^|. 

Therefore,  A  runs  5|}  yards  per  second,  or  12  uiilcs  per  boar. 


56.  The  time  which  an  express-train  takes  to  go  120  miles  Is 
YT  of  the  time  taken  by  an  accommodation-train.  The  slower 
train  loses  as  much  time  in  stopping  at  different  stations  a.s  It 
would  take  to  travel  20  miles  without  stopping;  the  expn'ss- 
train  loses  only  half  as  much  time  by  stopping  as  the  accouinio- 
dation-train,  and  travels  15  miles  an  hour  faster.  Find  the  rate 
of  each  train  in  miles  per  hour. 

Let  X  =  the  rate  of  the  accommodation-train, 

and  y  =  the  rate  of  the  express- train. 

120 

=  number  of  hours  accommodation -train  goes  120 

*  miles  without  stopping, 

120 

=  number  of  hours  it  takes  express- train  to  go  120 

y  miles  without  stopping, 

20 

—  =  number  of  hours  accommodation- train  loscij  in 

^  stopping, 

—  =  number  of  hours  express- train  loses  in  stopping, 

h  —  =  number  of  hours  accommodation-train  goes  120 

*        ^  miles  including  stops, 

-f  —  =  number  of  hours  express-train  goes  120  miles 

y        ^  including  stops. 
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y        X      U\  X        X  J 
y-x  =  15  (2) 

Simplify  (1),  120x  -  80y  =  0 

Multiply  (2)  by  80.  -80z  +  80y  =  1200 

Add,  40aJ  =  1200 

.-.a:  =  30. 
Substitute  value  of  x  in  (2),  y  =  45. 

57.  A  train  moves  from  P  towards  Q,  and  an  hour  later  a 
second  train  starts  from  Q  and  moves  towards  P  at  a  rate  of  10 
miles  an  hour  more  than  the  first  train ;  the  trains  meet  half-way 
between  P  and  Q.  If  the  train  from  P  had  started  an  hour  after 
the  train  from  Q,  its  rate  must  have  been  increased  by  28  miles  in 
order  that  the  trains  should  meet  at  the  half-way  point.  Find 
the  distance  from  P  to  Q. 

Let  X  =  number  of  hours  first  goes  half  the  distance. 

Then    x—l  =  number  of  hours  second  goes  half  the  distance. 

Let  y  =  rate  of  first. 

Then  y  +  10  =  rate  of  second. 

Ilence,  xy  =  one-half  of  the  whole  distance. 

But  (x—  l)(y  -I- 10)  =  one-half  the  whole  distance. 
.-.  (x-l)(y  +  10)  =  a;y. 

Simplify,    10a:-y  =  10  (1) 

In  second  statement, 
if  x  —  2  =  number  of  hours  first  goes  half  distance, 

and  y  +  28  =  rate  of  first, 

then    (a:  —  2)(y  +  28)  =  one-half  of  the  whole  distance. 

But,  from  (1),     xy  =  one-half  of  the  whole  distance. 
.•.(x-2)(y-H28)  =  xy  (2) 

Simplify  (2),  28a;-2y  =  56 

2x(l)is  20a;-2y  =  20 

Subtract,  Sx  =36 

.-.  x  =  4}. 
Substitute  value  of  a;  in  (1),  y  =  35. 

Therefore,  one-half  the  distance,  osy,  is  157}  miles,  and  the 
whole  distance  is  315  miles. 


T£AC1I£BS'    EDITION.  225 


58.  A  passenger-train,  alter  travelling  an  hour,  meets  with  an 
accident  which  detains  it  one-lialf  an  hoar;  after  which  it  pro- 
ceeds at  fonr-flf  ths  of  its  nsnal  rate,  and  arrlTes  an  hoor  and  a 
quarter  late.  If  the  accident  had  happened  80  miles  farther  on, 
the  train  would  have  been  only  an  hour  late.  'Determine  the 
usual  rate  of  the  train. 

Let         X  =  number  of  miles  train  nsually  goes  per  boor, 
and  y  =  number  of  miles  train  travels. 

^ =  number  of  hours  usually  required, 

and     ^-T —  =  number  of  hours  actually  required  afWr  accident 

y 

Since  the  detention  is  }  hour,  and  the  train  is  1}  hours  late,  the 
loss  in  running-time  is  f  of  an  hour. 

••"li X ^4  ^^^ 

6 
If  the  accident  had  occurred  30  miles  farther  on,  the  loss  in 
running-time  would  have  been  }  an  hour. 

y-rc-30     y-x-30^1  ^2) 

'4a;  X         "2 

5 

Simplify  (1),  y  -  4x  =>   0 

Simplify  (2),  y-3a;^30 

Subtract,  «  =  30 

59.  A  passenger-train,  after  travelling  an  hour,  is  detained  15 
minutes ;  after  which  it  proceeds  at  three-fourths  of  its  former 
rate,  and  arrives  24  minutes  late.  If  the  detention  had  Uken 
place  6  miles  farther  on,  the  train  would  have  been  only  21  min- 
utes late.    Determine  the  usual  rate  of  the  train. 

Let  X  =  usual  rate  of  train  per  hour, 

and  y  =  number  of  miles  train  has  to  run. 

y  _  a:  ==  number  of  miles  train  has  to  run  after  detention, 

?^^^  =  number  of  hours  usually  required  to  run  y-x 
*  miles, 

and        y  ~^  =  number  of  hours  actually  required  to  run  the 
^  y  —  x  miles. 

4  ^ 


226  ALGEBRA. 

Since  the  detentioa  was  15  minates,  and  the  train  is  24  minutes 
late,  the  loes  in  ranning-time  is  9  minutes  =  ^  of  an  hour. 

.  y-x     y-x     3  /jv 

'"T^  X        20  ^^ 

4 
If  the  detention  had  occurred  5  miles  farther  on,  the  loss  in 
running-time  would  have  been  6  minutes  =  ^  of  an  hour. 
y  —  x  —  b  _  y  —  x  —  5  _  1^  rg) 


Simplify  (1), 
Simplify  (2). 

3a: 
4 

X            10 

20y-29x=     0 
20y-26a;  =  100 

Subtract, 

3a;=100 
.-.  x=33f 

60.  A  man  bought  10  oxen,  120  sheep,  and  46  lambs.  The 
cost  of  3  sheep  was  equal  to  that  of  5  lambs ;  an  ox,  a  sheep,  and 
a  lamb  together  cost  a  number  of  dollars  less  by  67  than  the 
whole  number  of  animals  bought ;  and  the  whole  sum  spent  was 
$2341.50.  Find  the  price  of  an  ox,  a  sheep,  and  a  lamb,  respec- 
tively. 

Let  X  =  number  of  dollars  paid  for  an  ox, 

y  =  number  of  dollars  paid  for  a  sheep, 
and  2  =  number  of  dollars  paid  for  a  lamb. 

10a:  +  120y  +  462  =  number  of  dollars  paid  for  all. 

.-.  10a;  +  120y  +  46z  =  2341.50  (1) 

a;  +  y  +  2  =  119  (2) 

3y  =  52  (3) 

(1)  is  10a:  +  120y  +  462  =  2341.50 

Multiply  (2)  by  10, 10a;  +    lOy  +  IO2  =1190 

Subtract,  llOy  +  362  =  1151.50  (4) 

Multiply  (4)  by  3,  330y  +  IO82  =  3454.50. 

Multiply  (3)  by  110,        330y  -  550z  =  0. 
Subtra<jt,  658  2  =»  3454.50. 

.-.2  =  5.25. 
Substitute  value  of  z  in  (3),  y  =  8.75. 

Substitute  values  of  y  and  z  in  (2),   x  =  105, 
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61.  A  fanner  sold  100  head  of  stock,  consisting  of  horscH, 
oxen,  and  sheep,  so  that  the  whole  realized  9 11.75  a  head ;  while 
a  horse,  an  ox,  and  a  sheep  were  sold  for  9110,  $62.50,  and 
$7.50,  respectively.  Had  he  sold  one-foorth  of  the  number  of 
oxen  that  he  did,  and  25  more  sheep,  he  would  have  received  the 
same  sum.  Find  the  number  of  horses,  oxen,  and  sheep,  respec- 
tively, which  were  sold. 

Let  X  =  number  of  horses, 

y  =  number  of  oxen, 
and  z  =  number  of  sheep. 

Then  x  +  y  +  z=.  100  (1) 

110a;4-62iy  +  7i2=1175  (2) 

Ind      llOx  +  (ixif^)^l|-^+f-1175  (3) 

Multiply  (3)  by  8,  880aj  +  125y  +602=  7900 
Multiply  (2)  by  8,  880x  +  500y  +  602  =  94(X) 


Subtract, 

-375y      •      = 

'.  -  1500 

.-.  y  = 

-4. 

Substitute  value 

ofyin(l),         x  +  z  = 

»96 

Substitute  value  of  y  in  (2), 

110x  +  250  +  7i2  = 

=  1175. 

110x  +  7iz  = 

=  925. 

Multiply  by  2, 

220x  +  152  = 

=  1850 

Multiply  (4)  by 

15,             15x  + 152  =1440 

Subtract, 

205x 

=    410 

.-.  x=2. 
Substitute  values  of  x  and  y  in  (1),      «  =  94. 


W 
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82.  A,  B,  and  C  together  sabscribed  $100.  If  A's  subscrip- 
tion had  been  one-tenth  less,  and  B's  one-tenth  more,  Cs  must 
have  been  increased  bj  $2  to  make  np  the  sum;  but  if  A*s  had 
been  one-eighth  more,  and  B's  one-eighth  less,  Cs  subscription 
would  liave  been  $  17.50.    What  did  each  subscribe? 

Let  X  =  number  of  dollars  A  subscribed, 

y  =  number  of  dollars  B  subscribed, 

and  z  =  number  of  dollars  G  subscribed. 

9x 

—  =  A  ^^  -^'^  subscription, 

"77?  =^ii^  ^'^  subscription, 
2  +  2  =  ^2  more  thau  C's  subscription, 

—  =  f  of  A's  subscription,  * 
8 

-2^  =  }  of  B'b  subscription, 
100  =  number  of  dollars  all  subscribed, 

—  f  — ^-  +  z-{-2  =  number  of  dollars  all  subscribed. 
10       10  • 

-r  +  — ^  +  17.5  =  number  of  dollars  all  subscribed. 
8        8 


.-.  x  +  y+2  =  100 

(1) 

f5-To'--^  =  ^^ 

(2) 

9^  +  ^  +  17.5  =  100 

o          o 

(3) 

Multiply  (1)  by  10,    10  a:  +  lOy  +  lOz  =  1000 
Simplify  (2),                9a;  +  lly  +  lOz  =    980 

Subtract,                        x—      y            =20 

(4) 

Simplify  (3),                            9a;  +  7y  =  660 
Multiply  (4)  by  7,                   7a;  -  7y  =  140 

Add,                                               16  a;  =800 

.-.a;  =  50. 

Substitute  value  of  x  in  (4),          ^      y  =  30. 

Substitute  values  of  x  and  y  in  (1),  z  =.  20. 
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63.  A  gives  to  B  and  C  as  much  as  each  of  them  has ;  B  gives 
to  A  and  C  as  mach  as  each  of  them  then  has ;  and  C  gives  to  A 
and  B  as  much  as  each  of  them  then  has.  In  the  end  each  of 
them  has  $6.    How  much  had  each  at  Brst? 

Let  X  »  number  of  dollars  A  harl  at  firnt, 

y  =>  number  of  dollars  B  bad  at  first, 

and  z  =  number  of  dollars  C  had  at  fir»t 

x  —  y  —  z='  number  of  dollars  A  bad  at  1st  distribution, 

2y  =  number  of  dollars  B  bad  at  Ist  distribution, 

2z  =  number  of  dollars  C  luid  at  1st  distribution, 

2y-{{x~y—z)+2z}  =«  number  of  dollars  B  bad  at  2d  distribution, 

or  3y  —  X  —  z^  number  of  dollars  B  ba<l  at  2d  distribution, 

2x  —  2y  —  22  =  number  of  dollars  A  had  at  2d  distribution, 

4z  =  number  of  dollars  C  lia<l  ut  2d  distribution, 

4z-{(2a;-2y-22)+(3y-x-2)},  or  72  -  x  -  y 

=•-  number  of  dollars  C  ba<l  at  3d  distribution, 
4a;  —  4y  —  4z  =  number  of  dollars  A  bail  at  3d  distribution, 
6y  —  2a;  —  22  =  number  of  dollars  B  had  at  3<]  distrilmtion. 


.-.  7z-x  —  y  =  G 

(1) 

4a;-4y-42  =  6 

(2) 

6y-2x-22-0 

(3) 

Multiply  (1)  by  4, 

282-4a;-4y  =  24 

(2)  is 

—  42 -f  4a;  — 4y -^    0 

Add. 

242           -8y  =  30 

(0 

Multiply  (1)  by  2. 

142-2a;-2y  =  12 

(3)  is 

-22-2j;  +  Gy=    G 

Subtract, 

IG2           -8y=    0 

(•'->) 

(4)  is 

242           -  8y  =  30 

Subtract, 

82                   =24 

,     .-.2  =  3. 

Substitute  value  of  2  in  (5),  y  =  SJ. 

SulDstitute  values  of  y  and  2  in  (1),    x  -  9}. 
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64.  A  pays  to  B  and  C  as  much  ad  each  of  them  has ;  B  pays 
to  A  and  C  one-half  as  much  as  each  of  them  then  has ;  and  C 
pays  to  A  and  B  one-third  of  what  each  of  them  then  has.  In 
the  end  A  finds  that  he  has  $1.50,  B  $4.16},  C$0,581.  How 
much  had  each  at  first? 

Let  X  =  number  of  dollars  A  had  at  first, 

y  =  number  of  dollars  B  had  at  first, 

and  z  =  number  of  dollars  C  had  at  first. 

x  —  y  —.z  =  number  of  dollars  A  has  left  after  giving  tO  B 
andC, 
2y  =  number  of  dollars  B  has  after  A  pays  him, 
22  =»  number  of  dollars  C  has  after  A  pays  him, 
^~    y  ~ — -  =  number  of  dollars  A  has  after  B  pays  him, 

y  —  x  —  z  ^  number  of  dollars  B  has  left  after  paying  A  andC, 
32  =  number  of  dollars  C  has  after  receiving  B's  money, 
^~    y  ~ — -  =  number  of  dollars  A  has  after  C  pays  him, 

— y  ~    ^  ~    ^  =  number  of  dollars  B  has  after  C  pays  him, 

— ^  ~  ^  ~  y  =  number  of  dollars  C  has  after  paying  A  and  B. 
o 

2 
10y-2x-2z^^^Q^  (2) 

lllnl^zy.  =  o.58i  (3) 

•Simplify  (1),  x-y-z  =  0.75  (4) 

Simplify  (2),  lOy- 2a;  -  22  =  12.50  (5) 

Simplify  (3),  11 2  -  a;  -  3/  =  1.75  (6) 

(4)  is  x  —  y  —  z=  0.75 

Add  (4)  and  (6),  IO2  -  2y  =  2.50  (7) 

(5)  is  lOy- 2a: -22  =  12.50 
Multiply  (4)  by  2,             -2.v -f  2a;- 22=    1.50 

Add,  Sy  -42=14.00  (8) 

Multiply  (7)  by  4,  -  8y  +  402  -  lOOO 

(8)  is  87/-   42  =  14.00 

Add,  302  =  24.00 

. -.2=0.66}. 
Substitute  value  of  2  in  (8),  y  =  2.08J. 

Substitute  values  of  y  and  2  in  (4),  x  =  3.50. 
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Exercise  70. 


1.       2x+lly  =  49. 
Transpose,     2  x  =  49  —  1 1  y . 

.-.  x  =  24-6y+i^. 

Let  ^—^  =  m, 

2 

1  — y  =  2m. 
.-.  y  =  1  -2w. 

Substitute  value  of  y  in  original 

equation, 
2x  + 11  -  22m  -  49. 

.-.  x  =  19  +  llm. 
If  m  =  0,  x=19,  y=l. 
If     m=-l,  x  =  8,    y='3. 


2.         7x  +  3y  =  40. 
Transpose,     3y  =  40  -  7x. 


y  =  13-2x+l=^. 
^  3 


Let  i^:^  -  m, 

o 

1— ««3m. 
.«.  x=l  — 3«i. 

Substitute  value  of  x  in  original 
equation, 
7-21m  +  3y  =  40, 

3y  =  21m-|-33. 
.'.  y  =  7m  +  11. 
If     «i  =  0,      y  =  ll,  x=l. 
If     m  =  -l.y  =  4,    x-4. 


3.       5x  +  7y-53. 
Transpose,  5x  -^  53  —  7y. 

,_10  +  y_3^. 

Multiply  by  3, 
3x-30+3y-?-=^ 

Let  *-y-m, 

5 

4  —  y  =  Tim. 
.*.  y  -'  4  -  5m. 

From  given  equation, 

X  =  5  +  7m. 
If   m  =  0,      x-5,    y-4. 


4.        X  +  lOy  «  29. 
Transpose,     x  =  29  -  lOy. 
If  y=l,  x=19. 

If  y  =  2,  X  =  9. 

If  y  =  3.  x  =  -l. 

.-.  y  can  only  ==  1  or  2, 
X  can  only  =  19  or  9. 
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6.         3a:+8y  =  61. 

3a;  =  61~8y. 


a:-20  +  2y  = 


1-2.V 


Multiply  by  2, 

2x-40  +  4y  =  ?-=^ 
^  3 

^         3 

Let  2:ii^  =  m. 

3 
2-y  =  3m. 
.•.  y  =  2-3m. 
Substitute  in  original  equation, 
3a; +  16 -24m  =  61, 

3x  =  45  +  24m. 
.-.  a;=  15  4  8?7i. 
If     ?M  =  0,       a;  =  15,  t/  =  2. 
If     m  =  -l,  a:=7,     y  =  5. 


7.      16a:  +  7y  =  110. 

7y  =  110-16x. 


Transpose, 

.y  +  2a:-15  = 

Multiply  by  4, 
4y  +  8a;-60  = 


5 -2a: 


20 -8a: 


=  2-a:  + 


Q-x 


Let 


6-a: 


■  =7/1, 


6  — x=  7m. 
.-.  a;  =  6  — 7?». 
Substitute  in  original  equation, 
,  96-112m  +  7y  =  110, 

7y  =  14  +  112m. 
.-.  y  =  2  +  16m. 
If         m  =  0,  a:  =  6,  y  =  2. 


8a;  +  5y  =  97. 

6y  =  97-8ar. 

.-.y  =  19-a:  + 
2 -2a: 


2-3a; 


y  — 19  +  a;  = 
Multiply  by  2, 


2y  -  38  + 2a:  = 


=  -a:  +  - 


Let 


5 

.'.  x  =  4  —  5m. 
Substitute  in  original  equation, 
32-40m  +  6y  =  97, 

5y  =  65  +  40m. 
.-.  y  =  13  +  8m. 

If     m  =  0,      a:  =  4,  y  =  13. 
If     m  =  --l,  a:=9,  y  =  5. 


8.     7a:  +  10y  =  206. 

7a:  =  206-10y. 


3-3.V 


.•.a;  =  29-y  + 

7 

Let  i^^  =  m. 

7 

.-.  y  =  1  — 7m. 
Substitute  in  original  equation, 
7a; +  10 -70m  =206, 

7a:  =  196  + 70m. 
.•.  a:  =  28  + 10m. 
If     m  =  0,       a:=28,  y  =  l. 
If     m  -  -  1,  a;  =  18,  y  =  8. 
If     m  =  -  2,  a;  =  8,    y  =  16. 
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9.  12.T-7y  =  l.     . 

Transpose,        7y  =  12x  -  1. 


Multiply  by  3, 


5x-l 


Let 


3y-3a;  =  2a-  +  ^— • 
x-3     _ 


,  a;  =  7w  +  3. 


11.    23y-13x-3. 
Transpoue.  13x-23y  -3. 

lOv-3 
..X      y  j^ 

Multiply  by  4. 

4x-4y-3y  +  yj.-*- 

13 
.•.y-13m+  12. 


Let 


Substitute  this  value  of  x  in  origi-    Substitute  thin  value  of  y  in  orig- 
nal  equation,  inal  equation, 

84w+36-7y  =  1. 

7y  =  35  +  84to. 
...  y  ^  5  +  12m. 
If  m  =  0,  X  -  3,  y  -  5. 


23(13m+12)-13x-3. 

13x-21M»m  t  273. 
.•.x_23m4  21. 
If        m^O,  x-21.  y  -12. 


10.         5x-17y  =  23. 

5x  =  23  +  17y. 
.-.  x  =  4  +  3y+?^. 


12.      23x-9y-920. 

9y   =23.r  -  929. 


3-h23( 
5 


x-4-3y  = 
Multiply  by  3, 

3x-12-9y  =  l  +  y+^^- 

Let  tiy=m. 

o 
Then  y  =  5m-4. 

Substitute  this  value  of  y  in  origi- 
nal equation, 
5x-17(5m-4)  =  23. 
5x- 85m +  68  =  23, 

5x  =  85m  — 45. 
.•.x  =  177/1 -9. 
If  m=l,  x=8.  y  =  l. 


.•.y"2j--l():5  + 

r»  r  -  2 
y-2x  +  103»'--^---- 

Multii.ly  by  2, 
2y-4x  +  200-x  +  ^^ 

x-4      _ 


r.j--2 


Let 
Then 


9 
x-4  = 


9  m. 
.-.  x  =  9m  +  4. 
Substitute  this  value  of  y  in  orig- 
inal equation, 
207m+92-9y-929, 

9y  =  207  m -837. 
.-.y- 23m -93. 
If         m  -  5,  X  ^  49.  y  =  22. 
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13. 

23x-33y  =  43. 

23a:  =  33y  +  43. 

^  23 

Let  2^^  =  m. 

23 
Then  y  =  23m-2. 

Substitute  this  value  of  y  in  original  equation, 
23«-33(23m-2)  =  43, 
23  a; -759  m +  66  =  43, 

23  a;  =  759m -23. 
.-.  x=33m-l. 
If  til  =  -  1.  a;  =  32,  y  =  21. 


14. 


655  a? -22y  = 

=  73, 

22y- 

=  555  a; -73. 

.'.y-25a;-3+^^-T 
22 

Transpose, 

y-25a;  +  3  = 

5a;-7 
22 

Multiply  by  9, 

9y- 225  a; +  27  = 

=  2:»  +  2  +  ^;l^. 
99 

Let 

a;-19 
22 

=  m. 

Then 

a;-19  = 

=  22m. 

.'.  a;  = 

» 19  +  22m. 

Substitute  value  of  x  in  original  equation, 

555(19  + 22m) -22y  = 

=  73, 

10545  + 

12210m -22y  = 

=  73, 

22y  = 

=  10472 +  12210W. 

.-.  y  = 

:  476  + 555  m. 

If 

m-0,  x  = 

19.  y  =  476. 
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15.  How  many  fractious  are  there  with  denominators  19  and 
18  whose  sum  is  }|? 

Let  iL  +  X.^. 

12     IS     30 

Simpliiy.  3x  +  2y  »  25, 

2y  -  25  -  3x. 

.•.y=l2-x  +  LzZ 

Let  L^-m. 

2 
Then  l-x-2m. 

.-.  X  -  1  -  2m. 
Substitute  value  of  x  in  original  equation, 
3  -  6m  +  2y  -  25. 

.-.  y-ll+3m. 
If  m-0,      x-1.  y-11. 

If  m--l,  x  =  3,  y-8. 

If  m--2.  x=5.  y  =  5. 

If  m  -  -  3.  X  -  7,  y  -  2. 

Hence,  the  pairs  of  fractions  are 

16.  What  is  the  least  number  which,  when  divlchHl  by  3  and 
5,  leaves  remainders  2  and  3  respectively? 

Let  n  »  number, 

3  *  ' 

^-y  (2) 

O 

From  (1)  and  (2),  n  -  3 r  +  2  and  5y  +  3. 

.•.  3x  +  2  =  r»y  4  3, 

3x  =  5y  +  l  (3) 

.•.x=wi^-^l. 
3 

Transpose,  x  —  1  =    -^ 


3 


.2M 


o 


Multiply  by  2,  2x  -  2  -  y  f  • 

Let  *-T—  -  »'«. 

Then  7/  =  3m-2. 

From  (3),  3.T-15m-9. 

.*.  x-=r)m  — 3. 
If  m=.l,  .T-2,  y=  L 

But  ?i  =  3x  +  2. 

.-.  n-8. 
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17.  A  person  counting  a  basket  of  eggs,  which  he  knows  are 
between  50  and  GO,  finds  that  when  he  counts  them  3  at  a  time 
there  are  2  over ;  but  when  he  counts  them  5  at  a  time  there 
are  4  over.     How  many  are  there  in  all? 

Let  --  X, 

3 

1  ?i  — 4 

and  -^  =  j,. 

Then  n  =  2  + 3a;  or  4  +  5y. 

.-.  2  +  3a;  =  4  +  5y. 

3a;  =  2  +  5i/  (1) 

.  2(1 -fy) 

Let  ^L±J^  =  m. 

3 
Then  3/  =  3m  — 1. 

Substitute  value  of  y  in  (1),  3.t  =  2  -h  5(3m  -  1), 
3x=15m-3. 
.*.  X  =  5m  —  1. 
If  m  =  4,  x=19,  y  =  ll. 

Hence,  the  number  of  eggs  is  59. 

18.  A  person  bought  40  animals,  consisting  of  pigs,  geese, 
and  chickens,  for  $40.  The  pigs  cost  $5  apiece,  the  geese  $1, 
and  the  chickens  25  cents  each.  Find  tlie  number  he  bought  of 
each. 

Let  X  =  number  of  pigs, 

and  y  =  number  of  geese. 

Then  40  —  .r  —  y  =  number  of  chickens. 

5.f +  7-1-10-^-^  =  40  (1) 

4     4 
or  20a;  +  4y  +  40  -  a;  -  y  =  160, 
or  iya;-|-3y  =  120, 

3y  =  120 -19.1;  (2) 

y  =  40-6a;-?. 
^  3 

Let  •  ^  =  m. 

3 
.-.  a;  =  3  m. 
Substitute  value  of  a;  in  (2),  3y  =  120  -  57?^. 

.-.  y  =  40-19m. 
If  m-1,  a;  =  3,  y  =  21. 

■  If  m  =  2,  a;  =  6,  y  =  2. 

Hence,  he  bought  3  pigs,  21  geese,  and  16  chickens ;  or  6  pigs, 
2  geese,  and  32  chickens. 
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19.  Find  the  least  multiple  of  7  which,  when  divided  by  2.  8. 
4,  5,  6,  leaves  in  each  case  1  for  a  remainder. 

Let  7j:  «  lea«t  multiple  of  7. 

and  y  -^  sum  of  quotients. 

Then  ^ 

7a;-l  .  7x-l  .  7x-l  ,  7x-l  .  7x  -1 

Simplify, 
210x  -  30  +  140x  -  20  +  105x  -  15 

+  84x  -  12  +  70x  -  10  «  CiOy, 
609x  -  60y  "  87. 
Divide  by  3,  203x-20y-29  (1) 

-20y--203x  f  20. 

.-.y-lOx-l  +  ^^f-:^. 
^  20 

Transpose,  y  -  lOx  +  1  =  ^i^~^). 

Let  ^"^«m. 

20 
Then  x  -  3  -  20m. 

.*.  X  "  20to  +  3. 
Substitute  value  of  x  in  (1), 

4060m  +  609  -  20y  =  29, 

20y  -  -  40<K)m  -  580    (2) 

.•.y  =  203m +  29  (3) 

If  m  =  2,  X  =  43,  y  =  435. 

Hence,  the  number  is  301. 

20.  In  how  many  ways  may  100  be  divided  into  two  parts,  one 
of  which  shall  be  a  multiple  of  7  and  the  other  of  9? 

Let  .       7x  =  one  part, 

and  9y  =  the  other  part. 

.•.  7x  +  9y  =  100. 

7x=100-9y. 
.•.x  =  14-y  +  211:ili. 

Let  ^-rn.  ^ 

Then  l-y-7m. 

.'.  y  =  1  -7m. 
Substitute  value  of  y  in  the  original  equation, 
7x  +  9(l-7m)-100, 

7x=100-9(1-7to; 
7x=91+63m. 
.'.  x=13  -t-9m. 
If  m=-0,      x=13,  y  =  l. 

If  m=--l,  x  =  4,    y  =  8. 

Hence,  the  parts  are  91  and  9,  or  28  and  72. 
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21.  Solve  18  a; 

-5y  = 

70  so 

that  y  may  be  a  multiple  of  «, 

and 

both  positive. 

18a; 

-5i/  = 

=  70. 

Let 

y  = 

■  mx. 

Substitute  value  of  y  in  j 

.his  equation, 

I82;- 

-bTnx  = 

=  70. 

a;(18- 

-5m)  = 
.*.  x  = 

=  70. 
70 

18 -5m 

and 

y  = 

70m 
18 -5m 

Now,  if  m  = 

-2, 

x  = 

-V  or  8}, 

and 

y  = 

.ifiiorl7J. 

And,  if  m=» 

3. 

X  = 

=  -V  or  23i, 

and 

y  = 

^&  or  70. 

22.  Solve  8a;+122/  =  23so  that  3C  and  y  may  be  positive,  and 
their  sum  an  integer. 

8a;  +  12y  =  23  (1) 

Let  X  -\-  y  =  m. 

Transpose,  x  =  m  —  y  (2) 

Substitute  value  of  a;  in  (1), 

8m-8i/  +  12y  =  23, 

4y  =  23-8m. 
23 -8m 


.-.  y  = 

4 

Substitute  value  of  y  in 

(1). 

8aj  +  69 

-24m  = 

=  23, 

8a;  =  24m -46 

.'.  x  = 

24m -46 
8 

Let 

m  = 

=  2. 

Then 

x  = 

48-46 

8 

1 

id 

y- 

23-16 
4 

7 
4 
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23.  Divide  70  into  three  parts  which  shall  give  integral  quo- 
tients when  divided  by  6,  7,  8,  respectively,  and  the  sum  of  the 
quotients  sliall  be  10. 

Let  X  —  first  part, 

y  =  second  fiart, 
and  70  -  X  —  y  =  third  part. 

Simplify, 
24a;  +  24y  +  1470-  21«-  21y  -  1680. 

7*  +  3y  =  210  (2) 

3y-210-7x. 

.-.  y=.70~2x-?. 
^  3 

Let  -  =»  TO. 

3 
,'.  x^  3to. 
Substitute  value  of  m  in  (2), 

21m  +  3y  =  210, 

3y  =  210-2lTO. 
.-.  y  =  70-7TO. 
If  TO=2,  4,  6,  8, 

(the  lowest  values  that  will  produce  multiples  of  the  numbern). 

x=    6,  12.  18.  24. 

y  =  56,  42,  28,  14, 

70-a:-y=    8,  16,  24,  32. 

24.  Divide  200  into  three  parts  which  shall  give  integral  quo- 
tients when  divided  by  5,  7,  11,  respectively,  and  the  sum  of  the 
quotients  shall  be  20. 

Let  X  »  first  part, 

and  y  =  second  part. 

Then  200  -  «  -  y  =-  third  part, 

X  V     200-g-y  _cjQ 

„.      ,.^      S""?  11 

Simplify, 

77x  +  55y  +  7000  -  35x  -  35y  =  7700, 
42x  +  20y  =  700, 
21x  +  10y-350  (1) 

...y  =  35-2x-^ 
Let  ^=m. 

x=  lOwi. 
Substitute  value  of  x  in  (1),    y  «  36  —  21  m. 
If  m-1.  x-10,  y-14. 

2Q0-*-y-176. 
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25.  A  number  consisting  of  three  digits,  of  which  the  middle 
one  is  4,  has  the  digits  in  the  units'  and  hundreds'  places  inter- 
«  hanged  by  adding  792.    Find  the  number. 

Let  X  =  digit  in  hundreds'  place, 

and  y  =  digit  in  units'  place. 

.'.  iOOo;  +  40  -I-  y  =  the  number. 

lOOy  +  40  +  a:  =  792  +  100a:  +  40  +  y. 
Transpose  and  combine, 

99y-99a;  =  792. 
Divide  by  99,  y  -  a;  =  8  (1) 

y  =  a:  +  8. 
Let  a;  +  8  =  ?», 

a:  =  m-8  (2) 

and  y  =  m. 

From  (2),  m  must  be  equal  to  9,  in  order  to  make  x  positive. 
Then  a;  =  1, 

y  =  9. 

Hence,  the  number  is  149. 


26.  Some  men  earning  each  $  2.50  a  day,  and  some  women 
earning  each  $1.75  a  day,  receive  altogether  for  their  daily 
wages  $44.75.  Determine  the  number  of  men  and  the  number 
of  women. 

Let  X  =  number  of  men, 

and  y  =  number  of  women. 

Then  5a     Tjf^m 

2        4        4 
10a!+7y  =  179, 

Transpose,         .      y  -  25  +  x  =     ~      » 

Multiply  by  6,  5y  -  125  +  5x  =  2  -  2a:  +  ^^ 

Let  ^-^==m, 

7 
a;  =  6  — 7m. 
Substitute  6-  7m  for  a;  in  the  original  equation, 
60-70m  +  7y  =  179, 

7y  =  119  +  70m. 
.-.  y  =  17  +  10m. 
If  m  =  0,      a:  =  6,    y  =  17. 

If  m--l,  x  =  13,  y  =  7. 
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27.  A  wishes  to  pay  B  a  debt  of  £1  12«.,  but  has  only  half- 
crowns  in  his  pocket,  while  B  has  only  f oar-penny  pieces.  How 
may  they  settle  the  matter  most  simply? 

Let  X  —  number  of  half  crownj*. 

and  y  =  number  of  four-penny  pieces. 

Then  half  crowns  «  30x  pence. 

and  four-penny  pieces  »  4y  pence. 

£1  +  12«.  »  384  pence. 

But  £1 +  12«.  =  30x-4y. 

.-.  30x  -  4y  =  384  (1) 

4y  =  30x  •-  384. 

30J--384 
...y^         - 

ory  =  7x-96  +  * 
2 

Let  I  -  m. 

Then  x  =  2m. 

Substitute  value  of  x  in  (1), 

60m -4y  =  384. 

.♦.  y  «=15m-96. 
If  m  =  7.  x-14.  y-9. 

Hence,  A  can  give  B  14  half-crowns,  and  receive  from  B 
9  four-penny  pieces. 

28.  Notice  that  17  is  a  common  factor  of  323  and  527. 

29.  A  farmer  buys  oxen,  sheep,  and  hens.  The  whole  num- 
ber bought  is  100,  and  the  whole  price  £  100.  If  the  oxen  cost 
£5,  the  sheep  £1,  and  the  hens  1  s.  each,  how  many  of  each  did 
he  buy? 

Let  X  =  number  of  oxen, 

and  y  =  number  of  sheep. 

Then  100  —  x  —  y  =  number  of  hens. 

6a^  +  y  +  i5^^^  =  100  (1) 

100x-t-20y+ 100- x-y  =  2000, 

99x-H9y  =  1900  (2) 

Transpose,  19y  =  1900  -  99  x. 

Divide  by  19,  y  =  lOO  -  5x  -  if . 

19 
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Transpose,  100-5x-y  =  ~ 

Multiply  by  5> 

500-25  a;-5y  =  x  +  -^. 

Let  —=xm. 

19 

Then  x  =  19m. 

Sabstitnte  value  of  a;  in  (2), 

1881  m  +  19y  =  1900. 

Transpose,  19y  =  1900  - 1881  wi, 

y  =  100 -99m. 

If  m  =  l,  a;  =  19,  y=l, 

and  100  -  a;  -  y  =  80. 

Hence,  he  buys  19  oxen,  1  sheep,  and  80  hens. 

30.  A  number  of  lengths  3  feet,  5  feet,  and  8  feet  are  cut; 
how  may  48  of  them  be  taken  so  as  to  measure  175  feet  all 
together? 

Let  X  »  number  8  feet  long, 

y  —  number  5  feet  long, 

and  48  —  a;  —  y  =  number  3  feet  long. 

8a;  +  5y  +  3(48  -.t  -y)  =  175  (1) 

Simplify,  5x+2y=.31. 

Transpose.  2y  =  31  -  5a;  (2) 

.-.  y=15-2x  +  i^. 

Let  hz^^m, 

2 

Then  1  -  a;  =  2m. 

.*.  a;=  1  —  2m. 
Substitute  value  of  x  in  (2),  2y  =  31  -  5  +  10m. 

y  =  13  +  5m  (3) 

If  m  =  0,  -1,  -2, 

ap  =   1,    3,    5  =  number  of  8-ft.  lengths, 

y  «=  13,    8,    3  =  number  of  5-ft.  lengths, 

48  -  a;  -  y  =  34,  37,  40  =  number  of  3-fl.  lengths. 
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31.  A  field  containing  an  integral  number  of  acres  less  than 
10  is  divided  into  8  lots  of  one  size,  and  7  of  4  tiroes  that  sixe ; 
and  has  also  a  road  passing  through  it  containing  1300  square 
yards.    Find  the  size  of  the  lots  in  square  yards. 

Let  X  =  number  of  acres. 

.'.  4840 X  —  number  of  square  yards. 

y  —  number  of  square  yardn  in  1  lot, 
Sy  »  number  of  square  yardu  in  8  lot^t, 
28y  »  number  of  square  yards  in  7  loU  of 
second  kind. 
8y  +  28y  +  1300  =  4840X  (1) 

9y  +  325  -  1210x, 

9y  =  1210x  -  325  (2) 

y=134x-3G+'*^~^ 
^  9 

y-134x  +  36  =  i^^. 

Multiply  by  7, 

7y-938x  +  252"3jr  f  ^-^• 

^  9 

Let  — -—  =  m. 

a 

Then  x-7  =  9m. 

.-.  x  =  9m  +  7. 

Substitute  value  of  x  in  (2), 

9y  =  10890m  4  8170-325. 
9y  =  10890m +8145. 
.-.  y  =  1210m  +  905. 
If  m  =  0. 

X  =  7       =  number  of  acres, 
y  =  905    ^  number  of  sq.  yd.«».  in  1st  lot. 
4y  =  3620  =  number  of  sq.  yds.  in  2d  lot 


32.  Two  wheels  are  to  be  made,  the  circumference  of  one  of 
which  is  to  be  a  multiple  of  the  other.  What  circumferences 
may  be  taken  so  that  when  the  first  has  gone  round  three  times 
and  the  other  five,  the  diflTerencc  in  the  length  of  rope  coiled  on 
them  may  be  17  feet? 
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Let  X  =  circumference  of  the  first  wheel, 

and  y  =  circumference  of  the  second  wheel. 

3a;  —  5y  =  17,  difference  of  length  of  rope  coiled  on  them 
when  first  wheel  goes  round  three  times,  and 
second  five  times. 
Let  X  =  my, 

3a;-5y  =  17. 
3my  —  5y  =  17, 
y(3m-r))  =  17. 

^      3m-5 
If  m=2,  ?/--=17,  a;  =  34. 

33.  In  how  many  ways  can  a  person  pay  a  sum  of  £  15  in 
half-crowns,  shillings,  and  sixpences,  so  that  the  number  of 
shillings  and  sixpences  together  shall  be  equal  to  the  number  of 
half-crowns? 

Let  X  =  number  of  shillings, 

and  y  =  number  of  sixpences. 

Then  a;  +  y  =  number  of  half-crowns. 

y  sixpences  =  }y  shillings, 
(.c  -f  y)  half-crowns  =  ^(x  +  y)  shillings. 
Then  x  +  iy  +  ^{x  -^y)  =  whole  number  of  shillings. 

But  300  =  whole  number  of  shillings. 

''.x  +  iy  +  i{x-\-y)  =  ZOO. 
2a; -fy  +  5a; -f  5y  =  600, 
7a;  -I-  6y  =  600. 

0^  =  85-1-^:=-^. 
7  . 
Transpose,  and  multiply  by  6, 

r)a;-510  =  4-5y  +  ^^=^. 
7 

Let  ^^=^  =  m. 

7 

.-.  y  =  2-7m. 
Substitute  value  of  y, 

7a;  +  12 -42m  =  000. 

.'.  rf  =  Gm  -h  84. 
If  m  =  0,  -2,  -2,  -3,  -4,  -5,-0,  -7,  -8,  -9,  -10,  -11, 
— 12,  — 13,  then  a:  and  y  would  each  have  14  positive  values. 
Hence,  there  are  14  wa3''R. 
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Exercise  71. 

1. 

If 

a«  +  36'is>2a6  +  2i^. 

if  (transposing), 

a»  +  6*i8>2aA. 

But 

a«  +  6*i8>2a6. 

.•.a«  +  36»i8>26(a  +  6). 

2. 

a»6  +  aA»i5i>2aW 
If  (dividing  both  sides  by  ai), 

a* +  6*  i3>2ai. 
But  a«  +  i«i8>2a6. 

.-.  a»6+a6»is>2a»6«. 


3. 

(a»  +  6')(a*  +  b*)  is  >(a»  +  &»)«. 
If  (simplifying), 

a«  +  a*6«  +  a»6«+  M  is  >a»  +  2a»&»  -f  ft». 
if  (transposing),        a*6»  4*  a*6*  is  >  2  a'6*, 
if  (dividing  by  a«6«),      a«  +  6»  is  >  2  a6. 
But  o*  +  i»is>2a6. 

.-.  (a«  +  6*)(a*  +  6*)  is  >(a»  +  6»)«. 


4. 

a'6  +  a^c  4-  oft*  +  6'c  +  ac'  -f  ftc*  is  >  6a6c. 
a(6«  +  c*)  +  6(a»  -I-  c»)  +  c(a«  +  6»)  is  >  Gate. 
Since  (6*  +  c*)  is  >26c, 

.-.  a(6»-|-c*)  is>2aftc. 

Since  (a»  +  c*)  is  >  2ac, 

.'.  6(a*  +  c*)  is  >2a6c. 

Since  (a' +  6')  is  >2a6, 

.-.  c  (a» +  ft»)  is  >  2 aic. 

Therefore  (by  adding), 

a{f-^  b^)  +  &(a«  +  c»)  +  c(a«  +  6^)  is  >6a6c. 
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6.  The  sum  of  any  fraction  and  its  reciprocal  is  >  2. 

Let  Y  =  ^^^  fraction. 

o 

Then  -  =  the  reciprocal, 

and  -  ^  +  ^i8>2, 

6     a 

if(multiplyingbya6),a'  +  b^  is  >2ab. 

But  a«  +  ft*is>2a6. 

.•.?  +  ^is>2. 
b     a 


6. 

If   X*  =  a*  +  6',  and  y*  =  c*  +  d*,  xy  is  <  oc  +  bd,  or  a(?  +  be. 
Now,  if  rcy  is  <  ac  +  ftc?, 

then  x^y^  is  <  (ac  +  6d)«, 

and  (by  substituting  the  values  of  x^  and  y^), 

(a*  +  6«)(c»  +  (?)  is  <  (oc  +  bdf, 
or  (simplifying), 

aV  +  a'^  +  c'ft^  +  6»cP  is  >  aV  +  2a6c(?  +  6*cP, 
and  a^cP  +  6V  is  >  2a&crf. 

But  a^cP  +  ft«c'  is  >  2abcd. 

.*.  ay  is  >  ac  +  6rf. 


a6  +  ac  +  6c  is  <  (a+6-c)2+(a+c-6)2+(6+c-a)*, 
if  (by  expanding  and  combining), 

ab-^ac  +  be  is  <3a^+3b^+Z<?-2ab-2ae-2b€, 
if  3a6  +  3ac  +  36c  is  < 3 a«  +  36*  +  3c». 

if  a6  +  ac  +  6c  is  <  a*  +  6*  +  c^. 

But  2a6  is<    a«+    6« 

2ac  i8<    a«  +    c» 

26c  is  <  6»+    c» 


,  2a6  +  2ac  +  26c  is  <  2a*  +  26*  +  2c» 

a6  +  ac  +  6c  is  <  a*  +  6*  +  c*. 
.-.  a6  +  ac  +  6c  is  <  (a+6-c)*+(a+c-6)*+(6+c— a)*. 
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8.  Which  is  the  greater, 

(a«  +  ft'Xc' +  <^  or  (oc  +  Wy? 

Now,         aV  +  6*c»  +  aW  +  5^d«  is  >  aV  +  2abcd  +  6»d». 
if  6*c»  +  a«<i»iB>2ai«/, 

But  6«c«  +  a»£/»  ia  >  2a^jrf. 

.-.  (a»  +  ft^Xc*  +  (P)  ifl  >(a<;  +  hdf. 


9.  Which  is  the  greater, 

«*  —  6*  or  4a"(a  -  6),  when  a  is  >  5? 

4a^a  -  6)  is  >  or  <  a*  -  6\ 
as  (dividing  by  a  -  6),        4a*  is  >  or  <,o'  +  a*6  +  a6»  f  &», 
as  (subtracting  a'  from  both  sides), 

3a*  is  >  or  <  a*b  +  a6*  +  &», 
as  (transposing  a'6),  3  a'  —  a*6  is  >  or  <  a6*  +  ft*, 
as  a»(3a  -  i)  is  >  or  <  6*(a  +  6), 

if  the  factor  a'  be  taken  out  from  the  left  side,  and  the  factor  6*  from 
the  right  side,  since  a  is  >  ft,  the  left  side  will  have  been  divided  by 
a  greater  number  than  the  right ;  so  that,  if  the  left  is  greater  than 
the  right,  after  both  factors  have  been  taken  out,  it  must  have  been 
greater  before. 

If,  therefore,  3a  —  6is>a+ft, 

if  (by  adding  ft  —  a  to  both  sides), 

2a  is  >  2ft, 
But  2a  is  >  2ft. 

/.  4a»(a-ft)is>a*-ft*. 
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10.  Which  is  the  greater, 


as  (squaring),       ^  +  V2ab  +  —  is  >  or  <  a  +  >/2a6  +  6, 
6  a 

as  (transposing),  ^  +  —  is  >  or  <  a  +  6, 

6      a 

as  (multiplying  by  o6),     a'  +  6*  is  >  or  <  a'6  +  a6*, 

as  (a  +  6)  (a*  -  a6  +  6*)  is  >  or  <  aft  (a  +  ft), 

as  (a*  +  ft*)is>or<2aft. 

But  (a2  +  ft«)is>2aft. 


11.  Which  is  the  greater, 


«±^orM7 
2         a  +  ft' 


a  +  ft  •    >.  ^^^  2ab 
IS  >  or  <  - 


2  a  +  ft 

as  a' +  2aft +  ft^  is>or<4aft, 

as  a*  + ft' is>or<2aft. 

But  a«  +  ft»i8>2aft, 

.   <^  +  ^  i   >^  2aft 
''     2      ^     a  +  ft* 

12.  Which  is  the  greater, 

ft''     a*      ft     a 

0^     a^  ft     a 

as  a^  +  ft'  is  >  or  <  a'ft  +  aft«, 

as  (a  +  ft)(a«  -  aft  +  ft«)  is  >  or  <  (a  +  ft)aft, 

as  a2  +  ftM8>or<2aft. 

But  a*  +  ft*i8>2aft, 

...£+*,  is>Ui. 

0^     a^         ha 
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Exercise  72. 

1.  w 

2. 

s.  (xy)« 

2* 

l2a»&»j 
^  3»x««y 

„243x'V 

16  32a»»6»* 

6.  (a: +  2)" 

=  (x)»  +  3{x)«(2)  +  3(x)(2)«  +  (2)» 
=  x»  +  6a:»+12«  +  8. 

7.  (x-2)* 

=  0?*-  4(x)»(2)  +  6{x)»(2)»-  4(x)(2)»  +  2* 
=  a^-  8x«+  24x*-  32x  +  16. 

8.  (x  +  3)* 

=  {xf  +  5(x)*(3)  +  10(x)»(3)«  +  10{x)»(3)>  +  6(x)(3)*  +  (3)» 
=  x»  +  15a?*  +  90«»  +  270rf  +  405x  +  243. 

9    f  1  -|-  2xV* 
'  =  l*^  +  5(2x)  +  10(2x)«  +  10(2x)>  -f  6(2x)*  -f-  (2x)» 
=  1  +  10x  +  40x*  +  80«"  +  80x*  +  32x*. 


13.  (-7m*n2^v*V 
=  49m«n«x*y«. 


14. 


/_2^Y 
^2»x^x«y 

_32x«»^ 
243  a*>c»' 


10.  (2m-l)» 
=  (2m)»-3(2m)»+3(2m)-(l)» 
=  8m»-12TO'  +  6m-l. 

11.  (2aH(?f 
=  2*a*x*Mc«x* 
=  16a86*ci«. 

12.  (-5ax»y»)» 
=  -5'a»x»x«ySx8 

=  -126a»x»y«. 

15.  (3x  +  l)* 

=  (3x)*  +  4(3x)»  +  6(3x)«  +  4(3x)  +  1 
=  81a?*  +  108x«  +  54x*  +  12x  +  1. 

16.  (2x-a)* 

=  (2x)*  -  4(2x)»(a)  +  6(2x)«(a)«  -  4(2x)(a)»  +  (a)* 
=  16a;*  -  32ox»  +  24a«x»  -  8a»x  +  a*. 

17.  (3x  +  2a)* 

=  (3x)»  +  5(3aj)*(2a)  +  10(3x)»(2a)« 

-f  10(3x)«(2a)»  +  5(3.T)(2a)*  +  (2a)P 
-  243x6  +  SlOoa;*  +  1080a»x»  +  720a»x»  +  240a*x  +  32a» 
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la  (2x-y)* 

=  (2x?  ~  4(2ir)»(y)  +  6(2a:)«(y)»  -  4(2a;)(y)»  +  (y)* 
=  16a^-  32a!»y  +  24a^y«  -  8iry»  +  y*. 

:a^yf-6(2^yf{2 


19.  {xHf-2xy^f 


20.  (oi-Sy 


)«^(2w«)+15(a:«y)*(2a:y«)»-2O0c«v?{2ay«)» 
+  l5(JyY{2xy^y  -6(x^y)(2xy^f  +  (2a:y«)» 
y'  +  60>y8  -  160a:»y»  +  240ic«yW 

-192a;^y»  +  64a*y". 

^oi/-  7(a5)«(3)  +  2liabf(Sy  -  35(a*)*(3)» 

+  35(a6)^(3)*  -  21  (a6)*(3)6  +  7(a6)(3)«  -  {3)» 
=  a'6'-21a«6«  +  189a>66_945a4  6* 

+  2835  a»  &»  -  5103  a»  6«  +  5103  ab  -  2187. 
21.  {-3a«6»5)*  OR    /     a:2y»2*V 

O.I  o  ^10  J.10  ^  V  ' 


=  - 243  a^i^c*. 


jp2x7  y8x7  ^4x7 


22.  (-3a:y»)«  2^ 
=  729a^y«                                          = ^. 

23.  (-5a«6ar»)5 

=  _  55^2x555,^x8 

=  -3125a-6^.-  26.  (1-a^a^)^ 

o.     /     3a*n*  ={l^(a  +  a2)p 

24.  (--Tt)  =P-2(a  +  a«)+(a  +  a«)« 

^  ^,^fj  =l-2a-2aHa«  +  2a»  +  a* 

_81a^  =l-2a-a«  +  2a»+a*. 

256  ci« 

27.  (2-3x  +  ^x^ 

=  [2-(3a;-4a:»)]» 

-=.(2)»-3(2)«(3a;-4a:»)4-3(2)(3a:-4a:«)«-(3a;-4a;»)S 
„  S  -  36a;  +  48a,'«  +  54r»  -  144ar^ 

+  96a;*-  27ar»  +  108a;*-  144a*  +  64. "" 
=  8  -  36a;  +  102a,-*  -  171ar»  +  204a;*-  144a:5  +  64a*. 

28.  (l-2a;  +  a;«)» 

=.Ul-2c:)  +  ^r 

-  (1  -  2a;)*  +  3(1  -  2a;)«a;>  +  3(1  -  2a;)(a;«)«  +  (x^ 

-  1 -6a;+ 12a;*- 8ar»  +  3a;«- 12a;»+ 12.0;*  +  3af--6a* +  a* 
=  1  -  6a;  +  15a;*  -  20 ar^  +  15a;*  -  6a;B  +  a*. 


(l-a;+a;*)» 

=  a-(a?-a;*)}» 

=  1 -3(a;-a;*)  +  3(a:-a;*)*-(a;-a;*)» 

=  1  -  3a;  +  3a?  +  3a;*  -  6a;»  +  3a;*  -  a;»  +  3a;* -  3a*  J^ ''« 

=  1  -  3 a;  +  6a;*  -  7ar»  +  6a;*  -  3a*  +  a*. 
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30.  (l+x-\-x^ 
=  {l+(x  +  a:»)}* 

=  1*  +  4(l)»(x  +  a^)  +  6(l)«(x  +  a:«)»  +  4(l)(x +«»)•  +  (*+ «^« 
=  1 +4? +4x*  + 6x»  + 12a;»  +  6x* +  4a;»  + 12x«  +  12a* 

+  4  «■  +  X*  +  4a*  +  6x»  +  4x' +  *• 
=  1  +  4x  +  10x»  +  16x»  +  19x*  +  16x»  +  10x»  -f-  4x'  +  x». 


Exercise  73. 


3.    V533(;i6*c«y"2»« 


±x», 


V4a^=db2a»6, 
v^64  =  4, 
V^aSaJOy^  =  aj«y», 

v^-32a»*--2a». 


3» 

7 

7 

IP 


53301 
6929 


847 


121 


2.   -{^-1728  c«cf":gy=  -12c«rf V, 
v^3375fc«2^^  =  156V, 
^3m696=v^2*^X  3*  X  7*. 
v^2*x3*x7*ci«z*=  ±  42c*  2. 


V533(n  ^^A^^  xT'xll". 
V533<U6*c«y'V«  -  4  231  //Vyc«. 

>       343, 


^729  2» 


3432" 


72» 


32» 


4.  V25a«!»V4-v^8a»"&V--^^n"^^r*-V^32an"»<>c* 
=  V5«a»Mc«  +  v'2»a»^c'  -v^3*tt*6»c*  - v^2»a*6»V 
=  5a6»c  +  2aft«c  -  3a6*c  -  2aA«c 

=  2a6«c. 

5.  v^27^X^243y^xv^n)^*? 
=  3xy»X  Syzx  4x'z 

=  36j»y»2«. 

6.  4\/2i- 


Vlx3x2'x6+5V1'»X3»X2X6 


-4V2^_  _ 

==4a/4-V36  +  5V324 
=  4x2-6  +  5x18 
=  92. 

7.  2aVSax  +  b\/l2by  +  AabxVbxy 


=  2x1v^8x1x2+3\/12x3x'6  +  4x1x3x2V3x2x6 
=  2VT6+3v^2l6-f  24V36 
=  2x4  +  3x6  +  24x6 
«170. 
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8.  Va«  +  2ab  +  6«  x v^a»  +  Sa^b  +  3a6»  +  6» 
=  (a  +  6)  X  (a  +  6) 

=  (1  +  3)  X  (1  +  3) 
=  16. 

9.  v>^6»  ~  36»a  +  36a'  -  gS  4->/6^  4-o»-  2a6 
=  (i_a)^(6-a) 


Exercise  74. 


a*  +  4a3  +  2a2  - 4a  +  1  |a^-h2a-l 


2a«  +  2a  4a3  +  2a2 
[4a»  +  4a2 
2a«  +  4a-l 


-2a«-4a  +  l 
-2a2-4a  +  l 


2. 

a:* -  2ar»y  +  3a?2y«  -  2xy^  f  y*|a;'-gy +  t/g 


2a;2-2a;y+y2 


2a;2y2_2a;y3.^y4 


3. 


4a«  -12a5x  +  5a*a;2  +  6aV  +  aV|2a»-3a'^a;-ag» 
4a6 
4a'-3a2^-12a5a;  +  5a*ic« 
h9aV 


|-12a^a;H-^ 


4a»-6a2a;-aa;2 


-4aV  +  6aV  +  aV 
-4aV  +  6aV  +  aV 


9a;«-24a:*y«-12a:»yS+16a:«y*+16a:yS^4y6|3aJ_4a^2_2y» 
9a:6 

6ar»-4^-24a?*y2_i2arJy3+16xy 
|-24a;^/H16a;3^/*+16a;V 
6ar»-8a;3/2_22/3l     i2a:3^  +16.Tv*+4y« 

!-12a:»y8  +16aryH4v« 
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6. 

4a«  


4a< 


♦4-4a«^      16a«c«-32a*c» 


16a«c»-f  16aV 


4a*+8a»c»-4c* 


-16a*c*-32aV+  li>c» 
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4ar* -  20r»  +  37jr« - 30x  +  9|2x'-5x  +  3 
4a?* 

4a!»-5^-20x»  +  37a:» 
-  20  ar» -f  25  a;» 


4a:»  -  lOx  +  3 


12a;»-30x  +  9 
12a:«-30ar  +  9 


16ar*-  16a6x«  +  166»x»  +  4a«6»  -  8a6»  -|-  46*|4j-«  -  2a6  4  2^ 


x'-2ab 

-16ab3^  + 
-  16a6x« 

166«x»  +  4a«6» 
+  4a»i« 

-8aA»  +  4M 
-   Sa/>»  +  lb* 

8r»- 

-  4a6  +  26» 

166«a;» 

16-24a;  +  25j:» 
16 

8-3'^-24a;  +  25a:» 
-24a;+    9x« 

8. 

-20x>+10ar*- 

-20x»+10x* 
-12x»+    4a^ 

4x*  +  a!«|4-3x+2a:» 

4a:*f  a:« 
4j-*  +  a* 

-xf 

8-6a:  +  2r« 

16x« 
16a:> 

8-6x  +  4x» 

-r» 

-  8a:»+    6a?*- 

-  8x»+    6ar*- 

a»-4x^y+8x*y«-10x'y'-f8x»y*-4xy^+y«|r»-2x»v+23-v^-V^ 
x« 


2x*-2x2y 


2x»-4x*3/  +  2xy« 


—  4x*y-f-8x*y' 
— 4x^?/+4x*v' 


2x5-43^3^ +4xy»-t/8 


4x*y«-10x»y»+8x'y* 
4x*y^-  8x».v»-f  4x»y* 


2  x*  ?/*+  4  x^  ?/*-  4  .T?/*+  y« 
2x^.V^+4x3?/*-4.rT/54-y8 
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10. 

4a«_4a5_lla*+14o'  +  5a«-  12a -I- 4|2a»-a'-3a  +  2 
4a« 


4a»-a'» 

-4a* 
-4a* 

•-11a* 
►+      a* 

14a8  +  5a« 
6a»  +  9a« 

4as-2a^ 

-3a 

-12a*  + 
-12a*  + 

4a»-2a= 

-6a+2 

8a»-4a^- 
8a8-4a2- 

-12a  +  4 
-12a  +  4 

11. 

\Sa-b+5c-\-d 
9a2-6a6+6H30ac-106c+25c2+6a<^-26d+10cci+d« 
9a^ 


Ga-b 


-6a6+6« 


6a -26  + 5c 


30ac-106c+25c» 
30ac-106c+25c2 


6a-26  +  10c  +  c? 


12. 


6ad-2bd-{-10cd-\-(JP 
Qad-2bd+lOcd+d^ 


25  a* 


10ar»-3r»y 


30iB'^y-31a:*y» 
■  SOs^y+   9a^y» 


10a.'»-6a:*y-4a;y 


lOr'-ea^y-Sjcy^  +  y' 


40a^y»  +  34a,'»y»  +  lOar^y* 
-  40a^y»  +  24g»y»  +  16a:'.v* 


lOar^y*-    6a:*y*- 8a;yS  + y* 


13. 

I  m*-2  m*+3  7/i^-4  m  f  5 

m8-4m'+10m«-20m*+35m*-44mH46m'-40m+25 


2m*-2m' 


-4m^+10??i' 
-4m'^+  4m® 


2m*-4m'+3m* 


6m«-20m'^+35m* 
6m«-12m5+  9m* 


2  m*-4  m'+6  m'— 4  m 


-  8m*+26m*-44m»+46m* 

-  8mH16m*-24m»+16m* 


2  m*-4  m'+6  m'— 8  m+5 


10  m*-20  m'+30m»-40  m+ 25 
10m*-20m»+30m«-40m+25 


teachers'  edition. 
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14. 

a* 


23?-ixy 


a:»y  +  ?gV 


-2a^'  +  gy»^y* 


16. 

a?*  X       x" 


j»-2ry  t  y* 


?/• 


2x»-2a^ 


—  4a:'y  +  4g'y* 


2a:'-4ary +y' 


2xV-4rv'-f    y* 


2a:*-4xy  +  2y*- 


t 


-2ary»+4y*-^5!  +  g 


V.3/» 


~2ay-h4y*^-^f^- 


16. 


a*     a'a;  ^  43a«x»  _  Zo^  ^  ac^ 


2a« 
3 


9 
a* 

9^ 
3a£ 
4 


48 


43  aV 
48 

€?x     27  aV 
2  48 


Q  1  ~  >^  9 


f* 


gV     3aj»  a?* 

3  4  4 

aV_3a^  «J 

3  4  4 
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17. 

,      4      10     20      25 

X         X^         3?         3^ 

24      16 

,234 

1 

2.? 

X 

4     10 

4      4 

20      25 

2+i 

X 

3 

6 

6      12      9 

2  +  1  +  5 

^^ 

8      16 

24     16 

3f^  3^ 

8      16 
3?     ar* 

24     16 

18. 

a^      2a  ,  Q      26  ,  h'^\a     .   ,  6 
0^0  a      o^\h a 


2a_  J 
h 

2a 
b 

-2  +  » 
a 

2-M  +  ^ 

2-2*+^, 
a      a* 

19. 


^  +  ^_^_^  +  iU  +  ^_i 


a;* 


12      3     9 


2     3 


2.-^  +  | 

a;3 

5,^2 
12 

2»«Ta;- 

1 
3 

2a;»     a;      1 

3        3     9 
2a:2     a;     1 

3       3     9 
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(1) 


1. 

120409(347 
■  9 

64)304 
256 


Exercise  75. 


0) 


(2) 


687)4809 
4809 


4816.36(69.4 
36 


129)1216 
1161 


(2) 


1384)  5536 
5536 


(3)  1867.1041(43.21 

16 

83)267 
249 
862)1810 
1724 
8641)  8641 
8641 


(4)  1436.652i  (37.89 

9 
67J535 
469 
748)6665 
5984 
7569)68121 
68121 

(5)  64.128064(8.008 
64 

16008)128064 
128064 


(3) 


(4) 


16803.93G9(129.e3 

22^68 
44 
240)2103 
2241 


2586)  16293 
16516 
25923)77769 
77769 

4.64499t6i  (2.1319 
4 

41754 

41 
42371349 

1269 

4261)8097 
4261 
42629)383661 
383661 

0.24373969(0.4937 
16 


89)837 
801 

983)3639 
2949 


9867)69069 
69069 

0.5687573056(0.75416 
49 

145J787 
725 

)6257 
6016 
15081)24130 
15081 
150826)904956 
904956 
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(1)  0.9006o6o6o6(0.94868 

81 

184J900 
736 
1888)16400 
15104 
18966)129600 
113796 


(5) 


189728)1580400 
1517824 


17.00(4.1231 
16 


81)100 

81 
822)1900 

1644 


8243)25600 
24729 


82461)87100 
82461 


(2) 


(3) 


(4) 


6.21(2.4919 

4 
44)221 

(6)             i29.060()0606(11.3578 

2l)29 
21 
223)800 
669 

176* 
489)4500 

4401 
4981)9900 
4981 

49829)491900 
448461 

2266)13100 
11325 
22707)177500 

158949 

227148)1855100 

0.43(0.6557 

1817184 

36 

125)700 

625 

1305)7500 

6525 

(7)             347.2590(18.6348 

13107)97500 

1 

91749 

28)247 

224 

366)2325 

2196 

0.008620(0.0923 

3723)12990 

81 

11169 

182)420 

37264)182100 

364 

149056 

1843)6600 

372688)3304400 

5629 

2981504 
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4. 

(5) 

0.0306o6o6(0.1732 

(1)           14295.3870(119.5633 

1 

1 

27)200 

2l)42 

189 

21 

313)1100 

229)2195 

1029 

2061 

3162)7100 

2385) 13438 

6921 

11925 

23906)151370 

(6) 

111(10.5356 

143436 

1 

239123)793400 

205)1100 

717369 

1025_ 

2391263)7603100 

2103)  75(K) 

7173789 

(J3()9 

(2)          2.50006(1.5811 

25)150 
125 

21065)119100 
ia')325 

210706)  1377r)00 
12IU236 

308)2500 

2464 

3161)3600 

3161 

6. 

31621)43900 
31621 

(1) 

0.00111(0.0333' 
9 

(3)          2000(44.721 

63)210 

16 

189 

84)400 

663)2100 

336 

1989 

887)6400 

6209 
8942)19100 

(2) 

O.0646o6o6(0.0632 
36 

17884 
89441)121600 

123)400 
369 

89441 

1262)3100 

(4)        0.36060606(0.5477 

2524 

25 

104)500 

(3) 

0.0056(0.07071 

416 

49 

1087)8400 

1407)10000 

7609 

9849 

10947)79100 

14141)15100 

76629 

14141 
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(4) 


J 

(5) 


(6) 


(7) 


2.00000000(1.4142 


24)100 
96 
281)400 
281 


2824)11900 
11296 
28282)60400 
56564 


5.00(2.236 
4 


(1) 
(2) 
(3) 
(4) 

1 
(1) 


42)100 

84 
443)1600 

1329 
4466)27100 
26796 


3.25(1.8027 

28)225 

224 

3602)10000 

7204 
36047)279600 

252329 


8.600600(2.932 
4 
49J46O 
441 
683)1900 
1749 
5862)15100 
11724 


(2) 


7. 
i  =  0.5. 

0.50(0.7071 
49 


1407)10000 
9849 


14141)  15100 
14141 

i  =  0.666666. 

0.666666(0.816 
64 
161)266 
161 
1626)10566 
9756 


(3)        i  =  0.75. 


0.750000(0.8660 
64 
166)1100 
996 


1726)  10400 
10356 


1732)4400 

(4)      A  =  0.03125. 

0.031250(0.1767 
1 
-27J212 
189 
346)2350 
2076 
3527)27400 
24689 
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(5)   t}t  =  0.0546875. 

(7) 

f- 0.857142. 

0.05468750(0.2338 

4 
43)146 

129 

0.857142(0  9i-»« 
81 
182)471 

463)1787 
1389 

1845yl<C4i' 

4668)39850 
37344 

(8) 

A«0.r.--,.V 

(6)   ,fc  =  0.048. 

4 

0.0480(0.2190 

4 
41)80 
41 

1-   i 

4   ■, 

429)3900 
3861 

1i*v*ai_ 

♦ 
'6. 

CJCKBUUK   i 

1. 

3j« 

(3x  +  2y)2y  = 

6ry 

-4i-  • 
-if 

3x« 

r 

3«»  -vt^    re    r 

-3(3a-3)=        -^g>  >  -  >  /     jTt     r 
3«*— i-fl^r 

t 

r-_ 

3x»  '        -  -       .  . 

(3x-h4)4.         -r.  .      :.•       . 
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3a^ 


(3aj*-a.T)(-aa:)  =      -3aa»+aV 


4. 

a^  — 3aa^+5aV-3a*a;-a*  Ig*— oa;— o* 
a* 

-3aaj*+5aV-3a?a; 


-3aa*+3aV-a»x» 


3a;*-3ar»+aV 
3(a:»-aa;)«  =  3i*-6aar3+3aV 
(3a^-3aa;-a»X-a«)  =  -3a'V+3a»a;+ai 


3ar*-6aar» 


+3a'a;+a* 


-3aV+6a'x»-3a5jr-a« 
-3aV+6aV-3a^x-a<^ 


aj8  +3a*+6a:*+Va;'+6a:'+3a;+l  |g»+a;+l 


3a^ 
(3a;*+a;)a;=  +3a:»+a:« 


3a;*+3ar»+a;^ 
3(a^  +  a:)»=3a^+6ar'+3a:« 
(3x«+3a;+l)(l)= 3a^+3a;+l 


3a:5+6a!*+7a:» 
3ar^+3a?*+  o? 


3a:*+6a:»+6a:*+3a;+l 
3a;*-t-6j»+6a»+3a;+l 


3x*+6ar»+6ar»+3a;+l 

6. 

|l-3a;+4g« 
1  -  9a;  +  39a:«  -  99a:»  +  156a^  -  144a:6  ^.  e4  jju 
1 


3 
-9a:4-9a:> 

-9a;+39a:«- 
-9x  +  27a;«- 

-99a:» 

3-9a;  +  9a:' 

-27a;» 

3-18x  +  27a:« 

12a:'-36a;« 

»  +  16a;* 

12a:»- 
12aj»- 

-72aJ»  +  156a;*-144a*  +  64a^ 

3-18a;  +  39»»-36ar 

»  +  16a:* 

-72a:»  +  15ea;*-144a*  +  64a;« 

(3a*-2a)(-2a)= 


3a* 


-6a»  +  4a« 


|o«-2a-l 
a«-6a*+  9a*  +  4a»-9a«-6a-l 
a« 

-6aH  9a*  +  4a» 


3a*-6as  +  4a2 
3(a2-2a)»  =  3a*-12a'+12a« 
(3a2-6a-l){-l)  = -_3aH6a+l 


6aN-12a*-8a» 


3a*-12aS+  9a»+6a+l 


-3a*  +  12a»-9a«--6a-l 
-3a*  +  12a»-9a«-6a-l 
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48a!* 
(12a:»+4x)4x  48a'+16g» 


8.  |42»4-4j>-1 

192x»+144a*-32«> 


48x*+48x»+16x« 
3(4a:»-|-4x)»  =48x*+96j:»+48x« 
{12a;*+12a;-l)(-l)=_     _ 


192x»fl92^tr,4i» 


12j:«-12xfl 


48a:*+96a:»+3Gj:«-12x+l 


-48x*   lM>jc»-3«2«+12f-l 
-48x*-90j>-3<?j^  ♦  I2r-l 


9.  LL-xfT»-i^ 

l-3j;+ar«-lOa:»+12;r*-12i»+10a»-«x'  +  3x"   j» 

1 


3 

-3x+x« 

-3x+Ca:*-102;> 
-3j-+3x»-     a:» 

3-3x+a:» 

3-6a;+3a;» 

3x«-3. 

r»+** 

ax*.  9a:»+12a^- 
3a:*-  Gx»+  Or*- 

3i^+     a* 

3-6a?H-6x»-3x»+ar* 
3-6a:+9x»-6r»+3a^ 

-3r»+3a:*-3.T*+a^ 

-  3a:»+  Gx*- 

-  3a»+  6a;*- 

■  9x*+  9j*-(UN3«"-x* 

3-6x+9x»-9a:«+6a^ 

-3x»H 

ha!« 

.  ftr»+  9a*-6x^f3x«-2» 

3tf* 


9a»6+9a«6« 


10.  [al^Zab-W 

a«  +9a»6-136aV+729a!r»-7L>yi* 

9a»6-136a»i>+729aft» 


3a*+9a»6+9flW 
3a*+18a"6+27a«6» 

-27a«6«-81a5«+816* 


*  3a*+18a»6 


-81a6»+8X6* 


9a*6+27a*6«+27a«i» 


-27a*6«-162a»6»+729a6ft-729M 
-27g*y-162a^y-f729ay-729y 


11.  l^-ihc±W 

<*-126c»+606V-160i>c»+2406*c»-1926»c+646» 

3c*  Ul26<*+606*c*-160ft»c» 

-126c'+166«c*|-126c»+486«c*-  646»c» 


3c*-125c»+166V 

3c*-246(r»+486«c« 

126V-486»c+166* 


3c*-246c»+606V-48i>c+166* 


126»c*-  96W+240Mc*-1926»c+648« 
12ft«c*-  966»(r»+2406*c«-1926»c+64M 
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12a* 


24a»6+16a«&« 


12. 

|2a«+4oft-3y 

8a«+48o56+60a*i2-  80a»5»-90a«6*+108air«*-276» 
8a« 

48a56+60a*6«-  SOaW 


12a*+24a»6+16a«62 
12a*+48a»6+48a«6« 


48^6+96a*&2+  64a86s 


-18a«6»-36ay+96^ 


12a*+48a»6+30a26«-36a6'+96< 


-36a*62-144a»6»-90a2M+108a^»5-276« 
-36a*6«-144a»63_90a»6*+108a6S-27i* 


Exercise  77. 


1. 

6»  = 
3(60)2=10800 
3(60x5)=     900 
5*=       25 


11725 


274625165 
2^ 
58625 


58625 


3. 

6»  = 

3(60)2  =  10800 

3(60x4)=     720 

42=       16 

11536 


262144164 
216 
46144     . 


46144 


4»  = 

3(40)2=  4800 

3(40x8)=  960 

82  =  64 


5824 


110592148 
64 
46592 


46592 


9»  = 
3(90)2  =  24300 
3(90x6)=    1620 
6^=       36 


884736196 
729 

155736 


155736 


1092153521478 
64 


3(40)2=  4800 

3(40  X  7)  =   840 

72=    49 

45215 

5689 

39823 

3(470)2  =  662700 

3(470x8)=  11280 

82=    64 

674044 

5392352 
5392352 
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6. 

9. 

1»= 

1481544 1114 

1»- 

2.80^221)  1.41 

3(10)»  = 

300 

481 

3(10)»  = 
3(10x4)- 

300 

1803 

3(10x1)  = 

30 

121) 

1»  = 

1 

331 

4V= 

16 

331 

4;w;  1741 

150544 

r>t)22l 

3(110)«  = 

36300 

3(140)«  = 

58WH) 

3(110x4)  = 

1320 

3(140x1)- 

42<» 

4«  = 

16 

1 

37636 

150544 

59221 

50221 

10. 


7. 


1»  = 


3(10)«==  300 

3(10x1)=   30 

1»=    1 

601 

331 

331 

3(110)2  =  36300 

3(110x7)=  2310 

(7)«=   49 

270613 

38659 

270613 

1»- 

3(10)«  = 


a 


300 


1259712 1 108 


3(100)«  =  30000 
3(100x8)=  2400 

8^  = 64_ 

32464 


259712 


259712 


7077SS.S, 

192 

1«- 

1 

~ 

3(10)«  - 

300 !  tiU77 

3(10xn)  = 

270 

9^  = 

81 

r,Kr»o 

651 

21 8888 

3(190)«  = 

iaH30() 

3(190x2)-= 

1140 

2«-= 

4 

109444 

2188VS 

11. 


2»  = 

3(20)«. 

3(20x3)  -. 

3«  = 


3(20x3)  = 

3(230)«  = 

3(230x4). 

4»  = 


12.81290112.34 
8      


1200 

180 

9 

4812 

1389 

180 
18 

4167 
645904 

158700 

2760 

16 

161476 

645904 
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12. 

3»  = 
3(30)»=  2700 
3(30  X  8)  =   720 


8* 


64 


3484 


3(380)«  =  433200 

4566 

16 


3(380x4)  = 
4«  = 


437776 


56.623K 

27 

29623 


27872 


1751104 


1751104 


13. 


3»  = 

3(30)2  = 
3(30x2)=  180 
(2)«=_4_ 


=  2700 


2884 


180 
8 


3(30x2) 
2(2)2 
3(320)2  =  307200 
~"   -     960 

1 


3(320x1)  = 

12  = 


308161 


33076.161132.1 
6076 


5768 


308161 


308161 


14. 


4»  = 


102503.232146.8 
64 


3(40)2=  4800 

3(40x6)=   720 

62=    36 

38503 

5556 

33336 

3(460)2  =  634800 
3(460x8)=  11040 

5167232 

645904 

5167232 
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16. 


9»  = 
3(90)«  =  24300 
3(90x3)=  810 
3»=    9 

820.02585619.36 
729 
91025   . 

25119 

75357 

810 
18 

156(Ui856 

3(930)»  =  2594700 

3(930x6)=   UJ7I0 

^=     36 

2611476 

15668856 

16. 

2»- 
3(200)«  =   120000 
5(200  X  5)  =    3000 
(5)«-      25 

8(V)3.00iS77|  20.53 
"r.53002 

123025 

3(2050)«  =  12607.500 

5(2050x3)-   18450 

(3)»-      9 

615126 
37877877 

12625959 

37877877 

17. 

1»- 

3(10)»-    300 

3(10X1)-     30 

1*-      1 

i.37i33663i|l.lll 
371 

331 

3(110)«-  36300 

3(110X1)-    330 

(1)^-      1 

331 
40330 

36631 

36631 

3(1110)'  =  3696300 

3(1110x1)=   3330 

1«-      1 

3699631 

3699631 

3699631 
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18. 


2»  = 

3(20)2  = 

3(20x7)  = 


3(270)*  = 

3(270  X  5)  = 

5*^  = 


3(2750)2  = 

3(2750x5)  = 

5*  = 


20910.518875127.55 
8 


1200 

420 

49 

12910 

1669 

11683 

420 
98 

1227518 

218700 

4050 

25 

222775 

1113875 

4050 
50 

113643875 

22687500 

41250 

25 

22728775 

113643S75 

19. 


4'  = 


91.39864846612514.5045 
64 


3(40)2  =  4800 

3(40x5)=  600 

(5)2  =  25 

27398  • 

5425 

27125 

600 
50 

273648466 

60750000 

3(4500x4)=   54000 

42=     16 

243216064 

60804016 

54000 

32 

30432402125 

6085804800 

3(45040x5)=   -675600 

52  =       25 

6086480425 

30432402125 
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1» 
3(10)« 
3(10  X  7) 
(7)«  = 


3(170)«  = 
3(170x4)  = 


3(1740)«  = 

3(1740x7)^ 

7«' 


3(17470)«  = 
3(17470x9)  = 


5.340104393239 1 1.7479 


»300 
=  210 
»  49 

4340 

559 
210 

98 

3913 
427104 

» 86700 
-.    2040 
.   16 

88756 

355024 

2040 
32 

72080393 

=  9082800 

=   36540 

49 

9119389 

63835723 

36540 
98 

8211670239 

=  915602700 

=   471690 

81 

916074471 

8244670239 

21. 


(1) 


1«- 


'-n: 


3(10  X 


3(130)»- 
3(130x5)  = 


3(1350)«- 
3(1350x7)  = 


300 

90 

9 


399 
90 
18 


50700 

1950 

.   25 


52675 

1950 

50 


5467500 

28350 

49 


5495899 


2.500 1 1.3572 
1500 

1197 
303000 


263375 


39625000 


t 


153707000 
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(2) 


0.: 


5>  = 


200000000000 10.5848 
125 


3(50)*=  7500 
3(50x8)=  1200 

75000 

8764 

70112 

1200 
128 

4888000 

3(580)»  =  1009200 
3(580x4)=   6960 

1016176 

4064704 

6960 
32 

823296000 

3(5840)2  =  102316800 
3(5840  X  8)  =   140160 

102457024 

819656192 

(3) 


2»  = 


0.010000000000 10.2154 
8 


3(20)2=1200 
3(20x1]=   60 

2000 

1261 

1261 

60 
2 

739000 

3(210)2=132300 
3(210x5]=   3150 

135475 

677375 

3150 
50 

61625000 

3(2150)2  =  13867500 
3(2150x4)=   25800 

13893316 

55573264 
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w 


1>  = 

3(10)»  = 

3(10x5)  = 

5«  = 


3(150)»  = 
3(150x8). 

8«  = 


3(1580)*  = 
3(1680  X  7)  = 


3(15870)"  - 

3(15870  X  4)  - 

4*« 


4.00600U006006|1/>.H74 


300 

150 

25 

3000 

475 

2375 

150 
50 

625000 

67600 

3600 

64 

71164 

3600 

128 

569312 
56GHWK)0 

7489200 

33180 

49 

7522429 

r)2a'>7003 

33180 
98 

3030997000 

755670700 

190440 

16 

765761156 

3023044624 

(5) 


7»- 


0.406006006006 1 0.7368 
343 


3(70)«  =  14700 

3(70x3)-  630 

^ «    9 

67000 

15339 

46017 

630 

18 

10983000 

3(730)«  =  1698700 

3(730  X  6)  -  13140 

6»-     36 

1611876 

9671256 

13140 
72 

1611744000 

3(7360)»- 162608800 

3(7360X8)-   196640 

8«-      64 

162706604 

1301644032 
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Exercise  78. 


1. 

81a*  -540a»64-1350a'y-1500ay-h6256*  1 9  a»-30a&  -}-25y 
81a* 


18a>-30a6 


-540a'6+1350a26« 
-540a»&+  900a2&» 


18a»-60a6+256« 


450a"6»-1500a6»+6256* 
450fl.«ft»-l  5000^+6256* 


9a»-30a6+2562|3a-56 
9a«  


6a-56 


-30a6+25i» 
-30a6+256» 


a*  -4x^+10a*~16a*+19«*-  I6x»+10x«-4a;+l  |a;*-2r'+3a:»-2a;-hl 


2a:*-2ar» 


-4a:'+10a* 
—ix'+  4ai' 


2a;*-4a:»+3x« 


6a*-16a:*+19a!* 
6a!«-12a*+  9a?* 


2a:*-4a:»+6x«-2a; 


-4a*+10aJ*-16a:»+10i» 
-4a:6+  8a;*-12aJ»+  4x» 


2a?*-4aj»+6a,'«-4a;+l 


2a^-  4a:»+  6a^-4a;4-l 
2a^_  4a^+  6a^-4x+l 


2a:»-a; 


a;*  -2aJ»+3x»-2a;+l  |a!»-a;+l 
ar*  

-2aJ»+3.T» 

-2a:»+  x« 


2a!»-2a!+l 


2a:»-2a;+l 
2ar»-2a;+l 


64  -  192a;  +  240a;«  ~  160ar»  +  60a;*  -  12a^  +  a!«l8-J2^+6^-^ 
64 


16-12X 


-192aj  +  240x« 
-192a; +  144  a^ 


16-24a;  +  6a;« 


96a:»-160a;»  +  60a;* 
96a^-144a;»  +  36a;* 


16-24a;+12a;»-a;» 


16a;»  +  24a;*-12a*  +  a* 
16a;»  +  24a;*-12a;^  +  a^ 
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8 
2-'»=                     8 
3(2)»  =  12 
(6-x)(-x)=       -6a;  +  ar'» 

-12x  +  6x»-r^|2-a: 
-12a:  +  6a:«-x» 

12-6a;  +  aj» 

-12a;  +  6a:»-»» 

729a«  -1458a^-fl215g*-540a:»-fl35a:»-18a;-fl|9g'-6g-fl 

243a?*  I  -1458x6+]  215a;*-540x» 

-162ar' 


-f36a:« 


243x*-162a:'+36a:» 


-1458a*+  972a;*-216a;» 


243x*-324x»+108a;2 

27a:»-18aj 


+1 


243  x*-324  a^+135  0^-18  a;+l 


243a;*-324a;»+135a:»-18a:+l 


243a?*-324a,'»+135a?-18x+l 


9aJ-.6a;-hl|3a;-l 


6x-l 


-6x  +  l 
-6x  +  l 


5. 

1  -8v+28v'-56v«+70y*-56v6+28v«-8.v^+t/«|l-4.v-|-By«-4y»+y* 

2-4y1-8y+28y« 
8y-|-16v« 


2-8y+0y5 


12y«-56y»+7(y 
12b«-48y»+36y* 


2-8y+12y»-4y»  -  8y»+34y*-56y*+28i/« 
I-  8y«4-32y*-48y6-hlBi/« 


2-8y+12y«-82/»+y* 


2y*-  8y*+12y«-8?/'+y« 
2y*-  8.vS.|.12y<^-8y^+'i/« 


1  -4v+6v'-4y»-|-y*|l-2.v-fy» 


l-2y-|-y'|l-v 


2-2y 


-4y+6y* 
-4y+4y^ 


2-y 


2-4y+y« 


-2.v4-y' 


2y«-4y»+y* 
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3a^ 


{3a^-ax){-ax)  =      -3a^-\-a^x^ 


a^  — 3aa;*+6aV-3a*a;-a*  [a*— oar— a' 
a;* 

-3aa^+5aV-3a^a; 


3a:*-3aar»+aV 
3(a^-aa;)2  =  3i*-6aar^+3aV 
(3a;»-3aa;-a«X-a')  = 


-3aa:^+3aV-aV 


-3aV+3a'a!+a* 


3a;*-6aar» 


+3a'a;+a* 


-3aV+6a3ic»-3a5j?-a« 
-3aV+6qV-3a^a;-a<^ 


a:«  +3a^+6aj*+7a:'+6x«+3a;+l  |a;^+g-|-l 

0^ 


3a?* 


{3a;*+a;)a?=  -h3ar>+a!» 

3aj*+3r»+rc2 

3(a;'  +  a;)»=3a:*+6ar'+3a;« 

(3a:»+3x+l)(l) 


3a*+6a;*+7aj» 


3^+3a;+l 


3a:*+6a:»+6a^+3a;+l 
3a!*+6ar»+6a;»+3a;+l 


3a^+6ar»+6ar*+3a-+l 

6. 

|l-3a;  +  4z» 

1  -  9a;  +  39a;«  -  99a:»  +  156a;*  -  lUa^  +  64a;« 

1 


3 

-9a;  +  9ar» 

--9a;+39a;«- 
-  907  +  27  a;2- 

-99a;»    • 

3-9a;  +  9ar» 

-27a;» 

3-18aj  +  27a;« 

'  +  16a;* 

12a;«- 
12ar»- 

-72a;»  +  156a;*-144a;*  +  64a;« 

3  -  18a; +  39a;«- 36 ar 

»  +  16a;* 

-72a;»  +  16ea;*-144a*  +  64a* 

(3a2-2a)(-2a)= 


3a* 


-6a»+4a2 


7. 

;o»-2a-l 
a«-6a»+  9a*  +  4a»-9a«--6a-l 
a« 

-ea^-\-   9a*+4a» 


3a*-6a3  +  4a2 
3(a2-2a)«  =  3a*-12a»+12a« 
(3a2-6a-l)(-l)  = -  3a^+6a+l 


6a5  +  12a*-8a» 


3a*-12a8+  9a2+6a+l 


-3a*  +  12a»-9a»-6a-l 
-3a*  +  12a'-9a»-6a-l 
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8.  |i^+4j-l 

64r«+192x»+144a*-3ar»-36x»+12x-.l 


48a!* 
(12a:»+4x)4ar  =  48a»-H6a« 


48ar*+48a:»+16a:« 
3(4a:*+4x)^  =48x*+96a;»+48x« 
(12x*+12x-l)(-l)= -123:«-12xfl 


192x»+144^-32x» 


48j:*+96a:»+36jc«-12j:+l 


-48x*- iMix»-3ri2*+12f-l 


-3x+x« 


9.  |J^-,f:r»-i^ 

1  --3x+Gx»-l0a:»+12a;*-12j*+10i«-Cx'  Ta^- j» 
1 
-3x+62^-102;" 


3-3x+x* 
3-6x+3x* 


-3x+3x»-     x» 


3x»-3x»+x* 


3x»-  9x»+12x*-12i»+10i« 
3x«-  6x»+  6x*-  3j»+     a* 


3-6x+6x*-3x»+x* 
3-6x+9x»-6x3+3x* 

-3x»+3x*-3a*+x« 


3-6x+9x»-9x»+6x*-3x*+a!« 


-  3x»+  6x*-  9j:*|   9x*-Ga^  t3x»-a* 

-  3x»+  6st*-  9a*+W-6x^f3i«-^ 


10. 


|a«+3a*-96» 


3a* 


9a»6+9a*6* 


tfi  +9a»6-135a«i>+729a6*-7296* 
9a»6-136a»i>+729a6» 


3o*+9a>6+9a^ 
3a*+18o»6+27a»6« 

-27a»6»-81a5«+81M 


*  3a*+18a»6 


-81a6»+8X6* 


9a*6+27a*^+27flW 


-27a*6«-162a»6«+729a6ft-729M 
-27g*y-162ayy-l-729ay-729y 


11.  |<!«-46c+4y 

<*-126c»+606V-1606»c»+2406*c»-192^c+646« 

3d*  |-12ftc*+606»C*-160i>c» 

-126c»-l-16yc«|-126c*+48yc*-  64yc» 


3(?*-125c»+166V 

3c*-246c»+486V 

126»c»-486»c+166* 


3c*-246c>+606V-486»c+166* 


126»c*-  966«c'+2406*c«-192J»c+648» 
12ft«C*-  96yc»+2406*c'-192yc+64y 
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12a* 


24a»6+16a26« 


12. 

|2a«-|-4o6— 3y 

S<fiHSc^b+60a*l^-  80a»i»-90a26*+108a6*-276« 
Scfi 

48a*6+60a*6«-  SMIr^ 


12a*+24a»6+16a*62 
12a*+48a36+48a*62 


48a»i+96a*6«+  64a»6» 


-18a«6«-36a6»+96* 


12a*+48o»6+30a^6«-36a6»+96^ 


-36a*62-144a»6»-90a«5*+108a65_27ft* 
36a*6*-144a»6»-90a«6H108a6S-276« 


Exercise  77. 


1. 


3(60)*  =10800 

3(60x5)=     900 

5«=       25 


274625165 
2^6 
58625 


11725 


58625 


3(60)2=10800 

3(60x4)=     720 

4*=       16 

11536 


262144)64 
2^6^ 
46144     . 


46144 


4»  = 
3(40)*=  4800 
3(40x8) 


110592148 
64 
46592 


8«  = 


960 
64 


5824 


46592 


9»  = 
3(90)'  =  24300 
3(90x6)=  1620 
6*=   36 


884736196 
729 

155736 


155736 


4»  = 


6. 


1092153521478 
64 


3(40)«=  4800 

3(40  X  7)  =   840 

7*=    49 

45215 

5689 

39823 

3  (470)*  =  662700 
3(470x8)^=  11280 

5392352 

674044 

5392352 

TEACHEBS'    EDITION. 


265 


6. 


1»  = 

3(10f=  300 

3(10x1)=  30 

1»=  1 


1481544 1 114 


331 


3(110)«  =  36300 

3(110x4)=    1320 

42=        16 


37636 


7. 


481 


331 


160544 


150544 


3(10)»=  300 

3(10x1)=   30 

1«=    1 

601 

331 

331 

3(110)' =  36300 

3(110x7)=  2310 

(7)»  =   49 

38659 

270613 
270613 

9. 

V: 

i80322i|1.41 

3(10)»-  300 

1803 

3(10x4) 

-   120 

4« 

16 

t.Ji;  1711 

59221 

3(140)«  = 

-588(H) 

3(140x1)  = 

-  42C» 
1 

69221 

50221 

10. 

7077^sS|102 

!>=. 

1 

3(10)»  = 

3()0  (W77 

3(10x9)  = 

270 

9^- 

81 

651 

5sr.o 

218888 

3(190)»=. 

108300 

3(190x2)- 

1140 

2^-^ 

4 

109444 

21S8S8 

11. 


1>- 

3(10)»=     300 

3(100)2  =  30000 
3(100x8)=   2400 

8^  = 6£ 

32464 


1259712 1 108 
"259712 


259712 


2»  = 

3(20)«. 

3(20x3)  = 

3«^ 


3(20x3)  = 

2(3)». 

3(230)»  = 

3(230x4) . 

4»  = 


12.81290-11 2.34 


1200 

180 
9 

4812 

1389 

180 
18 

4167 
645904 

158700 

2760 

16 

161476 

645904 
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11.  a:»y-«  +  2  +  a;-«y» 


g*y'*-f  1  xy-^  +  x-^y 

1  +  x-«y« 
1  4-  a;- V 


^-* 


12.  a-*  +  a«6»  +  6- 


13.  (4a6-»)«  =16a«6  «. 

(ai_6i)«  =a-2ai6i+&. 

(a  +  a-»)«  =  a«  +  2  +  a'. 


M.   aSb 


=  4*  X  2       =4. 
=  5  X  4  X  J  =  10. 


r 


12a-26-3=.i2x^Xj  =  A. 


15,  (ai-M)»        =a*-3a6*  +  3ai6'-J. 

(2a'-i  +  a;)*      =  (2a;-')*  +  4(2a;-7(a;)  +  Q{2x-^f{xf 
+  4(2a;-')(a;)»+a?* 
=  16a;-*  +  32a?-«  +  24  +  8a;»  +  ar*.     . 

{ah-^-hy-^f  =a«i-«-6(a56-5x6y-»)+15(a*6-*x6V^ 

-20(a»6-»x6'y-')  +  15(a«6-«x&*y-'*) 

-6(a6-»x6V*)  +  iV 

-a«6-e-6a56-*y-i+15a*6-V*-20aV' 
-f  15a«6«y-*  -  6a6*y-&  +  6«y-« 
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16. 

9a:-*  -18a-»y^  +  15a?-«v-6a?-'y*-Hy*|3a;-«~3g-'y*  +  y 
9a;-* 


6aj-« 


-18a:-»y*  +  15a:-«y 
-ISg-'y^-H    9a?-«y 


■6x-iy* 


y^'^y 


6a:-*y-6x->y*H-y* 
Ga-'y-GaVv^  +  y* 


3(2a;)»  =  12a:» 
(6x+l)(l)=         +Ga;+1 


17. 

|2a?  +  l-3g-' 
8a»  +  12x*  -  30aj  -  35  +  45x-»  +  27a;-«  -  27a;-» 
8a» 

^120* -30a?  ^35 


12a:»+Ga:+l 
12x«+12x+  3 


12a»+    Ga;+    1 


-18+9a:-^+9«-« 


12»*+12ar-15+9a?-H9aj-* 


-  36a;  -  36  +  45a;-»  +  27a;-«  -  27  a;' 

-  36a  -  36  +  45a;  1  +  27  a;'  -  27  a;  » 


18.    V^=v^3x2x2  =  3*x2».        19.  [(a**)' x(aJ») -«]»•-« 

^m^V^X^      =3ix2t  =[(^i^)x(.x-«»)]^« 
|96=^3X2^       .3*x2t  .,^.,^^, 

^^64=^  =2»  ^  ^ 

=  2»  X  3  =  24.  =  a:». 


20.  (xM«  X  a;- ")8«-« 

1 
.^  (aJ&i~i2jjfci-« 

=  a!«. 

21.  3  (a^  +  6i)«  -  4(ai  +  6*) (a*  -  6^)  +  (a*  -  2 6*)» 

=  3a  +  ea*6*  +  36-4a  +  46  +  a-  4a*  6*  +  4& 
-20*6* +  116. 


22.  {(a-)"-^}«^i 
1 


=  (a;')'-^  (a;*)'-* 


280  AI.GBBKA. 

24.  [{(a-)-]»].H-[{(a-)-}-i-]-. 

=  1. 

gg      AJ|>(f-l)-y«g(j>-l) 

By  factoring  the  namerator, 
_  (ariKt-i)  +  y9(p-i))(j^9-i)  -  yg(y-i)) 
a;p(t-»)  +  y«(#-i) 


Exercise  81. 

1.    v^  =  v^  =  6^  =  6*  =  V^. 

3.  v^l25=  v^  =  5*  =  6*=  V5. 

4.  vaoo=^i^  =  ioJ  =  io*=  VI6. 

5.  v^343=  v^=7*  =  7*=\/7. 

6.  v^4a«6^  =  \/{2aby  =  (2a6)J  =  (2a6)*  =  v^2^. 

7.  v/9^^=^}^(3^  =  (3a6)i  =  (3a6)*  =  V3^. 

8.  v^l6a*6*=  '^'2*^*6*  =  (2a6)*  =  (2a6)*  =  V2^. 

9.  v^43a»6«  =  v^(7a6»?  =  (7 a^)*  =  (7 a6«)*  =  VToP. 
10.  '^'8U*6*=v^3*^^  =  (3ai)*  =  (3a6)*  =  V3^. 

"•;/is=vir=(f-:r=(S)*=^& 

^(x  +  Sf      \x  +  zj        \x  +  z)        ^x  +  3 

13.  -t/I^  =  {/»MZ  =  /2a^\  I  =  /2a^U  =  ^/l^ 
>27a>y»     ^  (3xyy      \3xy )        \3xy )         >  3xt, 
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4. 

5. 

6. 

7. 

8. 

9. 
10. 
11. 
12. 
13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 


EXEBCISE   82. 

Vl25  =  ^/26xl  =  V25  X  V5  =  5  V5. 
V243=  V8rx^=  VSIx  V3  =  9>/3. 
\/l62=  v/27x6=  v'27x  \^  =  3v^. 
^256  =  ^^b4xT=  v^Bi  X  v^  =  4  v^. 
v^375=\^125x3=  v^l25x  v^3  =  5v^. 
v^3^=  v^64x5=\/64x  ^/5  =  A^/E. 
^/m=y/243x2^  Vmx  ^  =  3v^. 
v^729  =  </Sixd  =  ^J^  X  v^3^  =  3  Vr 
v^208=  ^16x13=  v^x  v^  =  2v^. 
\/G05=  Vl21x5=  Vl2lx>/5  =  llV5. 
2\^T44  =  2v^l6^r9  =  2v^X  v^3»  =  4>/3. 
3v^2662  =  3v^l331x2  =  3  v^l33l  X  v'^  =  33 v^. 
7^^076  =  Tv'ie X  11  =  7 v^l6 x  Vii^uVli. 


ij) 


7Vm*w  =  7  Vm^  X  n  =  7^7712  x  Vn  =  7mVn. 

6  v^J^  =  6 v^a»sc*  X  a»c»  =  Sy/a^  X  v'^V  =  6a»cv^^. 
3^a«P  =  3v/a^='6i8x^  =  3^'Si2Px  ^  =  3a«6»v^. 
7v^64a»6  =  7v^64a»x6  =  7v/64^X^=28av^. 
6\^108m«n»  =  6  v^27n»  x  ^m^  =  6  v^27^»  X  v^4m«=  18wv^4^. 
4 v^xiy2  =  4 v^a:8y"  ><  ^oj  =  4 v^iy^  x  v^  =  4a!»3/»v^. 
2v^=l029  =  2  v^-  343  x  3  =  2 v^^^l43  X  v^  =  -  14v^. 
v^=l458  =  v^-  729  X  2  =  ^^1^729  x  v^  =  -9v^. 
sVim  =  Sy/&2b  X  3  -=  3\^^26  X  v^3-15v^. 
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24. 


4 v'ese  =  4v'343x2  =  4v^^  X  v^2  =  28^. 


»64a^y»      ^    64ay 


*64a^y» 


4a:3/ 


26.  Jli?^  =  Jl?ZMxi^j49^X^^7a6^^ 


>'36x»y« 


36  aV^ 


36x*y« 


6ay» 


2-     '/5r2^_'/512xa:'_   '/ 


2 

(5> 


'125y»      >  1253/» 


4_a6    /75c^^4aft    I25^^3r3d^4a6    /J^ 
5c  >16a-*6«      5c  ^    16a«6»         5c  ^IGa'fi*^ 

Exercise  83. 

1.  VT  =  v^=V2^  =  jV2. 

2.  Vj  =  Vf=\/3^  =  jV3. 

4.  3Vi-3V|5  =  3V5^rS  =  fV5. 

6-   2^  =  2^J^  =  2^40x3fiir  =  1^40. 

6.  3VA  =  3V^  =  3V35X:fiT  =  Av^. 

7.  ^  =  ^  =  ^45  X  ^  =  i v^. 

10.  2-;^  =  2'J'VyV  =  2^20  X  ik  =  f  v^. 

11. 3^=3^111= ^r5. 
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12.2^  =  2^1^-^. 


14. 


^a^(^ 


aV  etc 


[25a;      ^ 


125a:»      5a: 


4  a;*y 2* 


8  a^y*2?     xyz 


^-^{/iib'c^. 


Exercise  84. 


1.  3\/5=>/3»xT=  Vi5.  '         5.   2</7  =  \/¥xl  =^  y/IU. 

2.  3V2l=  V3»  X  21  =  Vl89.      6.  3v^  =  y/S^y^  =  ^729. 

3.  3v^=  v'^»X^=  v^.  7.   2v^=  v^28l<^=\/320. 

4.  2v^=  v^^x5=  y/iO.  8.   2v^=  v^2^^x2=  v^32. 

9.   -  2  v^  =  v^(-  2)»y  =  ^^. 

10.  -  3  v^  =  v^(^V  =  ^-243y». 

11.  -my/l6=y/{-mf  10  =  v^^Tib ,^. 

12.  -2v/i=  v^iP^=\/-128ar. 

13.  AVS=V(A)^=Vif- 

14.  -  i^  -  ^(_  l)»a«  =  a/-  ^'. 

^      8 

16.  fV^>=V(|)^=Ji^. 

'  25 
16.  -  I  v^T  =  v^Fl)»"mT  =  ^-  ^'. 


<>- 
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Exercise  85. 

V6  =  6*  =  6*  =  \^6»  =  y/2l6. 
3.   V3  =  3*  =  3J=\^»=  v^. 

^,  =  55  =  6^=^. 

5.  V5   =5*  =  5*=  W^. 

^=  ^t/25. 

6.  3*  =  3^^^  =  v^  =  v/729. 
3i  =  3TJ=^^8_?J/656T. 
3*  _  3t\  =  '^  =  VI9683. 

^3  =  3t  =  3^=«/33=^e/27. 

8.  ^^==J  =  J   =a^^=v^. 

9.  v^*  =  a*   =a**=v^^. 

10.    v^  =  (x«y)*  =  (a^'y)^  =  v^». 
V2^  =(22)*  =(22)^^   =  \/6i?. 
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11.  V^^  =  {x-y)i  =  {x-y)^^=^^/^^r^. 
\/x-\-y  =  («  +  yY  =  (aj  +  y)  ^  =  y/{x  +  yf. 

12.  v^STS  =  (a  +  6)^  =  (a  +  6)A  =.  ^(a  +  6)*. 
^J'S^Tft  =  (a  -  6)i  =  (a  -  6)T^  =  v'tS^^y. 

13.  2v^=\^  =24*    =24*    =v^«    =  \/576. 
3V2=VI8  =18*    =18*    =  v^l8»    =V5832. 
f  \^  =  f  V2  =  V¥  =  (V)*  =  (¥)*  =  ^^(W  =  v^T953J. 

Therefore  the  order  ofdescending  magnitude  is  3V2,  jVJ,  2v/3. 

As  ill  is  greater  than  ^^y,  the  order  of  magnitude  is  Vf|,  Vf. 

15.  2v^  =  v^T76  =  176*  =  176*  =  Vvm=  \/30976. 
'iy/l  =  v^i89  =  189*  =  189*=  v^T8y2=  ^3572]. 
4V2   =V32   =32*    =32*    =  \/323   =^  v^32768. 

Therefore  the  order  of  magnitude  is  3v/7,  4V2,  2\^. 

16.  3  Vl9  =  VItI  =  171*  =  171*  =  ^l7l»  =  v^5000211. 
5  v^    =  v'250  =  250*  =  250*  =  v^2502  =  v^62500. 
3v^   =y/^   =81*   -81*   =v^8P    =  v/6561. 

Therefore  the  order  of  magnitude  is  3Vl9,  5v/2,  3V3. 

Exercise  86. 

1.  8 vTT  +  7VTl  -  lOVIT  =  (8  +  7  -  10)VTl  =  5VlT. 

2.  3V5-5V5  +  7V5  =  (3-5  +  7)V5  =  5V5. 

3.  V27  +  2V48+3Vl08  =  3V3  +  8V3  +  18V3 

=  (3  +  8  +  18)V3  =  29V3. 
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4.  \/l28+ v^686h- v^  =  4\/2  +  7v^-f  2v^ 

=  (4  +  7 +  2)^2  =  13  v^. 

5.  12V72-3Vl28  =  72V2-24\/2  =  48V2. 

6.  2VS -{■  SV^  -  V^  ^  2\^  +  SVJxS  -  V^fxs 

=  2 V3  +  2\/3  -  jVa  =  2| V3. 

7.  VIOOO+ V50H- V288  =  10VI0  +  5\/2h-]2\/2  =  10a/I0  +  17V2. 

8.  v/54  +  3v/T6  +  \/432-3v^  +  6v'2  +  6\^  =  15v^2. 

9.  7v/8l-3v^l029  =  21v^-21v/3  =  0. 

10.    V|+ V60- VT5-\/|  =  jvT5  +  2\/T5-lVl5-JV'l5 
=  lAVl5. 

>  68      ^hd?      >  6m«       h"  bd  bm 

W      bd     bm) 

=  «(«_?  _^W6^. 
b\b     d     ml 

13.  Vr^+  V^5^-(a-56)Va6  =  2aVa6  +  56Va6-(a-56)Va6 

=  (a  +  106)Va6. 

14.  ty/^^^-a^ah^^by/^^W 

^  ahcy/tib'^(^  -  a&c  Vab^c^  +  abcVab'^c^  =  abcVaJ^. 

16.  2v^40i3v^Ki5-H  v^500- v^320-2v^l372 
=  lv^5  +  0^/4  +  0^^-4^-14^  =  0. 

le.    \/m  -  2VHI3  +  Vm  -  2\/l47 

=  U  V3  -  UW3  +  6\/3  -  14\/3  =  -  15 V5. 

17.  -J^ISS  -  2\/448  +  4^^  +  V^15l2 

^  3^^  ^  8  v^  +  5  v/7  +  6\/7  =  6v^. 
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--2^. 

19.  v^=li-3v''=^  +  2v^l92  =  -3\/3  +  6v^3  +  8v^=Uv^. 

20.  V20+ V45- V|  =  2V5  +  3V5~J\/5  =  4i\/5. 

21.  2V^^^y/^--^^^2aW  +  2hW-^y/h^ 

2  '  o  26 

=  (2a  +  26-g)^. 


22.  v/50  +  fV288--^ —=^bV2  +  Z0y/^l-\y/2-^y/2, 

23.  VIm  +  lV^-iV'525-9v^  +  iV2l-lV2l  =  8jV2l. 

Exercise  87. 

1.  3V2x4\/6  =  12Vl2  =  24V3. 

2.  2\/5x3>/T5  =  6V76  =  30V3. 

3.  2Vl0x5Vli  =  10Vl40  =  20V55. 

4.  3 V27  X  7V48  =  9V3  X  28 V3  =  9  x  28  X  3  =  756. 

5.  2v^x5v/32-2v^Xl0v^  =  20v^  =  40v^2. 

6.  |>/IOxAVT5  =  JVT50=  V6. 

7.  5Vfx?Vl62  =  5V^xV^  =  -P^I  =  -?¥v'28. 

9.   v/i08x5V32  =  3v^x20\/2  =  3M6x20v<«  =  60v^l28 

=  60v^7=120v/2. 

10.  5\/5ix7V48  =  15v^x28V3  =  15v^4x28v^  =  420\/l08, 
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Exercise  78. 


81a*  -540a»6+1350a26»-1500aJ»+6256*  \9a^-30ab  f  256« 

81a*  

18a«-30a6l  -540a»6+1350a»6« 
|-540a»6+  90Qa«6' 
18a«-60a6+2562  450a26*-1500a6»+6256* 
450a«ft«-l  500a&»+6256* 


9a'-30a&+25y|3a-5& 
9a»  


ea-bb 


-30a6+256» 
-30aZ>+25Z>« 


2. 

a:8  -4x^+10a*--16a*+19«*-  16a^+10ar»-4a;+l  |a?*-2r»+3a:«-2a;-t-l 
x8  


l^- 


2a:*-2ar»|-4a;T+10a* 
-4a:^+  4a* 


2a:*-4ar»+3ar» 


6a^-16a*+19a;* 
6a:«-12a*+  9a;* 


2ar*-4a;»+6x»-2a; 


-4a:6+10a;*-16ar»+10x« 
-4j:»+  8rc*-12x»+  40:* 


2a?*-4a:»+6ii'8-4a;+l 


23*- 

2a*- 


4a:»+  6(B»-4a;4-l 
4a;»+  6x*-4x+l 


0?*  -2x»+3a:»-2a:4-l  |rg»-g+l 
»*  

2x«_7|_2aJ^4.3.T* 
-2x»+  x» 


-71-2 


2a»-2a:+l 


2a:»-2a:+l 
2(B»-2a;+l 


64  -  192a?  +  240jb*- 160a^  +  60  a*- 12r^  +  a:«l8-iar +  6a>-a» 
64 


16 -12a: 


-192aj  +  240aj* 
-192a; +  1440* 


16-24a;  +  6a;» 


96a;»-160a;»  +  60«* 
96ar»-144ar»  +  36a;* 


16-24a;+12x»-ar» 


16aJ»  +  24a;*-12a*  +  a^ 
16a;»  +  24a;*-12a;6  +  a* 
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2»  = 

3(2)»  =  12 
(6-g)(-g)=      -Gx-\-x» 


8  ^  — 


12-6a:  +  «« 


-12a:  +  6a*-x» 
-12x  +  fijr»~x» 


243ar* 


*729a^  -1458ap»+1215x«-640*»+13rwt«-iax+l|<>j«-r»x4 1 
(9a:»)»  =  7293^  


-1620^ 


-\-S6x^ 


243ar*-162a*+36a:» 


-1458x«+]215a^-540x" 
-1458a:»+  972a:*-2iai:* 


243a?*-324a;»+108a:» 

27i»-18x 


243a?*-324a:»+135x»-18a-+l 


243x*-324a:>+136x»  -  18a?-|.l 


243x*-321x«+135a:«-18x+l 


9x»-6«  +  l|3x-l 


Bx-ll- 


-TI-Gx-f  1 
l-fig  +  1 


1  -8y-h28y'-56y»-f  7(y--563^-f  28y»-8y^+y»  1 1  -4  y  i  riv«-4v»-hy* 


-4yl-8y+28y* 
|-8y-;i6y« 


2-8y+6y«  12y«-56y'+70y* 

|-12a:«-48y»+36y* 

2-8y+12y*-4y» 


2-8y+12y«-8y»+y* 


8y»+34y*-56y»+28y« 
8y»H-32v*-48v»-i-ir>i/« 


2y*-  8y*+12y«-8f/'+y« 
V-  8y»+12y«-8y^+;v« 


1  -4y+6y«-4y»+y*|l-2v+y« 


2-23^-4y+6y« 

[_4 


-4y+4v» 


l-2y+y«|l-V 


2-y 


2_4y+y« 


2y«_4y»+y* 
2.v»-4;v«+y* 


-2y+y» 
-2y+y« 
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Exercise  79. 

1.   V? 

=«». 

5. 

3xif 

=  3ay«-«. 

<^ 

^xi 

«* 

{Vxf 

a 
be 

=  x'^y-^z. 

(^)' 

=  ai. 

i? 

=  a-»6«c«. 

■fo'i* 

=  o*6J. 

=  a;-JyJ- 

2.    Vxy^s?       =  ajiytz. 


3.   a» 

=  ^. 

aU4     = 

-V^. 

4a:*y-»  = 
3a;*y^  = 

=  4^ay^ 

4.  a-» 

1 

3x-'y-» 
6a;-»y 

3 

^' 
^6jy 

a? 

a:*y-6 
3-»6«y-» 

or* 

/ 
6a;y» 

a?"  -*    -I 


6.  a*xa*  =a*. 


7.  m^xm'^  =m* 
n^  X  n'^  =  ni 
a®  X  a*     =  ai 


8.  a*  xVa  ==a^xa^  =a. 

c-ixVc    =-i-Xc*   -1. 
c* 

yi  xv^  =y*xy*  «y* 

w*  xVir"-a:*Xa;-*  =  {B*. 
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9.   ab^cxa-^bc^  =a^b^A 


10.   x*y'z*  X  X  ^y-ii-i  =  x-^y^-h, 
x^y^z^  X  x'y  ^z'^=  x^y'K 


11.   a^xa-^Xa*Xa^  =  a' 

^ghyk^h^x^^   y^ 
x^         y^       a'  6' 

b^x^' 


12.  a^-i-a^    =o* 
C^  -5-  c'     =  c". 
rfi-i-  n*    =  n*. 
a*  -5-  v^a^  =  a^  -I-  a*  =  a*. 


13. 

(a-OU 

(a«)» 

a 

»  =  «-> 

(«-i)l 

=  e-» 

A 

(m-i)« 

=  m-« 

(«*)- 

-n-« 

^1 

(^)» 

^x« 

=  a?. 

....    . 

14. 

(8»)» 
(x-V)« 
(a*  X  a*) 

M_(a«)«-a-» 

16. 

(Aa-iy* 

^4«a  .? 

(276  •)  ' 

-27»6'  .^. 

(64  <!»)-• 

-G4«c<' 

1        "      -■ 

32cV 

(32e  «»)« 

^32»c«  .1 

16. 

V816»; 

*      in  Ja» 
27a»6* 

/  9a«  Y*     Oj^o:^ 
V1G6-V    ''i6«6l 


10* 


9»(i«6» 

64 
27a«6« 

(3la-»)-» 

=  3-la«  = 

TV 

/256Y* 
\625/ 

256-* 
625-» 

625^ 
25G* 

„ 

125 
"^64 

c.  ^•' 
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Exercise  80. 
1.  .  4. 

x^  +  xPyP  +  y^  sJ  +  iJb^  +  5a*  6*  +  96^ 


x*P  +  x^yP^x^Py^  Ua  +  SaH^  +  lOahUlSaH^ 

-x^yp-xy^-  xPy^  ^SaH^-AJh^-5aH^-9b 

x-Py^p  +  xPy^-\-y^ 


x*P  -\-  '£-Py^  +y^ 


a»  f  T/™ 


l+a6  '+a;»6-2 


1  -?a«6-2  +  a*6-* 


jjIWIt  2J**  lyW  _L  ^Wn -  It  |iMll  -  »  __  a<Mlt 


-  2a;*  + 1 
-1 

3. 

a; 

-2x'+    a-* 

-1 

«  - 

-3a;»f  3a;*- 

-1 

a»6-«  +  2  +  a-''6« 

-2a''6-«-4-2a-»62 
~l-2a-«6«-a-*6« 

a*6-*  -4-4a  «6»-a-*6* 

7. 


4x-'  +  3a;-2H-2a;-'  +  1 
a;-*  -    a;-^  +  1 

4x-6  +  3a;-*  +  2x-'+    a;"* 

-4a;-*-3x-»-2a:-«-    a;-i 

+  4a;-»  +  3a?-'4-2a;-i  +  l 

4*-*-    a;-*  +  3a;-»  +  2«-2 -f    a;-i  +  1 
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ar*«  —  y*»  |j»-  y* 


»*•  —  x^y**  x^  +  x^y*  +  j:*y**  f  y* 

x'^y*  —  y^ 

*^y"  -**'y*' 


^*y*-y*' 


a«ya 


9. 

a? +  y  +  2  —  3a:»y*2»  |x^  4  y^  f  2^ 


a?  +  x'y*  +  x'2*  x'  -  j-*y*  -  .r*:*  4  y'  -  y'c*  ♦  "' 


_x«y». 

-x«c» 

-»»v» 

-3x»y»^» 
-    x»y»^» 

+  y  +z 

-xM 

+  y  4* 

x»yl 

-^xhi-xi 

+  yl.» 

y*«*  +  y 
+  y 

+  « 

-x*y*2*  +  X*2*  - 
-x»y».» 

1  y';'  1  z 
+  y's*  t  « 

10. 


flf  +  y  I  g^  —  x^y^  -f  g^y^  -  g^y^  -f  y» 

X  —  x*y*  +  ar*y*  -  g*y*  +  «*y*  «*  +  y* 

x*y*  —  x*y*  +  x*y*  —  x*y*  +  y 
gtyl  _  ajlyl  +  x'y*  —  «*y*  +  y 
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tc'y-^  +  1 

ay-'  +  a-'y 

1+as-V 
1  +  x-V 

a-3^,-i_q-»5-a^q-i5-8 


13.  (4a6-»)»  =16a«6-«. 

(a  H-  a-i)»  =  a'  +  2  +  a*. 


14,   a^b  =4^x2       =4. 

,    -^x  5a6-i       =5x_4xJ  =  10. 

/'      ?      :    -'_      2(^ab^      =2v^8  =  4. 

12a-25-3=,i2xTVxJ  =  A. 


15.  (ai-6*)»        =a«-3a6*  +  3a46»-&. 

(2a;-i  H-  a;)*      =  (2aj-i)*  +  ^2x-^f(x)  +  6(2a;-7(a;)« 
+  4(2a:-i)(a;)»+a^ 
=  16a;-*  +  32a:-«  +  24  +  8iB«  +  ar*.     , 

-  20  (a«  6-»  X  6  V ')  + 15  (a«  i-«  x  5  V*) 
-6(a6-ix&*y-«)  +  66y-8 

+  15a«i«y-*  -  6a6*y-6  -f  J^y* 
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16. 


9a;-*  -18a;-»y^4-15a;-«y-6a;-'y<-t-y'|3g-«-.3g-'v*^-y 


9x 


6x-«-3«-'y* 


18ar-»y*  +  15«-»y 
-18g-»y*+    9g-'y 


6aj-»-6aj->y*  +  y 


6x-«y-Gx  V+y* 
6g-«y-Gg  'yi  +  v* 


17. 


|2ar+l-3x  « 


3(2x)*=12a» 
(6x+l)(l)=         -fGar+l 


8«»  +  12a:»  -  30«  -  35  +  46a:->  +  21  x*  -  27  x* 
8a» 

^12x»-30a:--36 


12ic»+6x+l 
12i»+12a:+  3 


12a»+6x+    1 


~-18-h9g-»^9g  « 


12g»+12a:-15+9a;-H9aj-« 


-  36a:  -  36  +  4r)g-«  +  27g-«  -  27x  » 
-36x -36  +  45x  «  +  27x  •  -  27 x  » 


18.   V^12=v'3x2x2  =  3*x2t.        19. 

v^=\^3«x2»      =3*x2i. 

v^=v^3x2*       -3*x2«. 

^5^=^            =2t 

=  2»  X  3  -  24. 

[(a:«)»x(x»)-«p--t^ 
=  [{^"-)x(x-»)P-"-« 

-x». 

1 
20.   (xi*»  X  X- ")«•-« 

21.  3 (a*  +  bfy  -  4(a4  +  b^)(a^  ~  6*)  +  (a*  -  2bfy 
=  3o  +  eaH*  +  36-4a  +  46  +  a-4a46*  +  46 
=  2a*6*  +  116. 


22.  {(a-)-«}--^i 
1 
=  (a«»*-i)"+i 


23.  f^Y-.f-5ir* 

V  x« ;    \x«-'/ 

=  (x')'-^  (xJ*)'-* 
-x« 
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24.  [{(a-)-}»]«-^[{(a-)-}-«']-« 

=  1. 

a,-ap(ff-i)  -  y»g(y-i) 

By  factoring  the  namerator, 

_  (a;P(g-l)  +  yg(P-l))(a^(g-l)  -  yg(P-l)) 
a:P(«-i)  -\.  y«(p-») 


Exercise  81. 

1.  v/36=  v^  =  6^  =  6*=  W. 

2.  ^=^  =  3*  =  3*=\/3. 

3.  V^l25  =  v^  =  5*  =  5*  =  V5. 

4.  v^T00=v^l^  =  10*=10*=  VIO. 

5.  v/343=  v^=7*  =  7*=  V7. 

6.  v^4^=\^(2^  =  (2a6)*  =  (2a&)*=v^2^. 

7.  v/9^6^ _  .J^(3^  =  (3 ah)i  =  (3 ab)^  =  V3a6. 

8.  v^l6^*M  =  \/¥€^  =  (2 a6)*  =  (2 a5)^  =  V2a6. 

9.  v^343a86«  =  v^(7^67  =  (7 a6«)*  =  (7 a6»)*  =  VtS*. 
10.  v^8U*6*  =  y/¥M'  =  (3 a6)*  =  (3 ab)^  =  \/3^. 


"•vis-w-(M)'-(S)'-#:- 

•  >'(a:  +  3)»      Va:  +  3/         \x  +  3/         ^x  +  3 

13     'fS^^fc^  ^  "/(2^6^  _'  /2a6n|  ^  /2a6»U  ^     /2^ 

•  >'27x»y»     ^(3ay)»      \3xy )        \'ixy )        ^  Sxy 
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EXEBCISB   82. 

1.  Vl25=  V25l<5=  V25x\/5-5V5. 

2.  \/243=V8r3<3=  VSTx  V3  =  9>/3. 

3.  v^I(32=  v^27x6=  v^27x  v^-3v^6. 

4.  v'256  =  v^54xT=  v^64x  v^-4v^. 
6.  v^375  =  ^125  X  3  -  v^T25  x  v^3  -  6^. 

6.  v''320=  v'eiirs- v^X  v^-.4v^. 

7.  v^486=^2i3x2- v/243x  v^»3v^. 

8.  ^^729=  v'sTx^- v^X  v^3'*  =  3Vir 

9.  v''208  =  v^l6  X  13  -  'MB  X  v^  -  2  v^. 

10.  VG05  =  \/l21  X  5  =  Vl2l  X  >/5  =  11 VS. 

11.  2v^T44  =  2v^l6>r9  =  2v^X  v^3«  =  4V3. 

12.  3v^2G62  =  3^1331x2-3v^l33lx  v^ii  =  33^2. 

13.  7\^l76  =  7\^16xll  =  7v^l0x  v^- M^. 

14.  7Vm»n  =  7  \/m^xn  =  7 Vm^  X  Vn  =  7mVn. 

15.  5v^6«^  =  5v^6«a*  x  a  =  Sv'TI^H'*  x  v^  =  5aft» v^. 

16.  6v^J^  =  Gv^a^^c*  X  aV  =  6v^S»V  x  v^6^=  6a»cv^aV. 

17.  3v/?*6«-3v'a»F8>r&  =  3v^'?^X  ^  =  3a«6*v^^ 

18.  7v^64^=7v'64a»x6-7v^64^X  v^  =  28av^6. 

19.  6\^108mV  =  6v^27n»x4m*  =  6v^^7n»x  ^4m«- ISnv^I^*. 

20.  4v''?y2  =  4v^a:«y"xx»-4v^iVx  v^  =>  4 a:»y» v^. 

21.  2 v^- 1029  =  2  v^-  343  X  3  =  2  v^^^^343  x  v^  =  -  1 4  \^. 

22.  v^- 1458  =  v^- 729x2=  v^^="729  x  v^  =  -9^. 

23.  3^yi875-3v^626^3  =  3v^625x  v^  =  15v^. 


iS) 
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24.  4-^686  =  4v'343x2  =  4v'3i3xv'2  =  28 v^. 
>64a!y     ^   64a!y        >64ay  4ay 

jw     •/5i2^_.!/5l23r^_  -[/"^^X  -f^-  ^  -^ 


'l253/»      >  125y» 


3125 


'-  =  2^| 


"^^  x-i/^aa^i'-^i/^i^. 


3125' 


^(x  +  yy 


\ 


/ 


30.  2 


31    4a6    /75M_4a6    IM?XI?-i«4JJ0^xV35-V3d 


EXEBCISE  83. 


1.  Vi  = 

2.  Vi  = 

3.  >/i  = 

4.  3v/j. 
6.  2^ 

6.  3v^ 

7.  -11  = 

8.  -1^  = 

9-  <^ 

10.  2-J^ 

11.  3*^ 


v^  =  V2xl  = 


.JV3. 


VA=v'53rS  =  iV5. 

.3V|i  =  3V5xA  =  jV5. 

=  2-t^  =  2^40Xii,  =  J^^. 

3v^  =  3V35x,ij  =  Av^- 
vifj  =  v'45x^  -  iv^. 

=  v^=v'36x,Ar  =  iv^- 


'T^fV^. 


7»X2      >'7'X2»" 
=  2^1^  =  2^20  XTk  =  J^^. 

;p4  =  ^r5. 


*X3 
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15.   ^I^'^^Mxa*b^x=^l^/^l^. 
'   6*         '£r  6* 

Exercise  84. 

»       1.  3v^=v'3«>r5=  V45.  "  6.  2v^  -  \^2*^<T- v^iUi. 

2.  3 V2I  =  V3»  X  21  =  Vi89.  6.  3v^  =  v^3*~x^  -  \^T^J. 

3.  3v/2=  v^35x^=v^.  7.  2v/f>  -  v^?^  =  v^;m 

4.  2^5=v^?^=\^.  8.   2^2=  v^2*~x2- v^32. 

9.  -2*9=v/F2)^=v^^. 

10.  -3v^=  v^(-3>j^=  v^-2i3^. 

11.  -  m  v^  =  v^(-m)»lO  =  v^- 10  m^ 

12.  -  2v^  =  v^(-  2)Tx  =  y/^^^l^x. 

13.  AVS=V(A)^=^f 

14.  -  i^  -  v^(-  4)»o*  =  J-  ?'. 

'       o 

16.  f  v^»  =  V(i7^  =.  '^^• 

ic.  -  i  v^'  =  v'PlT"™'  -  yf^- 


^ 
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Exercise  85. 

1.    ^3  =  3i  =  3A=^3^«/27. 

2.^  ^  =  7*  =  7*  =  v^2  =  y/49. 
3.    y3  =  3*  =  3*=v/3"«=v^. 

6.    V5    =  5*  =  5*  =  y/T25. 

6.  3*  =  3t''^=  v^=  v/729. 
3*  =  3T2=  v^=  V^656l. 
3*  =  3A  =  '^  =  \/l9683. 

7.  ^  =  2*  =  2^=^^='^l6. 
^3  =  3^  =  3^^='^^='^. 
^5  =  5*  =  5A  =  ^^G"^  =  '^25. 

8.  ^^  =  a*  =  a*   =aA=^a^. 

10.    v^  =  (a;«y)*  =  (a:«y) A  =  v^. 
yj2z  =(22)*  =(22)^^  =  v''64?. 
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11.  v^'^^  =  (x-y)*  =  (a;-y)T^-V(x-y)». 

v'^T^ = (x + y)* = (* + y)A  -  *^or+i;?. 

12.  y/iTTb  =  (a  +  h)^  =  (a  +  ft)A  =  ?'(«  +  6)*. 
.J/S"36  =  (a  -  6)t  -  (a  -  6)A  ,  '^-T  6)». 

13.  2v^=\^  =24*    -24*    -v^«    -  \/576. 
3V2=\/l8  «18*   -18*   -\/n?    -Vr>sa2. 
f  v^  -  f  V2  =  Vy  -  (V)*  =  (V)*  =  v^CV)*  ^  v^iy'>3l. 

Therefore  the  order  ofdescending  magnitude  18  3  V2,  JVl,  2^3. 

14.  V|   =#   -«)♦   -^{/(l?   -^^. 

As  ill  is  greater  than  ^V»  ^^®  order  of  magnitude  is  V^  J,  v^J. 

15.  2v^  =  v^l76  -  176*  =  176*  =  v^IW  -  \^:K)y7tJ. 
3v^  =  y/m  -  189*  =  189*  =  v^>'  -  \/:\i>7T]. 
Ay/2   =VS2   =32*    -32*    -  v^3l»    =<  v^32768. 

Therefore  the  order  of  magnitude  is  3v^,  4\/2,  2v^. 

16.  3Vl9  =  VTtI  =  171*  -  171*  =  v^l7T»  =  v/5()00211. 
5 v^    =.  ^250  =  250*  =  250*  =  y/^TA^  -  y/i\2rA)0. 
3y/3    =\/Si    =81*   =81*    -  v^81»    =^0501. 

Therefore  the  order  of  magnitude  is  3\/iy,  5y/2,  SV3. 


Exercise  86. 

1.  8 vTI  +  7 Vii  -  lOvH  =  (8  +  7  -  iO)Vn  =  5Vn. 

2.  3>/5-5V5  +  7V5  =  (3-5  +  7)\/5  =  5V5. 

3.  V27  +  2V48  +  3\/l68  =  3V3  +  8V3  +  18V3 

=  (3  +  8  +  18)V3-29V3. 
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4.    v^l28+ v^686+ v^  =  4v^2  +  7v^  +  2v^ 

=  (4h-7  +  2)v^  =  13v^. 

6.   12\/72-3Vl28  =  72>/2-24\/2  =  48V2. 


6.  2V3  +  3VT}- V5}  =  2V3  +  3Vf><l- V^^ 

=  2V3  +  2\/3  -  -J  V3  =  2|>/3. 

7.  Vl000  +  V50+V288==10V^  +  5\/2  +  12V2  =  10Vl0  +  17V2. 

8.  \^54  +  3v/J6  +  \/432  =  3v^  +  6v^2  +  6v^  =  15^2. 

9.  7v^8l-3v^l029  =  21v^-21v^3  =  0. 

10.    V|+ V66- VT5- V|  =  J\/T5  +  2VT5-l\/l5-J\/l5 

W     hd     bm) 
b\h     d     ml 

12.  V|  +  VS-v^  =  iVI6  +  Av^-ijV>/io  =  iVIo. 

13.  V4a36+V25^-(a-56)\/^  =  2a>/^  +  56Va6-(a-56)Va6 

=  (a  +  106)VS. 

14.  cv^a«6V-av^aWH-6v''aW? 

=  ahcVab^  —  aic  y/ah^<?  +  abcVab'^c^  =  abc\/ab^(?. 

15.  2v^  +  3v^lO«+ v^500- v^320-2\^1372 
=  4v^  +  9  v^  +  5  v^  -  4v^  -  14v^  =  0. 

16.  V363-2V243+ V'l08-2\/l47 

=  llVs  -  18 V3  +  6V3  -  14 V3  =  -  15V3. 

17.  v^l89-2v^448+ v^875+ vl5l2 
^Zy/1-  8  v^  +  5  v/7  +  6v^  =  6v^7, 
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19.  v^=^-3v^:r24  +  2v^l92»-3\^  +  6v^3+8v^-llv^3. 

20.  V20+ V'45-\/|  =  2V5  +  3\/5-|\/5-4jV5. 

21.  2</^*-^i/s¥-\^^2ay/^-^2by/^--^V^ 

2  '  6  26 

.(2a.26-|;)^. 

22.  >/50  +  5V288--?^ 5>/2  +  30v^-J\/2~  A^ 

23.  Vlm  +  }V^-iV525-9Vin  +  jV2i-lV^T-8jV2T. 

Exercise  87. 

1.  3V2x4V6  =  12>/l2  =  24\/3. 

2.  2V5x3VT5  =  6V75  =  30V3. 

3.  2VTOx5Vl4  =  10Vl40  =  20V55. 

4.  3 V27  X  7Vi8  =  9V3  X  28 V3  =  0  x  28  x  3  -  75«. 
6.   2v/4x5v^  =  2v^Xl0v^  =  20v^l6  =  40v'2. 

6.  f\/l0xAVT5  =  i\/l50=  V6. 

7.  5\/|x?Vl62  =  5VfxVv^  =  ^?*>/HV9'>/28. 

9.    v^r08x5V32-3v^X20V2-3v^x20v^  =  G0v^l28 

=  60v^T=120v^. 

10.  5v^x7>/48  =  15v^X28V3  =  15^x28v^  =  420v^T08. 
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Exercise  88. 
1.   (2v^-7)x3Vi.  4.   (V7  +  3V3)(V7-2V3). 

2Vi-7  V7  +  3V3 

3Vi ^-2^3 

6a;-2lVi  7  +  3V2I 

-2\/2T-18 

^        ^  -II  +  V2I 

2.  {yfa-y/hf. 

o*-6i  6.  (SVS- V2){V5-3V2). 

a*-6i  3V5-V2 

>/5-3V2 


a-    aM 

-   9VlO  +  6 


t--2a*6*  +  6 


3V5-7V2 
3V5-7V2 

45-21VI0 
-21\/l0  +  98 


21  - 10  Vio 


3.  (3V5-7V2)'.  «•  (V2+V3-V5)». 

V2  +  \/3- V6 


143  -  42  VTO 

7.   (V5  +  3 V2  +  y/l)\ 

V/5  +  3V2+  \/7 
\/5  +  3V2-l-  \/7 


V2  + V3_  V^ 

2  +  >/6-\/l0 
4-V6  +3-VI5 

-VIO        -y/Tb  +  b 

10  +  2\/6-2VlO-2\/l5 


5  +  3\/l0+\/35 
+  3\/l0  +18  +  3vl4 
+V35  +3VT4  +  7 

30  +  6VI0  +  2V35  +  6  Vli 
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8.  (2  V6  -  V2  -  V7)i. 

2\/5-  \/2-\/7 
2Vb- y/2-y/l 

20-2^10-2^35 

-2^10  +2+>/l4 
-2v^         +Vl4  +  7 

29-4\/l0-4V"^  +  2Vl4 

9.  (2Vi  +  V332i)>. 

2\/i+ V332i 

2Vi  +  Va  -  2"i 


4a;  +  2V3x-2a:« 

-h2\/3^"-2g«-t-3-2g 

3  +  2x  +  4V3x^2«« 

10.   (2Va»  +  6?-3V^^rp)i. 

2Vo«-h6*-3Vo»-6« 
2Va«4-y-3>/a«^^ 
4(a«  +  6»)-6vVr6i 
-6v^nr&i-|.9(ai_y)^ 

4a«  +  46«  -  12V'^[*^«  +  9a*  -  96« 
-13a*-5i»»-12V?^^. 

Exercise  89. 

1.  Vl62+\/2=\/8i-9. 

2.  v^-HV^=.^^27=-3. 

3.  >/2^+ v^=\/2^«  =  a*V2. 

4.  V}+Vf=  VJx  V}- VJ  =  J^/7. 
6.  v<a-*-V|=VAx  V|=\/i|=.i 
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6.   2\/i  +  iV|  =  2xfvT><f-}V^  =  fV3. 

=  tv^5*x3x2*. 

V3 

«  V6  +  2\/6  -  2\/6  =  Ve. 

^^    9^^6^-3^  +  12^^3^g^_^^^^ 

Exercise  90. 
1-   -^  =  I V3  =  j  of  1.732+  =  1.155+. 

2.  —  =  J V5  =  4  of  2.236+  =  0;447+. 
V5       * 

3.  ^  =  jVe  =  }  of  2.4494+  =  5.715+. 

4-   ^  -  1  VlO  =  J  of  3.162+  =  1.054+. 
Sy/2 
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8.  4-V2_(4-V2)(l-V2)     fi-5V2     ^^     ^ 
1  +  V2  1-2  -1 


V5_V2"       5-2       '         3        "f     '        • 

jQ    7  +  2VlO  ^  (7  -i-  2\/Tu)'  ^  89  -t-  28 Vlo 
'   7-2Vlo'     49-40     ""  9 

^^      Vo-  V6  _(V5-  V^)(2V5+  V??)     4  -  VM) 
"   2V5-V6  20-6  "       14 

12  <*  +  ^    =  (g  +  6Xg  +  •^) .  o*  +  o^  +  (g  4  ft)  VA 
'   a-Vb  a*-6         '  «*-^ 

13  1  _V5-V3  +  V7^  (Vf)-  v^  ^-VTXO  -  2V:r)) 
V5  +  V3+V7  9  +  2V35       '  81-140 


^  5v^  -f  9>/3  +  V7  -  2Vl05 
69 


:J.^  ■:, 


14. 


V5-3V2+  VT 


^  2(V5  4-  3V2  +  V7) /V5  -I-  3V2  i  \/7 


(V5  +  3V2+V7 
Exercise  91 


V.-.     i 


r 


1.  (v^)*  =  (v^)*  =  (2*)*«2*=2v^. 

2.  (v^)»  =  (v^)»  =  (2*)»-2J  =  4v^. 

3.  (v^)«  =  (v^)««.(2')»  =  2^  =  2v/2. 

4.  (gv^)»  =  (g*)»-g*. 

6.  (x  v^i)«  =  (X*)*  =  X*  =  a:»  </^. 


/  — 


^ 

^ 
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6.  (3v^3)»  =  (3i)«  =  3i  =  9v^. 

Exercise  92.^ 
1.  3. 


Let      \/i  +  Vy  =  Vl4  +  6V'5.  Let      VS  +  v  y  =  VlO+^>/2l. 

Then    Vi-y/y  =  VU-6Vb.  Then    Vx- Vy  =  VlO- 2^21. 

By  multiplying,  By  multiplying, 

x-y  =  y/m  -  180.  x-y^  VlOO -  84. 

.-.  a;-y  =  4.  .-.  x-y  =  4. 

But  a!  +  y  =  14.  But  x  +  y  =  lO. 

.'.  x  =  9,  .-.  a!  =  7.    • 

and  y  =  5.  and  y  =  3. 

.-.  Vx  +  \/y  =  3  +  V5.  .-.  Vx  +  v^  =  \/7  +  V3. 

.-.  Vl4  +  6>/5  =  3  +  V5.  ...  VlO  +  2\/2i  =  V7  +  v^. 

2. 

/ '*• 

Let      Vx  +  Vy  =  Vl7+4Vl5.  

Then    VS-V^  =  Vl7-4Vl5.  ^^^^      V^  +  Vj^  =- Vl6 -f  2  V55. 

By  multiplying,  Then    Vx-Vy  =  Vl6  -  2>/55. 

a-  _  y  =  \/289  -  240.  By  multiplying, 
.-.  a;-y  =  7.  a; - y  =  V256 -  220. 

But  aj  +  y  =  17.  -         .-.  x  — y  =  6. 

.••  a?  =  12,  But  X  +  y  =  16. 

and  y  =  5.  .-.  x  =  11, 

.-.  Vx  +  Vy  =  VT2  +  V5  and  y  =  5. 

=  2V3  +  V5.  .-.  Vx* 
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6. 


Let        v^_v^=V9-2VTi. 

Then      Vi  ^Vy  =V9-h2V'l4. 
By  multiplying, 

aj-y=V26. 

.-.  a;-y  =  5. 

But  X  +  y  =  9. 

.•.x=7. 

and  y  =  2. 

.'.Vx  —Vy  =V7  —V2. 


Let     \/J-v^-Vl4-42V5. 

Then  Vx  +  Vy  -Voi  +  42>/6. 
By  multiplying, 

X  -  y  -  Vs^:J»r".  H^iO. 
.'.  X  — y  -*  4. 
But  X  +  y  «  94. 

.•.x-49, 
and  y  —  45. 
.%y/x-y/y     1 -ZVb. 


6. 


9. 


Let         Vx_Vy=V20-  sVO. 

Then      Vx +Vy  =  V2O  +  8  v^<  J. 

By  multiplying,         

x_y=V400-384. 
.-.  x-y  =  4. 
But  X  +  y  =  20. 

•      .-,  x  =  12, 
and  y  =  8. 
.«.  Vx  -  v^  =\/r2  -\/8 

=  2(V'3-v^). 


Let     Vi  -Vy  -Via  -  2>/;i(). 

Then  Vx  +>/y  -VkJ  f  2>/;io. 
By  multiplying, 

x-y-\/T(iJ'~12(). 
.-.  x-y  --7. 
But     .     X  j  y   -  13. 
.-.  J-      10, 
and  y   *  ^^ 
.'.Vx-Vy  -  \/lO  -  V3". 


10. 


Let        Vi-\/y-V9-fiV2. 
Then      V^  +  Vy  =  Vl)  +  «  v  2- 


By  multiplying, 


a;-y=V81-72. 

.•.x-y  =  3. 

But  x  +  y=^. 

.•.x  =  6, 

and  y  =  3. 

.•.Vx-Vy=>/6-V3. 


Let    Vr-V7/-Vll-r>V2. 

Then  Vi  4  Vy  -  Vll  +  e>V2. 

By  multiplying.         j 

.r  -y-=Vr2l-72. 
.-.x-y  =  7. 
But  x+y  =  ll. 

.-.  x-9, 
and  y  =  2. 
.•.V'x-Vy  =  3-\/2. 
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11. 


14. 


v^_Vy=Vl4-4V6.         Let     Vx-Vy  =V67  -  12>/i5. 


Let 

Then    Vx +\/y  =Vl4  +  4V6. 
By  maltiplying, 

x-y-Vl96-96. 
-•.x-y  =  10. 
Bat  X  -h  y  =  14. 

.-.a:  =12, 
and  y  =  2. 
.•.Vi-Vy  =  2>/3-V§. 


Then  v^  +Vy=V57  +  12Vi5. 
By  multiplying, 

a;-y=V3249-2160. 

.••  x  —  y  =  SS. 

But  a?  +  y  =  57. 

.*.  a:  =  45, 

and  y  =  12. 

.•.Vx-A/y-3v/5-2>/3. 


12.  15. 

Let       Vi-Vy=V38-12\/lO.  Let    Vx-Vy  =Vj -\/iO. 

Then    V^-hV^=V38  +  12Vl0.  Then  Vx  +  Vy  =Vj  +\/lO. 

By  multiplying,  By  multiplying, 

a;_y=Vl444-1440.  x-y=y/^-lO. 

.\x-y  =  2.  .-.  a:-y  =  }. 

But  a;  +  y  =  38.  But  x-\-y  ==l. 

.-.a:  =  20,  .-.  x  =  i 

and  y  =  18.  and  y  =  1. 

.•.Vi-V'y  =  2V5-3\/2.  .-.Vi-Vy  =  JVTO- 1. 


13. 


16. 


Let       Vx-Vy  =  Vl03-12Vrr.  Let     Vi +\/y  =V2a+2Va«^. 

Then    Vi  +v^  =Vl03+12vTt.  Then  Vi-Vy  =  V2a-2VaCp. 

By  multiplying,  By  multiplying, 

ar-y=VlO(>09-1584.  a!-y  =V'4a'»^^«+46». 

.'.  a;  — y  =  95.  .-.  x  — y  =  26. 

But  x  +  y  =  103.  But  x+y  =  2a. 

.*.  x  =  99,  .'.  x  =  a  +  6, 

and  y  =  4.  and  y  =  a  —  6. 

.•.Vx-v^  =  3\/TI-2.  .•.Vx+v5=Va+6+Va— 6. 
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17. 

Let  Vi  -Vy  =  Va«  -  2hy/aS^^. 

Then  Vx  +  Vy  =- Va»  +  26\/a«  -  6». 

By  multiplying, 

X  -  y  -  V5^irTa»6»T~4"6*. 

.•.x~y  =  a«-26«. 
But  «  +  y  =>  a'. 

and  y  =  1^. 

.-.  Vx  -  Vy  -  vsnr^  -  6. 

18. 


Let 

Vi-v^=3V87-12V42. 

Then 

aj-y  =  V7569-6048. 

.•.a?-y  =  39. 

But 

aj  +  y  =  87. 

.-.a? -63. 

and  y  =  2i. 

.•.\/i-V^=>/63-V24 

-3V'7-2V5. 

19. 

Let  V5  - Vy  =  V(a  +  6)«  - 4(rt  -  6)\/S. 

Then  >/i  +v^  =  V(a  +  J)«  +  4(a  -  h)^/ai. 

.\x-y=y/a*  -  12a»6  +  38a*6*  -  12aZr'  +  6* 
=  a*-6a6  +  6*. 
But  «  +  y  =  a'  +  2a5  +  6*. 

.•.a?  =  (a-6)«, 
and  y  »  4a6. 
.*.  \/«  —  Vy  =  a  —  6 -- 2Va5. 
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Exercise  93. 

3.    V^=l44  +  V^^loO  =  12V^  +  10 V^  =  22V=n[. 
5.   V=a2i- V^r49-llV^-7V^  =  4V^. 


6.    v^^^+  V=Ta«-V-16a*  =  aV-l  +  2a\/^-4a»V^rT 

=  (2a-3a»)V^. 


7.    V-16a«+V^=l9a5  +  \/=^4a*  =  4aV-l  +  7a\/^  +  2a«V^ 


8.    V—  m  +  V—  ?i  —  V— 4  =  1 


+  ?i*a/=T-2V^ 


=  (m*  +  n*-2)\/=T. 


•T^) 


9.   3aV=^l^  +  2a«\/^^49  =  6a«^/^+14a''V^ 
=  20a«\/=T. 

Vl8+  vTTs- V^  =3V2-f/3V^-2V^  y^ 
=  3V2  J  V=^  =  3 ^2  ^V^. 


la 


11.  (1  +  a/tixi  -  viri)  =  (1  +  2 v^xi  -  2V=n:) 
^">    -  -  ^- . -ij:/(- 1)  =  1  + 

'  .'     12.  (4  +  \/:r3X4  -  a/ITs)   =(4  +  3*v:n:x4- 

=  16-3(-l)=-16  +  3  =  19. 

13.   (V3-2Vir2X>/3  +  2V=^) 

=  (VS  -  2  X  2iv^X>/5  +  3  X  2i\/^)  -3-4x2x(-l) 
=  3  +  8  =  11. 
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14.  (Vsi- V^)(V54+>/^) 

=  (3  Vis  -  2*  V^X3^^  +  2*  VTl)  -  64  -  2(- 1)  -  54  +  2  -  66. 

15.  (>/r^-h  V=^)(V:r^-V=^) 

=  (a*  V^n  +  b^V^)(Jy/~\  -  6-  >/^)  «  a(-  1)  -  6(-  1) 
=  —  a  +  6  =  6  —  a. 

16.  (aV^=^"5^*Xa^^*^)  =  (a«M\/=TXa'^*  V^)  -  o*6J(-  1) 

17.  (2\/3->/^X2V5  +  V-^)=(2>^^-5*^^-lX2Vi  f'^iV    1) 

=  12-5(~l)-.12  +  5-17. 

18.  (^/ZToX V=^)  =  (10*V^X2*  V^l)  =  (20)*(-  1) 

=  4*  X  5*  X  (-  1)  =  2  X  5*  X  (-  1)  -  -  2  Vr>. 


19. 


12 


^l^^El^ii, 


V-3      3iv-I 


20  V^-5^X3*_     3^     _3*Vn_      ^-3 
V^     5*V=T     V-i        -1 

21  V^  _^      5^^      __  1  __  1 
>/^^20     4^x5*^:11     4*      ^ 

^       a       ^  ay/—  1 

^     a*V^       -a* 
/25         -5     _--5V 

24.   ^^E:i  =  ii^^El  =  5i=V5. 

-  V^     5-^  v:rT 

25      4^/=^^    8V=5_,8x5^V::r     8V5     ,^^ 
-2V-25     -lOV-1       -lOV-f     7^^      J 

26.   4  4-V=^_(4^v/r2X2+V£2)_6/C>Vr$_^^  ^-^ 
2  _  VZ^     (2  -  \/^X2  +  V-  2)        ■     6  / 


22.  -«-^ «_  =  £:^^  =  _aiV^l  =  _V-"^. 


23.   ziVg^     -5     ^~5VrT^^A^_-^^^^ 
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Exercise  94. 


1. 


a:»-3  =  46, 

2«  =  49. 

.'.  a:  =  ±  7. 


6. 


2.  2(a:«-l>-3(2«+l)+14  =  0. 
Simplify, 
2x«_2-3a:«-3-|-14  =  0. 
a«  =  9. 
.-.  ar  =  ±3. 


g«-5     2a:«  +  l_l 
3  6  2 

Simplify, 
2a:*-10  +  2a:»  +  l  =  3. 
ix"  =  12. 
a^  =  3. 
.-.  a?  =  ±V3. 


4. 


1  +  x     l-a? 


J L  =  I 

4a^     6a»     3 
Simplify,  9-2  =  28  a?. 
-28a?  =  -7, 

.'.  x  =  ±i. 

6.  52«-9  =  2a;«+24. 

3a;»  =  33, 
a:*  =  11. 
.-.  aj  =  ±VTT. 

7.  (a;  +  2)«  =  4a;  +  5. 
Simplify, 

a:*  +  4aj  +  4  =  4x  +  5. 
Transpose  and  combine, 
a:*  =  l. 
.-.  ar=±l. 


8     ^    g'-^Q-7    ^+a^ 


8. 


25 


Simplify, 

3-3a;  +  3  +  3a:  =  8-8a:«, 
8a:«  =  2, 
^  =  i. 
.-.  a:  =  ±  J. 


5         15 

Simplify, 

15a:*-5a;H50  =  525-150-3a:». 

Transpose  and  combine, 

13  a?  =  325. 
a?  =  25. 

.'.  a:  =  ±5. 


g    3a?-27     904-4a?_,y 
a?  +  3  a?+9 

Simplify,   (3a? -  27)(a?  4-  9)  +  (90  +  4 a?) (a?  +  3)  =  7(a?  +  3)(a?  +  9). 
3a:*  -  243  +  4a:*  +  102a?  +  270  =  7a:*  +  84a?  +189, 
18  a?  =162, 

a?  =  9 
.-.  aj  =  db3. 


10. 


8a:  +  7  =  §^.       11. 
a?        7 
Simplify,  56  a?  +  49  =  65  a?. 
Transpose  and  combine, 

-9a?  =  -49, 
x^  =  ^. 
.-.  x  =  ±i 
=  ±2i. 


4a?+5     2a?-5      7a?-25 


15 


20 


10 
Simplify, 

24  a?+30-8  a?+20  =  21  a?-75, 
24  x'-S  a:«-21  a?  =  -75  -  30  -20t 
-5a?  =  -125, 
a?  =  25. 
.  •.  a;  =  ±  5. 
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12. 

10g«-f  17     12g«-H2   .5ag«-4 
18  lli»-8"'      9 

Simplify,         llOu*  +  lOTi*- 136  -  216jc*-  36  -  110jt*-108a:«-|-C4. 
Transpose  and  combine,  59  a:*  «  230, 

.-.  X-i:2. 


13. 

14x»  +  Ifi 

2rr« 

+  8      2  J* 

21 

«i« 

-11       3 

Simplify.      •    112.x*  ^26ic»- 176 -42  j»- 

IfiS      n2x*- 

-  154  2«. 

Transpose  and  combine, 

8fi.r«     311, 
.-.  ar  '4  2. 

14.       x'  +  bx  +  a^hxil-hxl 
a^  +  bx  +  a^bx-b'x^, 
r»  +  6«ic»  =  -  a, 

16. 

a^  ~  ax  \  h 
x'  —  ax  f  6' 

«x(x~l). 
cu'      ox. 

x^^         «    . 
l  +  6» 

a^(l-a)- 
x«- 

••^-^\     i+fe.^ 

(i     1 

15.              m.T»  +  n  =  y, 

mr'  =  9  —  n. 

.-.  X 

■V.'r 

^    m 

EXERCISF 

:  95 

1.  a^  +  4a:  =  12,  2.  a:«-r,x-lfi. 

Complete  the  square.  Complete  the  square, 

a;«  +  4a?  +  4  =  16.  x*-Gx  +  9-^  25. 

Extract  the  root,  Extract  the  root, 

a;  +  2  =  ±4.  x-3  =  ±5. 

.  •.  x  =  2  or  —  6.  .  •.  X  =  8  or  —  2. 
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3.  a^- 12a; +  6  =  J. 

a^»-12a!  =  --y. 

Complete  the  square, 

»»-12a;  +  36  =  J^fi. 

Extract  the  root, 

a;-6  =  ±Y- 
.'.  x=  Hi  or  J. 

4.  s«-7a;  =  8. 
Multiply  by  4, 

4a:2-28a;  =  32. 
Complete  the  square, 

4a;a_()+ 49  =  81. 
Extract  the  root, 

2a;- 7  =  ±9, 
2a;  =  7±9. 
.-.  a;  =  8or  — 1. 


5.  3a;»-4a:  =  7. 

Multiply  by  3, 

9a;«-12a;  =  21. 
Complete  the  square, 

9a;2-12a'  +  4  =  25. 
Extract  the  root, 

3a;- 2  =  ±5, 
3a;  =  7  or— 3. 
.'.  x  =  2J  or— 1. 


7.  x^-x  =  e. 

Complete  the  square, 

^        ..  1      25 

3r  —X  +  —  =  — • 
4      4 

Extract  the  root, 

2        2 
a:  =  — .. 
.-.  a;  =  3  or -2. 


8.  5a;»-3a;=.2. 

Multiply  by  5, 

25a;2-15a;  =  10. 
Complete  the  square, 

25^-()  +  |  =  f 
Extract  the  root, 

6x-'-  =  J. 


2        2 
5a;  =  3±_7. 
2 
.'.  x=  lor  — f. 


6.  12a;2+a;-l=0. 

l23^-\-x=L 

Multiply  by  3, 

36a;2+3a;  =  3. 
Complete  the  square, 

36a;«  +  ()  +  — =  — • 
^^      16      16 

Extract  the  root, 

6a;  +  i  =  ±  }, 
6a;  =  for -2. 
.•.  a;  =  I  or —J. 


9.  2ar^  -  27a;  =  14. 

Multiply  by  8, 

16ar^- 216a;  =  112. 

Complete  the  square, 

16x2-0  +  729  =  841. 

Extract  the  root, 

4a; -27  =  ±29, 

4a;  =  56  or -2. 
.'.  a;  =  14  or  —  J. 
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10. 


3       12 


3  12 

Complete  the  square, 
:^_2.^1^X 
3      9     36 
Extract  the  root, 

-1-4 
"14 

.•.  «-»-or  -. 
2      6 


12. 


3x      4       13 
4      3x"  e' 
Simplify, 

9a«-26x--ie. 
Coroplet4}  the  Rqaare, 

9:^-26x.l'il^-.26. 
9         9 
Extract  tlie  root, 

3x-i5.  .5. 


3x  -  6  or  - 
3 

•.  X  «-  2  or  — 
9 


11. 


|-|»2(x-H2). 

Simplify,  3x*-2x  =  12x  +  24, 

3x«-14x  =  24. 
Multiply  by  3, 

9x«-42x  =  72. 
Complete  the  square,    . 
9x»-()  +  49-121. 
Extract  the  root, 

3x-7-±ll, 
3x-18or-4. 
.'.  X  — 6or  —  IJ. 


13. 


x-f  1^ 
X  +  4 
Simplify, 


2X--1 

x  +  6  ' 


(x  +  l)(x  +  6)-(2x-l)(xf4X 
x»  +  7x  +  ri-2x«  +  7x-4. 
x»-2x«+7x-7x--4-6, 
-x»--10. 
x»-     10^ 

.•.X-  AV^IO. 


14. 


X 

x  +  1 


x  +  3 


*18' 


2(x  +  4) 

Simplify,  18x»  +  72x-9x»-36x-27=»-x»-5x-4. 

Transpose  and  combine,  10x"  +  41x  =  23. 


Multiply  by  10, 
Complete  the  square, 

Extract  the  root» 


100a;«  +  410x  = 

100x»  +  ()  +  ^  = 
4 


230. 

2001 

4 


.%  X  -  }  or  —  4^. 
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16.  ^.-i-  +  .  2 


X— 1 ' x—2     X— 4 
Simplify,  20!*  -  12a;  +  16  =  3a:»  -  15x  +  12  +  2a:*  -  6a:  +  4. 

Transpose  and  combine,  — 3a^4-9a:  =  0. 

Divide  by -3,  a;«-3a:  =  0, 

or  a;(a;  —  3)  =  0. 

.-.  a^SorO. 
16. 
5a;(a;_  3)-  2(x*-6)  =  (a;  +  3)(a:  +  4). 
Simplify,  5a^  -  15  a;  -  2a:*  +  12  =  a:*  +  7a;  +  12. 

Transpose  and  combine,  2  a:*  —  22  a;  =  0, 

a;*-lla:  =  0, 
or  a;(a;- 11)  =  0. 

.-.  a;  =11  or  0. 

17. 

3a;  5_    3a:*  23 

2(a;  +  l)     8      a;*-l      4(a;-l)' 
Simplify,  12a:*  -  12a;  -  5a^»  +  5  =  24ar^  -  46a:  -  46. 

Transpose  and  combine,  17a:*  —  34 x  =  51, 

Divide  by  17,  x*  -  2x  =  3. 

Complete  tbe  square,  x*  —  ()  +  l  =  4. 

Extract  the  root,  x  —  1  =  ±  2. 

.*.  X  =  3  or  —  1. 
18. 
(x  -  2)  (x  -  4)  -  2  (x  -  1)  (x  -  3)  =  0. 
Simplify,  X*  -  6x  +  8  -  2x*  +  8x  -  6  =  0. 

Transpose  and  combine,  x*  —  2x  =  2. 

Complete  the  square,  x*  —  2x+l=3. 

Extract  the  root,  ^  x  - 1  =  db  VS. 

.-.  X  =  li:V3. 

19. 

l(x-4)-|(x-2)  =  l(2aJ  +  3). 

Simplify,  5x»-  20x  -  14x»  +  28x  =  70x  +  105. 

Transpose  and  combine,  9x*  +  62x  =  —  105. 

Complete  the  square,  324x*  +  (  )  +  (62)*  =  64. 

Extract  the  root,  18  x  +  62  =  ±  8, 

18x  =  -54or-70. 

.%  x  =  -3or-3f 
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20. 

|(3:c»-«~6)-l(:c»-l).2(x-2)«. 

Simplify,  18a:«-6x-.30-5x»  +  6-30x«-120x  +  120. 

17x«-114x--146. 
Multiply  by  17.  289x»  -  1938x  -  -  2465. 

Complete  the  square,  289x»  -  ( )  +  3249  -  784. 

Extract  the  root»  1 7x  -  57  -  ±  28. 

.-.  x-6orl{f 

21. 

2x      3x~50  ^12x-h70 
16      3(10  + x)"      190 
Simplify.  760x  +  78x«  +  610x  -  9500  -  38x«  +  610x  +  2iU» 

40x»  +  760x-.  11600. 
Divide  by  10.  4x«  +  76x  -  1160. 

Complete  the  square,  4x*  +  (  )  +  361  -  1521. 

Extract  the  root,  2x  +  19  -  ±  39. 

.-.  x-lOor-29. 


15 -7x 


aJ-1     8{l-x) 
X  7x-16 


(x  +  l)(x-l)     8(x-l) 
Simplify,  8x  =  7x«  -  8x  ~  15, 

7x«-16x=15. 
Multiply  by  7,  49x«  -  112x  =  105. 

Complete  the  square,  49 x» - ()  -I- 64  =  1 69. 

Extract  the  root»  7x  -  8  ■=  ±  13. 

.*.  x«=3or  — f. 


2x-l     l_2x- 


x-1       6       x-2 
Simplify,  12x« -30x  +  12  +  x*-3x  +  2=  12.t«-  30x  +  18. 

Transpose  and  combine,  x*  —  3  x  =  4. 

Complete  the  square,  4x*  -  ( )  +  9  =  25. 

Extract  the  root,  2x  -  3  =  ±  5. 

.*.  X  =  4  or  —  1. 
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a;  +  2     4-g^7 
aj-1        2a;       3* 

Simplify,  6a;«  +  12a:  +  3a:»  -  15a:  +  12  =  14a:»  -  14x. 

Transpose  and  combine, 


Multiply  by  5, 
Complete  the  square, 

Extract  the  root» 


5a:«- 

11  a:  =12. 

25  a:*- 

55  a:  = 

=  60. 

25a:»-()  + 

121 
4 

_361 
4  ' 

5x 

11 
2  " 
5a:  = 

■4 

=  15or- 

-4. 

.'.  x  = 

=  3or- 

*. 

26. 

•-9 

a)»-3 

8a:-3       a;  +  l 

Simplify,  8a:»  +  5a?-3a:-14a:*-5a;  +  9  =  Sa:*  -  24x-  3ai*  +  9. 

Transpose  and  combine,  —  6a5"  +  16x  =  0. 

Divide  by  -  2,  3a;»  -  8a:  =  0, 

a;(3a:-8)  =  0. 

.-.  a:  =  0or2J. 
26. 


1     a;  +  5       x-6 
2a:  +  l      a:-2 

3a:- 

_2-a:«-3a:  +  10  =  2a:«-lla;- 
a:»-6a:  =  14. 

2        2 
.-.a:  =  7  or -2. 

27. 

X        ,7-X        no 

-6. 

Simplify,  2a:»- 

Transpose  and  combine, 

Complete  the  square, 
Extract  the  root, 


7  — a?        a: 
Simplify,  lOa:*  +  490  -  140  a:  +  10  a:*  =  203a:  -  29a:». 

Transpose  and  combine,  49  a:*  —  343  x  =  —  490. 

Divide  by  49,  a:*  _  7  a;  =  - 10. 

Complete  the  square,  jb>  —  ()  +  z2  =  5. 

4      4 

Extract  the  root,  x  —  -  =  ±  -• 

2        2 
••.  a;  =  5  or  2. 
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2(2x~l)     2(«  +  l)     4^3» 
Simplify,      -  14a^  -  12x»  +  22«  +  24  -  12«»  +  lOfix"  -  162x  +  66 

-44*>-40x-24«»-28. 
Transpose  and  combine,      48  a:'  -  180  a;  *  - 108. 
Divide  by  12,  4a;»  -  16*  -  -  9. 

Multiply  by  16  and  complete  the  square, 

64««-(  )  +  225-81. 
Extract  the  root,  8  a;  -  15  =  i:  9, 

8x^24  or  6. 
.'.  «  -  3,  or  }. 


8a«-7a;  +  6  "    *        2 

Simplify,  24a:»-22a:»  +  20aj-156=-24a!*-2l4:»  +  18x-8jc*-f7x-6. 
Transpose  and  combine,  7x*  —  5  a:  =»  150. 

Multiply  by  28,  196  a^  -  140  a?  -  4200. 

Complete  the  square,     196  a:*  -  ( )  +  25  =  4225. 
Extract  the  root,  14x  -  5  =>  dk  65. 

.'.  a;  =  5  or  -•  4}. 

30. 

3x-l     5-4x^3 
7-x      2x  +  l 
Simplify, 

(2x  +  lX3x  - 1)  -  (5  -  4xX7  -  x)  =»  3(7  -  x)(2x  +  1). 
6x»  +  X  -  1  -  (35  -  33x  +  4x»)  =  39x  +  21  -  6x». 
6x»  +  X  -  1  -  35  +  33x  ~  4x»  =  39x  +  21  -  6x». 
Transpose  and  combine,  8  x*  —  54  =  57. 

Multiply  by  32  and  complete  the  square, 

256x»-()-|-25=1489. 
Extract  the  root,  16  x  -  5  =-  ±  43. 

.-.  16X-48, 
or  16X--38, 

and  X  =  3, 

or  x  =  -2f 
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Exercise  96. 

1.            a:»  +  2aa;  =  a«. 

^   5nx    3n*^Q 

Complete  the  square, 

2         2 

x^-^2ax  + 0^  =  20^. 

2a^-5na;-3w»  =  0, 

Extract  the  root, 

4a?-10na;  =  6n«, 

x  +  a  =  ±  aV2. 
.'.  x=-a±ay/2. 

o       5n      ,  7n 

2.                       a^  =  4aa;  +  7a*. 

2.--=*-. 

Transpose, 

2a;  =  6nor— n. 

x»-^ax  =  7a\ 

o            n 

Complete  the  square. 

.•.aj  =  3nor----- 

a;2-4aa;  +  4a*  =  lla«. 

Extract  the  root. 

5         a*      _       6* 

x-2a  =  ±aVTl. 

.\x=2a±ay/n. 

^                          «     7  m*     o 

a{x-a)  =  ±h{x  +  a\ 

3.                         a;2  =  l^_3ma:. 

ax  —  a^='hx  +  ab, 

4a:*  =  7m*-12ma:, 

x(a  —  &)  =  a*  +  ab. 

4a^  +  12ma;  =  7m*, 

a{a  +  b) 

4a;*  +  ()  +  (3m)*-16m*, 

a~b 

2x  +  3m  =  ±4m, 

or  ax  — a^  =  —  bx  —  ab. 

2a;  =  ±4m  — 3m. 

x{a-\-b)  =  a^  —  ab. 

m^,      7m 

a(a-b) 

.•.    X  =  ■■ 7-^ 

"2            2 

a-\-b 

6. 

c.T  =  ar^  +  6r'--^. 

a  +  6 

OCX  +  bcx  =  a'^x^  -\-  2ab3?  +  h^3?  - 
c^y?  H-  2a6a;*  +  6^a;^  —  acx  —  5ca;  =  oc, 
a!*(a*  +  2a6  +  b^)~x{ac  +  6c)  =  ac, 
a;*(a^+2a6  +  62). 


ac, 


/  X        C*  ^  400  +  0* 

"^^4  4      ' 


x{a  +  b)  ■ 


a;(a  +  6)  = 


V4ac  +  c* 

2 ^ 

cdb  V4ao  +  c* 

2 ^^ 

0  i:  Vi  ac-\-<? 
2(a  +  6) 
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7  ^f!^  +  ?  =  ?^  8  (a«+ l)x"ax»  f  a. 

6»       c»        c  '  a«x  +  X     ai*  f  o, 

a»^-j     o  +  i«-0  2ax- (o«+ I)-±(a«-l), 

acx-=  6*,  .♦.  X"0  or  - 

.'.  x=  — 
ac 

9. 

a     ^     6  _  _    2c 
X— a     X— 6     X- c 
a(x  —  6)(x  -  c)  +  6  (x  -  a)(x  -  r)  -:  2c(x  -  a)(x  -  6), 
ox*— a6x— acx  +  a6c  +  6x'-aix  — 6cx  +  aZ>c  =  2rj:*-2«rx-26cx+2a/>r, 

.-.  X  ^  0  or 

o  I-  6~  2c 

10. 


a-h6  +  x     a     6     X 
a6x  =  a6x  +  6*x  +  Jx*  +  a'x  +  aix  +  ox*  +  a'6  i-  al^  f  o^x, 
x2(a  +  b)  +  x(a  -|-  Z»)«  =  -  a6(a  +  b). 
Divide  by  (a  +  6),       x^  +  (a  +  M  x  —  —  ab, 

4«»  +  (  )  +  (a  +  6)2  -  a*  -  2tt6  -+-  b\ 
2x  +  (a  +  6)  ^  A  (a  -  b), 

2x--26or  -2a. 
.'.  X  ^  -  b  vr  -  a. 

11. 

_1 1_^  3  I  x» 

a—x     a+x     a*  — x' 

a  +  x— a  +  X"3  +  x*, 


p;^  f-2a6(a2  +  6^)_o^. 
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,„      (2a:~a)«        /  15.  a?  +  aa;  =  feo;  +  oft. 

^^'  2x-a  +  2b^^  ^^{a-b)x  =  ab, 

4a:»-4aa;  +  a«  =  26.T-a6  +  26^  4a;» +  ( ) +  (a-6)«  =  (a  +  6)*. 

4aj»- 2a: (2a  +  ^>)  =  -a^-ab  +  26«,  .         2a;  +  (a  -  6)  =  ±  (a  +  6). 
16j2_()+(2a+6)2  =  96^  2a;  =  -  2a  or  2b. 

4a; -(2a +  6)  =  ±36,  .-.  a;  =  -aor6. 

4a;  =  2a -26, 
or  2a +  46. 
a-6^a+26 


2  2  jg^  ?  +  ?  =  ^H.6 


14.  a;'  +  aa;  =  a  +  a;. 


a     a;      6      a; 
a;«6  +  a^b  =  ax^  +  ab^, 
a;a  +  aa;-x  =  a,  a;26  - a;«a  =  a6'^  -  a»6. 

2i+a-l)  =  =t(a  +  l).  Dm<ieby(6-a) 

2i  =  -(a-l)±(a+l).  aH  =  o6   _ 

.-.  ic-lor-o.  .-.x-iVo*. 

17.- 

i,_L  =  l  +  J_. 

a;     a;  +  6     a     a  +  6 

a2a^+  a'6  +  a6a;  +  ab^  +  a^x  +  a6a;  =  ax^  +  a6a;  +  63^"+  b^x  +  ax^-^  ahx, 

2ax^  -I-  6ar»  -  2a«a;  +  6*a;  =  a26  +  ah^, 

(2a  +  6)a;2  -  (2a'  -  6«)  a;  =  0^6  +  a6^ 

4.T2(2a  +  6)»-  ( )  +  (2a«  -  ft'^)'  =  4a*  +  8a'6  +  ^a?b''  +  4a6'  +  6*. 

2a;(2a  +  6)  -  (2a^  -  6^)  =  ±  (2a«  +  2a6  +  6«), 

2a;(2a  +  6)  =  (4a2  +  2a6)  or  -(2a6  +  262). 

6(0  +  6) 

.-.  a;  =  a  or  -  -J -^• 

2a+6 

343a  a;-3            a;+3 

4tt»+15aa;- 4x^  =  0,  ?Jll_?^  =  a, 

4x«-15ax'  =  4a2.  a;-3     a;  +  3 

64a;»-()  +  225a2  =  289a^  a;»  +  6a;+9-x« 

o        ic           -i^r  +6a;-9  =  aa;2 -9a, 

8.T-15a  =  ±17a.  aa;«-12x  =  9a. 

8a;  =  32aor-2a.  ^2^52  _  i2aa;  =  9a2, 

,  a  aV-()  +  36  =  9a2  +  36. 

.'.  a;  =  4;a  or •  ^  '  , — 

4  aa;-6  =  ±V9(a2  +  4), 

aa;  =  6i:3Va»  +  4. 

6±3VaMl[ 
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20. 

tnn 

m*rui^  —  win  =  af(m'  —  n*), 

7U«na;«  —  (m*  —  n')a:  —  win, 

4wi*n*a;*  -  (  )  +  (m'  -  n*)*  «  m«  4  2m'n*  +  n*, 

2wi*nx  —  (m*  —  n*)  =  ±  (wi*  +  n*), 

2m«nx  =  2wi«or-2n«. 

m            n 
.•.  x  =  —  or 5» 


21. 

(ajj-6)(5a:- 
ahx" 


t*i/x    —  v"    T  1/  ;*  =  o-  —  aw, 

4a»62x«  -4ab  (a»  +  6»)x  «  4tt6c*  -  4a*6*, 

4a»6»a:»  _  (  )  ^.  (a«  +  5«)«  =  (a*  -  6«)«  f  4aAc»^ 

2a5a:  -  (a»  +  &»)  =  ±  V(a»  -  6»)«  +  4  a/>r». 

a»+6'i:\/(a«  -/>«)' +4< 
...  X  = — 


ab^ 

2ab 


gg-f-  ft  ^  wig  -h  n  o«         m 


m 


6x  +  a      nx  +m  m  -\-  x     m—  x 

anx^  +  bnx  +  a/nx  +  6m  m*  —  wix  +  m'  +  wix  -»  rm*  -  cj*, 

=  bma^  +  6nx  +  a?nx  -^  an,  ex*  =^  rm*      2  ?n' 

anx*-bma^  =  an-bm,  xVc-iwiVr     2] 

x*(an  —  bm)  =  an  —  6m,  ^_2 


x»=l. 
,\  x=±  1. 


.-±m^Cz£ 


24. 


(o-iyx«4-2(3a-l)x_.^ 

4a-l 
(a  -  l)«x»  +  2(3a  -  1) X  =  4a  - 1. 
4(a  -  l)*x»  +  (  )  +  (<»a-  2)2  =  lGa», 

2(a  -  l)ax  +  (6a  -  2)  =  ±  4a Va, 

2(a  -  l)«x  =  2  -  6a  ±  iaVa. 
.   ^_l-3a±2aVa 
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25. 


a«a:»-  6*x«  +  a*  -6«  =  2a«a;  +  26«ar, 
a'x* -Z^ar*  -  2a«a;- 262x  =  6« -a^ 
j^/a»  -  6«)  -  2 j:(a«  +  6»)  =  6«  -  a^ 
a:2 (a^  _  6^)2  _  2x(a^-b*)  =  -a*  +  2a^h'-b\ 
^(a'  _  6«)»  -  (  )  +  (a^  +  6»)*  =  4a'^6*, 
a;(a»-6«)-(a»  +  6»)  =  ±2a6. 

a:(a«-6«)  =  a2  +  6*±2aZ> 
=  {a±bf. 

a— o      a+o 

26. 

^-^^^  =  (m-7i)». 
(m  +  n)^       ' 

rr*  -^mnx  =  w*  -  2m»  n«  +  n*, 
a*  _  ()  +  4m«n2  =  m*  +  2m2n2  +  n\ 
x  —  2mn  =  ±  (m*  +  n'), 

X  =  2mn  ±  (m^  +  n^) 
=  (m  +  n)'  or  — (m— n)*. 

27. 

a-6     14a'-5a6-105^     (2a-36)g 
a62  iSaH^  2ab 

ISaH'^x'  - (18a«6  -  27ab'')x  =  -  4a«  +  13a6  -  \0b\ 
UAaH'^x'  -  (144a26  -  216a^^)x  =  -  320^  +  104a6  -  806^ 
144a2  62a;2  _  ()  ^_  (6a  -  96)^  =  4a2  -  4a6  +  6^ 
12a6ar  -  (6a  -  96)  =  ±  (2a  -  6), 

12a6x  =  8a  -  106  or  4a  -  86. 

4a-56  _a-26 

.  X— or • 

•  6a6  3a6 

28. 

abx^     ^'^__^^«'  +  ^^-^^^     ^^^^ 
c   ~  (?  c 

abc^x^  +  b^cx  =  Ga^  +  a6  -  26^  _  Sa^cx, 
abe^x^  +  {Za^c  +  b'^c)x  =  6a»  +  a6  -  26», 
4a2  62c2a;-^  +  \ahex  (3  a^  +  fe*-*)  =  24a»6  +  4a«62 -  8a6», 
4a2  62c2ar2  +  ( )  +  (3a2  +  62)2  _  9a*  +  24a»6+10a»6«-8a6«+6S 
2a6ca;  +  30^^  +  6^  =  ±  (3a2  4-  4a6  -  6*). 

2a-6  3a  +  26 

.*.  «= or i 

ac  be 
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»•  —  4  o* 


X 


3m  — 2a      ia-Gm     2 

2x' 4o«--m» 

3m-2a     3m- 2a'     * 

2a:* -  4a"  +  m«  --  3mx  -  2aT. 
2x^  +  (2a  -  3m)a:  =  4 rt«  -  m», 
16a:»+()+(2a-3m)»  =  (:J(;a«-  12rtm  f  m«). 
4x  +  (2a  -  3m)  =  ±  {Ha  -  m), 

4x=»-8a  +  4mor  4a-f  2m. 

.'.  a;  =  m  —  2a  or  a  +  — • 
2 

90. 

6:r-f(^±ii'«5(a.6)^25a* 
X  6x 

36x»  +  6(a  +  6)«  «  30x(a  ~h)  \-  250*. 
36x»  -  30x  (a  -  6)  =  25ai  -  (;  (a  f  6)«, 
36x«-()  +  25(^_jj,_^_f^aAj^^ 
4  4 

2^         ^  2 

6x  =  5«^liior*«-«^. 
2  2 

.>.x^^«-^^nd^-^---?J. 

r,  6 

31. 

Kx»  +  a«  +  aft)  =  ia:(20a  +  4b). 
8x*  +  8a«  +  Sab  =  20a.r  +  46x, 
P  x»  -  ( 20  a  +  4  6)  X  =  -  8  a' -  8  a&, 
16x*  -  2(20a  +  4  bjx  =  -  16a»  -  16a6, 
16x*-()  +  (5a+6)'  =  9a«-6ai  +  6«, 
4x  -  (5a  +  6)  =  ±  (3a  -  6), 

4x  =  (5a+6)db(3a-6). 

.•.x-2aor^i?. 
2 

32. 

X*  —  (6  —  a)  c  =  or  —  &x  H-  ex. 
a^  +  bx  —  ax  —  ex  =  (b  ~  a)c, 
X*  +  (6  —  a  - c)x  =  (6  —  a)c, 
4x* +  ()+ (6  -  a  -  c)»  =  a»+ Z'»  +  c«-2a6-2ac  +  26c. 
2x  +  (6  -  a  -  c)  =  ±  (a  -  6  -  c), 
2x- 2a -26  or  2c. 
.*.  x  =  a  -  6  or  c. 
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33. 

a*  -  2mx  =  (n  -p  +  m){n-p-m). 
t^-2mx  =  r?-2np^f-m\ 
:^-(  )  +  m»  =  n« -  2wp +|)', 
af-m  =  i:{n-p). 
.'.  ir  =  m±(n— p). 

34. 

aj»-(m  +  n)a;  =  JO)  +  5f  +  m  +  n)(p  +  5r-m~n). 
4a:*  -  4(m  +  n)a:  =  (p  +  5r+m+ w)(p +  5f-m-n), 
4aj»-( )  +  (m  +  n)*=p'  +  2p5r  +  g', 
2a:-  (w  +n)  =  db  (p  +  q), 

2a;  =  m+ni:(|3  +  5). 

35. 

mna:'-(m+n)(mn+l)a:+  (m+n)*  =  0. 

mrij^  —  imhi  +  mn*  +  m  +  n)a;  =  -  m'  -  2mn  -  n«, 
4  m^n^a^-  4  mn  (m*n  +  mn»+  m  +  n)  a;  =  -  4  7ri?n  -  8  m*n»  -  4  ?nn', 
4  m'nV  -  (  )  +  {m^n  +  mn^  +  m  +  n)'  =  m*n* +2  m*n»-2  m'n-4  mVi* 

+m*n*— 2  mn'+m*+2  mn^v?^ 
2mnx  —  (?n*n  +  wn'  +  m  +  n)  =  ±  (m'n  +  mn'  —  m  —  n), 

2mnx  =  2m*n  +  2mn*  or  2m  +  2n. 

...a;  =  m  +  nor!?^±l*. 


36. 

2h—x~-2a     4ih  —  7a  ^  a;  — 4a 
6a;  ax—bx     ab  —  hl' 

4a6-aa;-2a*-26*  +  6a;  +  46«-7aZ>  =  »*-4aa;, 

a;*  -  3aa;  -  6a;  =  262  -  3a6  -  2a», 
a;2-(3a  +  6)a;  =  26»-3a6-2a«, 
4a;*  -  4(3a  +  6)a;  =  86»  -  12a6  -  8a*, 
4aj*  -  (  )  +  (3  a  +  6)*  =  a*  -  6 a6  +  9  6«, 
2a;  -  (3a  +  6)  =  ±  (a -36), 

2a;  =  4a -26  or  2a +  46. 
•••  »  —  2a  -  6  or  a  +  26. 
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37. 

22"(a»  -  6»)  -  (3a«  +  6*)(aj  -  1)  -  (36«  +  a*){x  +  1). 
2  a!»  (a»  -  6«)  -  3  a»x  -  Wc  +  3  a«  +  6«  -  3  6»a?  +  a«x  +  3  6*  +  a«, 

2x»(a»-  6«)  -4a«x  -4Wc  -  26«  -  2a«. 
Divide  by  2,  a;>(a»-^ - 2(a«  +&»)a?-  6»-a«, 

x" (a«  -  67  -  2(a*  -  b*)x  -  (i»  -  a«)(a«  -  6«). 
a^(a«-67-(  )  +  (a«  +  &«)*- 4 a«6*. 
x(a«-6«)-(a*  +  6«)-±2a&. 

» (a«  -  6«)  =  (o  +  by  or  (a  -  6)«. 

...x  =  «±4or?-4. 
a-  6      o  +  6 


sa 

a-26--a;       56-x    .2a-ar-196 


0. 


a'  —  4  6*        ox  +  26j  2bx  —  ax 

a  —  2b  —  x 56  — a;    __  2a  -  x—  106  ^  ^ 

(o-26)(a  +  26)     (a+26)x        (a--2b)x      '    ' 
aa: -  26ar  -  jc*  -  5a6  +  ax  +  106*  -  26x  -  2a« 

+ax+  15a6  +  26x+  386*  =.  0. 

3ax  -  26x-  2»  +  10a6  +  486*  -  2a*  =  0. 

x*  -  (3a  -  26)x  -  - 2a*  +  10a6  +  4S6*, 
4aa  _  0  ^.  (3a  _  26)*  -  a*  +  28a6  +  19r>/;^ 
2x-(3tt-26)  =  i:(a+  146). 

2j:'=4a+  126  «.r  li<i      106 
.•.  x^  2a  +  66  or  a  — 86. 


39. 


x+  13a  +  36      J      g  -  26 
5a-36-x  a;  +26 


oj*  +  13ax  +  56x  +  26a6  +  66* 

—  5ax  +  56x+ x*  + 66*- 10a6  =  5a*-  13a6-ax  +  06*+  26x, 
2x*  +  (9a  +  86)x  =  5a*-29a6  -06*, 
16 X*  +  8(9a  +  8  6)x  =  40a*  -  232a6  -  186*. 
16a«  -l-O  +  (9a  +  86)*  =  121a*  -  88a6  +  166*, 
4x  +  (9a  +  86)  =  ±(lla-4  6), 

4x  =  2a  -  126  or  -  (20a  +  46). 


.%  X  =»»  -  —  3 6  or  -  (5a  +  6). 
2 
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40. 

x  +  Sb  36  a-hSb 


=  0. 


8a»-12a6     9b^-^a^     {2a  +  Sb){x-Sb)' 
x  +  3b       ,  3b  a-fZb        ^^ 


4a{2a-36)     (2a-36)(2a  +  36)     (2a +  3  6)  (a;- 3  6) 
{x^-9b^)(2a-\-3b)+12abx-3Qab''-^a{2a^  +  3ab~9b^)  =  0. 
(2a  +  3  byx^  +  12a6a;  =  8a»  +  12a«6  +  ISab^  +  276', 
4(2a  +  36)2 r^  ^  ( )  ^  (i2a6)2  =  64a*  +  192a36  +  432a26« 

+  432a6»  +  3246* 
2(2a  +  36)a;  +  12a6  =  ±  (8a«  +  12a6  +  1862). 

{2a  +  3b)x  =  4a2  +  96*  or  -(4a«  +  12a6  +  96«) 


--£ii?«'-<^"»^ 


41. 


na^  i-px  —px^  —  i7Lx  +  m  —  n  =  0. 

nx^  —px^  +px-~'mx  =  n  —  m, 
a;2(n  -p)  +  x{p  —  m)  =  n-m, 
4a'2(n  ~pf  +  (  )  4-  (|)  _  wi)2  =  4n«-4mn-4pn+4pm+p«-2pm+m«, 
2x(n-p)  +  (p  ~ m)  =  ±  (2n - p  - m), 

2x{n  -p)  =  m-pi-2n-p-m, 

or  m-p  —  2n  +p  +  m. 

•'.  a;  =  1  or . 


42. 

(a  +  6  +  c)a;2  -  (2a  +  6  +  c).t  +  a  =«  0. 

(a  +  6  +  c)a;2 -  (2a  +  6  +  c)a;  =  -  a, 
4a;2(a+  6  +  c)2-(  )  +  (2a  +  6  +  c)2  =  62  +  26c  +  c«. 
2aj(a  4-  6  +  c)  -  (2a  +  6  +  c)  =  ±  (6  +  c), 

2a;(a  +  6  +  c)  =  (2a  +  6  +  c)  ±  (6  +  c), 
2a;(a+  6+c)  =  2a+  26  + 2c  or  2a. 

.\x=l  or ^5 

a  +  6  +  c 
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43. 

(oaj-  b){e  -  d)  -  (a  -  b){ex  -  d)x, 
OCX  —  be  —  adx  +  W  «  aa^  —  adx  —  ba^  +  bdx, 
bcx^  —  ac3^  +  OCX  —  bdx  =  6c  —  6rf, 
(be  -  ac)^  +  (a<?  —  W)a;  =  bc  —  bd^ 
^be-acfs^  ^{)^{ac-bdf^ ib^i^-4ab(^-4b^ed 

+  2o6a/-taV  +  W«. 
2(be  -  ac)x  +  (oc  -  6e?)  =-  ±  (26c  -ae-bd), 

2(6c-ac)af--(ac-6e?)i:(26c-ac-W), 

—  Qc  +  M  -h  26g  -  oc  -  6<f 
*'  2{6c-ac) 

—  ae-\-bd~  2bc  ■\-ae±bd 
or    — * 

2(6c-ac) 


c(a  —  b) 


44. 

2»+l      1/1      2\      3ar  +  l 


r-H      1/1      2\ 
b  x\b     a) 


b  x\b     aj  a 

2a; +  1  _ 0-26  ^  3a?H-l 
6  a6x  a 

2aa:'  +  aa;-a  +  26  =  36x*  +  6ir, 
2aa^  -  3 6x'  +  cuj  -  6a;  =  a  -  26, 
a:»(2a  -  36)  +  a;(a  -  6)  =  a  -  26, 
4aj'(2a-36)H4a'(a-6)(2a  +  36)  =  (4a-86)(2a-36), 
4r»(2a  -  36)«  +  ( )  +(a -  6)«  -  9a«  -  30a6  +  25 6«, 
2a;(2a-36)  +  (a-6)  =  db(3o-56), 

2aj(2a-36)--a  +  6±(3a-56), 
2a;(2a-36)  =  2a-46or-4a  +  66. 

a-26  1 

•••  «  =  -^ :77  or-l. 

2a-36 
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45. 

a  2bx+h 


2iB2  +  a;-l     2a^-3ar  +  l     2bx-h      ax^-a 
1  1  a  2bx  +  b 


(2x-l){x-\-l)     (2a;-l)(x-l)     b{2x-l)     a(x~l){x +1) 

L.C.'D.  =  ab(x-l){x  +  l){2x-l). 

Simplify,      ahx  —  ab  +  abx  +  ab  =  aV  —  a*  —  4  6V  +  b^, 

2abx  =  aV  -  a«  -  46V  +  6*, 

45V  -  aV  +  2aia:  =  6^  -  a*, 

x\U^  -  a2)  +  a;(2a6)  =  b^-  a\ 

^s?{W  -  a'f  +  4a!(2a6)(46'«  -  a^)  =  166*-  206W  +  4a*, 

4r»(46«-a»)2  +  ( )  +  (2a6)a  =  166*-  166V  +  4a*. 

2a;  (4 6«  -  a?)  -f  2a6  =  ±  (4 6^  -  2a^l 

2x{U^ -  a")  =  46»-2a6-2a2 

or2a«-2a6-46», 

262-a6-a«      a^-a6~26» 

X  = or • 

46^-a2  46«-a» 

-"       ^  ~  ^-  or  ■     ^  +  ^ 


'26-a  26  +  a 


Exercise  97. 

1.    (a;  +  l)(a;-2)(a;»  +  a;-2)  =  0. 
{x  +  l)(a;  -  2)(x  -  l)(x  +  2)  =  0. 
.-.  aj  =  -l,  2,1,-2. 

2.  (x^-3x-\-2)(a^-x-l2)  =  0.       .  o^.a^      *7n        a 
(a;-2)(^-l)Ca:-4)(^  +  3  =0.      ^'             2a^  +  4a^- 70a:  =  0. 

-^5  =  2  14  -3  2x(^  +  2a;-35)    =0. 

'    '    '        '  2x(a;  +  7)(a;-5)  =  0; 

3.  (a?  +  l)(aj  —  2)  (a;  +  3)  =  -  6.         which  is  satisfied  if     a:  =  0, 

ar»  +  2a;*-5a;-6  =  -6,  a;-l-7  =  0 

x(x^+2x-5)=^0;  ^''^     ^      ^^     x-5  =  0, 

which  is  satisfied  if      x  =  0,  .  •.  a;  —  0,  —  7,  5. 
or  if              a;2H-2aj-5  =  0. 

By  solving      a;*+2a;-5  =  0,  5.    (a;«-aj-6)(a;«-a;-20)  =  0. 

a;  =  - 1  ±  V6.  (a;-3)  (a?+2)  (a;-5)  (aj+4)  =  0. 

.-.  a?  =  0, -liVe.  .-.  a;-3, -2,  6, -4. 
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x{x  +  l){x  +  2)  -  a{a  +  l)(a  +  2). 

a:»  +  Sx"  4-  2x  -  a»  +  3-a*  +  2a, 

x*  +  31*  +  2aj  -  a»  -  3a»  -  2a  =  0. 

(a;S  _  a»)  +  (3ic»  -  3a*)  4-  (2x  -  2a)  -  0. 

(r»+aa;+a'»){x-a)+(3a;4-3a)(a?-a)  +  2(«-a)-0. 

(x»  +  ax  +  a^  +  3x  +  3a  +  2)(x-  a)  =  0. 

.♦.  X  — a  =  0, 

and  X  »  a. 

Or.  X*  +  ax  +  a«  +  3x  +  3a  +  2  =.  0. 

X*  +  ax  +  3x  =  -  a'  -  3a  -  2, 
x»+x(a  f3)--a'-  Aa-   2. 
4x»  +  (  )  +  (a  +  3)*  -  1  -  (Ja  -  :\a\ 

2x  +  (a  +  3)  =  ±  Vl  -  Oa  -  3a« 


,  x=-  — iJvTlGa-aa^ 


7.  r*  -  x»  -  X  -I- 1  =  0.  10.                   x«  -  1  -  0. 

(x"-l)(a:-l)  =  0,  (x>  +  l)(x»-l)  =  0, 

{X+1)(X-1)(.T-1)  =  0  ^                     (-,+  l)(^_^  +  l) 

*•'''••  {x-l)(x«  +  x  +  l)-0. 

8.  8..»-l=0.  ^'-^^    ^            ^--^'^• 
(2a;-l)(4x2+2x+l)  =  0.  -From    ^-^+J^"^ 

From  the  first  factor,  "" 


x*~x--l, 
;rj,  4x«-()+l--3 

or        4x»  +  2x  =  -l.  2x-l-i:V-3. 

16x»  +  ()  +  l  =  -3  ^^^  .  =  1±>^ 

.-.  x=U-li>^)- 

9.  8x»4-l=0. 

(2x+lX4x»-2x+l)  =  0. 

From  the  first  factor, 

jr  =  — J, 

or        4x»-2x  =  -l. 

4x*-2x  =  -l, 

16x«-()  +  l=-3, 

4x-l-±V=3. 
.-.  x«i(l±V=3)- 
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11. 


12 


x>-a)(a^-6»)  = 
x(x  —  a)(x  +  bXx  —  b)  = 


■0. 
■  0. 
■0,  a. 


±b. 


n(iB»  +  l)  +  (a;  +  l)  =  0. 

{x  +  l)(nx*  -nx  +  n  +  l)  =  0. 

(n  +  lXa;  +  l)(x»-a;  +  l)  =  0. 

If  aj  +  l  =  0, 

aj  =  -l; 
or  if  nx*  —  ?w;  +  nH- 1  =  0, 

by  solving,  a:  =  J  ±  -—  V-3»'-4n. 


2n 


Exercise  98. 


1.  a:«  +  7aJ»  =  8. 

4x«  +  () +  49  =  81, 
2r»  +  7  =  ±9, 
2iB»  =  -7±9, 
a;«  =  _  8  or  1. 
Since  a;*  =  _  8, 

a!»  +  8  =  0, 
or  (a;+2Xa:*-2a;+4)  =  0. 
Whence     a;  +  2  =  0, 
and  a;  =  —  2, 

or         a;*-2a;  +  4  =  0. 
a^-2a;  =  -4, 

x-l  =  ±  V^. 

.\  x=l±  V^. 

Since  k*  =  1, 

ar»  -  1  =  0, 

or(a;-l)(a;«+a;+l)  =  0. 

Whence     a;  —  1  =  0, 

and  a  =  1, 

or  a^  +  a;  +  1  =  0, 

x*  +  X  =  - 1, 
4»*  +  ()  +  l  =  -3, 

2a;  +  1  =  ±  VITs. 
.-.  a;=J(-l±V^). 
.-.  aj=-2,  1,  1±V^, 
and  i(-l±V^). 


ar*-5a»  +  4  =  0. 
a;*_5a;>  =  -4. 
4a:*-()  +  25  =  9, 
2ar»-5  =  ±3, 
2aj2  =  5  ±  3, 
.T*  =  4  or  1. 
.-.  a;  =  ±  2,  ±  1. 


3. 


37x2 -9  =  4a,-*. 
4x*-37a:*=.-9, 
64x*-()  + (37)2  =  1225, 
8a;»-37  =  ±35, 
8a;2=.72or  2, 
ar«  =  9  or  J. 
.".  a:  =  ±  3  or  ±  J. 


4.  lQa^=  17x^-1. 

16a;8_i7a^_j^ 

1024a*-()  +  (17)2  =  225r~-' 
32aj*-17  =  ±15, 
32x*  =  32or2, 
a;*  =  1  or  ^. 
Since  a:*  =  1, 

a;*-l  =  0. 
or(g«+l)(a;+l)(a;-l)  =  0. 
.-.  a;  =  ±  V-  1,  —  1,  or  1. 
Since  ar*  =  yV. 

or(a;2+J)(a;+i)(x-l)  =  0. 
^  .'.  the  roots  are 

\    ±  1,  ±  V^T,  ±  J,  4-jGg. 


.;  V 


Jl- 


iT^- 
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6.   32 j^»- 33 ar*  + 1=0. 

32aJ»-33ar^=-l, 
4096aJ0-()-H(33)«  =  961, 

64ar^==64or2. 

.•.  X  =  1  or  |. 
Other  roota  may  be  found  by 
methods  given  lawer. 

6.  (a:»-2)»  =  }(*•+ 12). 


ar*  — 4x»  +  4: 


x'^U 


7. 


9- 

-- ^  ft 


4 

4ar*-16aj*+  16  =  a!«+12, 

4ar*  —  ITa:"  =  —  4 
64x*-()4-(17)»  =  225; 
8r»-17  =  ±15, 
8a:"  =  2  or  32, 
«»=tor4. 
.'.  a;  =  ±  J  or  ±2. 

3        12 
12ar<«-20j2«_25  =  0, 
12ar*»-20x«»=25. 
36ar*»- 0  +  25  =  100, 
6a:2«-5  =  ±10, 
6x«»=15or-5, 
x8i.=  |or-^. 

(a:»-9)»  =  3+ll(a:«-2). 
a,'*-18i»4-81  =  llx»-19. 
a:* -29x2  =  -100, 
4a;*-()  +  (29)»  =  441, 
2«»-29  =  i21, 

a*  =  25  or  4. 
.•.  a:=  ±5  or  ±2. 

a;«  +  14x»  +  24  =  0. 
a^  +  14a:»  =  -24. 
a«  +  ()  +  49  =  25, 
a:»4-7  =  ±5, 

ar'  =  -2or-12. 
•.  a?=v^=^or  y/^^2. 


10.  19i*-|-2ir>x^-- 
216xN  19x*-x- 
a:(21tix«+iyx«-l)- 

x(3x-lX9x*f3x+l) 
{2x+l)(4x»-2j:fl)=- 

.'.  X  = 

From 

9x»  +  3x  +  1- 

9x*4-3x- 

9x2  +  ()  +  i-- 

3x  +  J- 

3x.. 

.•.  X-- 

From 

4x»-2x  +  l- 

4x«-2x- 

4x»-2x-f-J- 

2x-}« 

2x  = 


roots  are  0,  J,  - 
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X. 

0, 
0, 
0. 

0. 

o.i-1. 

0, 

-1. 

-I  _ 

i  J  V-  3^ 
-A*JV  3. 
i(-liV   3> 

0, 
-1. 

-i  _ 

i:jV-3. 

iijV    3. 
}(li^    3). 

!•       _ 

}{liv/-3). 


11.  a*  +  22x*  +  21  -  0. 

a^  +  22x*  =  -  21, 
x»  +  (  )  +  121  =  100. 
x*  +  ll=±10. 

X*-- lor- 21. 
.-.  X-^Jb^-1 

or  i.V    -1. 
That  is,  the  roots  arc  imaginary. 


12.    3^^ -h  3x^-^  =  0. 
4.r2»  +  12x"«-l(i  =  0, 
4x2- +  {)  + (3^  =  25, 
2x*  +  3  =  ±5, 
2x^=2  or -8. 
.'.  x=  1  or  v^— 4. 
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13. 

4a:*-20a;»  +  23i«  +  5a;-6  =  0. 

4aj*  -  20aj3  +  23a!»  +  5a;  -  6 12^ 
4a?*  


-5x-i 


4a:«-5a; 
^x^-lOx-i 


-20a:»  +  23a;* 
-20ar»  +  25x» 


-2ar'  +  5a;-6 

-2x^  +  5x  +  l 


-¥ 


If  ^  were  added  to  both  members  the  square  would  bo  complete, 
and  the  equation  would  read 

4a:*  -  20ar»  +  23 a^^  +  5a;  +  }  -  ^^. 
Extract  the  root,        2a;2-5a;-i  =  ±f, 

2a;* -5a;  =  3  or -2, 
16a,^-()  +  25  =  49or9, 

4a;-5  =  ±  7  or  ±3, 

4a;  =12,  or -2,  or  8,  or  2. 
.•.a;  =  3,-J.2.}. 

14. 

_L  +  --20  =  0. 

l  +  3a;«  -20a;2«  =  0, 
20.r2n^3a^=l^ 

1600a;2«-()  +9  =  89 

40a;«-3  =  ±\/89. 


...  x=a/^±^>/89. 


15. 

ar*  _  4  aJ»  -  10  a;«  +  28  a;  - 15  =  0: 
Extract  root  of  left  side, 

a;* - 4ar» -  lOai*  +  28a; -  15[^-2k-7 

X* 


2a;2-2x 


-Aa^-lOx' 
-4ar»  +  10a;2 


2ar^-4a;  -7 


-14a;«H-28a;-15 
-Ua;*  4- 28a; +49 


-64 


Add  64  to  both  sides  to  complete  the  square, 

a;*  -  4aJ»  -  10a;*  +  28ai  +  49  =  64. 
Extract  the  root,  a;*  —  2a;  —  7  =  ±8, 

a;»-2a;=15or-l, 
4ar'-()  +  4  =  64or0, 
2a;-2  =  ±8or±0, 
2a;  =  10, -6,  2,  2. 
.-.a;  =  5, -3,  1,  1. 
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16. 

a;*-2a^-132»  +  14«--24. 
Extract  root  of  left  sido, 

ar* -  2a^ -  13a:»  +  14x  +  24[^-«-7 


2x»-4 


-2x»-13«> 
-2a;»+      «* 


-14a:»  +  14»  +  24 
-14a:»  +  14a:  +  49 


-25 

Add  25  to  both  sides  to  complete  the  sqoare, 

0*  -  2a^  -  13a^  +  14a:  +  49  =  25. 
Extract  the  root,  aj*  —  x  —  7=»db5, 

«»  -  a?  =  12  or  2, 
4x»-()  +  l-49or9. 
2*  - 1  =  ±  7  or  ±  3. 
.-.  a?-4, -3.  2.  -1. 

17. 

108ar*  -  20a;  (9aj«  - 1)  -  51x»  +  7. 
108ar*  -  108x»  +  51«>  +  20a:  -  7. 
Multiply  by  12,  and  add  16  to  both  sides, 
1296a:*-  2160a:»  +  6I2a!«  +  240x  +  16  =  100. 

1296a:*  -  2160  a;*  +  612a:»  +  240x  +  16|36x'- 

1296X*  

l-2160x»  +  612ar» 
-  2160x»  -f  900x' 

-288x»  +  240x+16 
-288x' +  240x^-16 


-30x-4 


72x>-30x 


72x»-60x-4 


36x»-30x-4-±10, 

36x«-30x=14or-6, 
144x»-0  +  25  =  81orl, 

12x-6  =  ±9or±l, 
12x- 14, -4,6,4. 

18. 

(x»-l)(x«-2)  +  (x«-3)(x«-4)  =  x*  +  5. 
Simplify,  x*-  3x*  +  2+  x*~  7x»  + 12  =  x*  +  5. 
Transpose  and  combine,  x*— 10  x*  =  —  9. 
Complete  the  square,    x*— ()  +  25=16. 
Extract  the  root,  x*  —  6  « db  4, 

x»  =«  9  or  1. 
•••  X  -*  ±  3  or  dk  1. 
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Exercise  99. 
1. 

««-3a;-6V»»-3a;-3+2  =  0. 
Add  —  3  to  both  aides, 

(a;*-3a;-3)-6(a^-3»-3)*  =  -5. 
(a?-3a;-3)-()  +  9  =  4, 
(x«-3a;-3)*-3  =  i:2. 
(aa_3a._3)*  =  6orl, 
aJ-3a;-3  =  25or  1, 
a^-3aj  =  28or4, 
4aj»-()  +  9  =  l^ior25. 
2a;  -  3  =»  ±  11  or  ±  5, 
3*  =  14, -8,8, -2. 
/.  a:-?, -4,  4,-1. 
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Subtract  2  from 
Since 


From 


a?     x*     36 
f  x*  +  i \  and  from  -^ 


+  0  +  9- 


t4) 


+  3  =  4 


2.-2=-|or-" 
a;         3  3 

6x*-6  =  -6ajor--13», 

fix*  +  5a?- 6, 

144x*  +  ( )  +  25  -  169, 

12x  +  5  =  A  13. 

.'.  X  *»  f  or  -  IJ. 

6x»-6--13x, 
6x»  +  13x  =  6, 

144x«  +  ()  +  169  =  3I3. 

12x  +  13  =  dbV313. 

•••«  =  A(-13±V313). 


(2x«-3x)«-2(2x»-3x)  =  15. 

(2x>-3x)»-()  +  l  =  16. 

(2x»-3x)-l=±4. 

2x»-3x-5or-3, 
16x»-()  +  9  =  49or-15, 

4x-3  =  ±7or±V^n[5, 
4x^=10.-4,  3  JbVIlS. 
...aj-21, -1,  J(3±>/-16). 


324  ALGEBRA. 


4(aa;  -  bf  +  16a(ax  -b)  =  9a\ 
4{aa;-6)'  +  ()  +  16a2  =  25a^ 
2(aa;— 6)  +  4a  =  ±5a, 

2((ix  —  b)  =  a  or  —  9o, 

2ax  =  a  +  2b  or  26  — 9a. 

.'.  X  =»  --^^ —  or  — • 

2a  2a 


3{2x'-x)-{2x*-x)^  =  2. 

36{2a:»-a;)-()  +  l  =  25, 
6(2x^-x)^-l  =  ±5, 

6(2ar'-a;)i  =  6or-4, 
{2a?-x)i  =  lor-f, 

2ic2-x=l  or  j, 
16a?-8a;  =  8or  J^, 
16x«-()  +  l  =  9or^. 

4a?-l  =  ±3or±}V41. 

6. 

15a?-3a^  +  4(a^-5aj  +  5)i  =  16. 

Change  signs  and  add  15  to  both  sides, 
{Sx^-15x  +  15)-^x'-5x-\■5)^  =  -l, 
3(ar^-5a;  +  5)-4(a;»-5a;  +  5)i  =  -l. 
36(a^-5a;  +  6)-()  +  16  =  4. 

6(a:*-5a;+5)i  =  6or2, 

(»«-5a;  +  5)i-lorJ, 

a*  — 5a; +  5  =  1  or  J, 

a*  —  5a?  =»  —  4  or  —  4}, 
4aj«-()+25-9or^, 
2aj  — 5  =  ±3  or±|. 
.•.a?  =  4,  1,  3J,  li. 
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7. 

4  f  ar  +  ^Y+  (  )  +  1  =  25. 
Extract  the  root.  2(x  +  i'j  =  4  or  -  6, 

x  +  --2or--3. 

a:*  +  1 -- 2a:  or  -  3a 
For  first  value,  a^  ^  j  ^  Oa? 

a:»-2a?  =  -i. 
««-2a:+l-0, 
a?-l=.0. 
.-.  a:=l. 
For  second  value,  x*  +  1  =  —  3x 

a:»-f-3x=--l,  ' 
4a:»  +  ()  +  9  =  5, 

2ar4-3  =  ±v^. 

.-.  ar=}(-3±>/5). 


8. 

Subtract  7  from  each  side, 

(a:»-7)  +  (x»-7)i  =  12, 
4(a:"-7)  +  ()  +  l=49, 
2(a:2_7)i  +  l  =  ±7, 
2(a;2-7)*  =  6or-8, 
(a:»_7)i  =  3or-4, 
a«- 7  =  9  or  16, 
ir»=16or23. 
••.  a;  =  i4or-4:\/23. 
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9. 

144(a;«+a;)  +  (} +  1-169, 
12(aj»  +  a;)*  +  l  =  ±13, 

(a;2  +  a.)4  =  lor-J, 
{a^  +  a;)  =  lortf, 
4a?  +  4a;  +  l-5or_W, 

2a;  +  l=«±V5o^±J^/58. 

...  a;  =  J(-l±V5)orJ(-l±i^^> 

10. 

(a; +  1)^ +  (2; -1)^  =  5. 
Squaring,     a:  +  l +  2(aj»-l)i  +  x-l  =  25, 

2(a?- 1)^  =  25 -2a;. 
4a»  -  4  =  625  -  100  a;  +  4ai», 
100  a;  =  629. 

11. 

a;-l  =  2  +  2a;-i. 

a._l  =  24-4' 

2  "" 

X 1  =  3' 

a:' 
a;*-2  =  3a;i, 
a.5_3a;i  =  2. 
Squaring,  ar»  -  6a:«  +  9a;  =  4, 

ar^-6ar»  +  9a;-4  =  0, 
(a;-l)(ar»-5a;+4)  =  0." 
,-.  (a;-l)or(a;2-5a;4-4)  =  0. 
If  (a:-l)=0, 

a;  =  l. 
If  a;'-5a;  +  4  =  0, 

a;2_5a;  =  ~4. 
4a;«-20a;  =  -16, 
4a^^- 20  a; +  25  =  9, 
2a;-5  =  ±3, 
2a;  =  8  or  2. 
.'.  x=-4orl. 
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18. 


V3»  +  6-V3«^4-4. 

(3x  +  6)  -  (3x -5)  +  8^/3736  + 16, 
6  »  8^57^5. 
36  -  192a?  -  320, 
-192* --356. 
.-.x-ia 

13. 

(a:*  +  l)-«(x«  +  l)--2x«. 
Transpose,  rt*  +  2a:*  +  1  -  «(«•  +  1)  -  0, 

(a»  +  l)«-«(a*  +  l)-0. 
Multiply  by  4,  and  complete  the  square, 

(««  +  l)«-()  +  x«-x«. 
Extract  the  root,  2(x*  +  1)  -  x  -  ±  x, 

2a:»  +  2  «  2x  or  0. 
For  first  value,  2x*  -  2x  =•  -  2. 

Multiply  by  2,  and  complete  the  square, 

4x«-()  +  l  =  -3. 
Extract  the  root,  2x  —  1  =  t  y/^, 

.♦.  x=  J(l  i:V"3). 

For  second  value,  2x*  =  -  2, 

x*--l. 

.-.  X  =  J:V^. 

14. 

2x«  -  2V2x»-5x  =  5(x  +  3). 
2x'-6x-  2V2x*-5x  =  15, 
(2x»  -  5x)  -  2(2x»  -  5x)*  +  1-16, 
(2x«-5x)*-l  =  ±4, 
(2x»-5x)*-5or-3, 
2x*-5x=»25or  9, 
16a:»_() +  25  =  225  or  97, 

4x  -5  =  i:15or  i:>/97.  _ 

4x  =  20,  -10.  (5  +y97),  (5-\/9^) 
.-.  X -  5,  -2J,  i(5+ V97),H5- V97> 
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16. 

oj  +  2  -  4arV'arT2  =  12x*. 


Complete  the  square, 


(.T  +  2)  -AxVxT2+  4a^  =  16ic«, 
Va:  +  2  — 2a;=  ±4x, 

Va:  +  2  =  Gar  or  —  2aj, 
ar  +  2  =  36a;*or4iC*. 
36a:2-a-  =  2, 
6l84ic«- 144  a;  =  288, 
5184x«-()  +  l  =  289, 
72a:-l  =  i:17, 

72a;  =18  or -16. 
.•.a;  =  Jor-J. 
Also,  a;  +  2  =  4a;», 

4a;«-a;  =  2, 
64a;»-16a;  =  32, 
64ar»  -  ( )  +  1  =  33,  _ 

8a;-l  =  ±V33.  _ 
.•.a;-J(l±V33). 


16. 

V2a;  +  a  +  V2a;  —  a  =  b. 
2a;  +  a  +  2  V4~t'*  -  a^'+  2x-a  =  b*, 

2V4^«-a«  =  6«-4a;, 
16a;«  -  4a«  ^b*-Sb^x  +  16a;«, 
86«a;  =  4a«  +  M. 
.  ^_4a»-fM 
"  ~8F"' 

17. 

VQa;'  +  21a;  +  1  -V9a;'-'  +  6a;  + 1  =  3a;. 
9a;« +  21  a; -i-l-2V81a;* +  243  ar^  4- 144  a;»  +  27a;  4-1 +9a;«  +  6a;  4-1=  9a;*. 
2V81a;*+243a;3  ^  1443^  +  27a;  +  1  =  9a;»  +  27a;  +  2, 
324a;*  +  972ar»  +  576a;»  +  108  a;  +  4  =  81a;*  +  729a;»  +  4  +486a;» 

243a;*  +  486a:»-189a;«  =  0,  +36a;«  + 108a;, 

27a;»{9a;*+18a;-7)  =  0. 
.  *.  a;  =  0. 
Or,  9;f2+18a;=7', 

9a-^  + 0  +  9  =  16, 
3«  +  3  =  ±4, 
3a;=lor-7. 
.*.  aj  =  Jor  —  2J. 
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H-1 


Since 


Also, 


1& 
X*  —  4«'  +  X**  +  4x'*  -  —  J. 

(j--;,)-U.r21, 

2x*-2-3xior5xl, 
2x*-3a;>-2, 
16x*-()+9=.25, 
4x»-3  =  i:r,, 

4x'-8or  -2, 
x'-2or-}, 
x»=-8or-|. 
.-.  X- j-2>/iFor  irj\/^. 
2a;l_2  =  r)J 
2x*-5a;»  =  2, 

16x^-0+25  =  41, 

4a;'-5-i:V4T, 

x»=l(r)i:V4T). 
-x=[3(5±\/4T)]>. 


^/ 
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19. 

VxTl  +  Va;+16  =  Va;  +  25. 
«  +  1  +  2Va:»  + 17x4-16  +  a:  +  16  =  x  +  25, 
2v'x*-f  17x  +  16  =  8-x, 
4x«  +  68x  +  64  =  64  -  16x  +  x«, 
3x«  +  84x  =  0, 
x»  +  28x  =  0, 
x(x  +  28)  =  0. 

.-.  X  =  0  or  -  28. 


V2x + 1  -  VxTi = j\/;r^. 

2x  +  1  -  2V2x«  +  9x  +  4  -f  X  -f  4  =  2jz?, 
9 

27x  +  45  -  18  V2x»  +  9x  +  4  =  x  -  3. 

18V2x»  +  9x  +  4  =  26x  +  48. 
9V2x«  +  9x  +  4=13x-f  24, 
162x»  +  729x  -f  324  -  169x«  +  624x  +  576, 
-7x*  +  105x  =  252, 
x2-15x  =  -36. 
4a:«-{)  +  225  =  81, 
2x-15  =  ±9. 
.-.  X  =  12  or  3. 

21. 

Vx  +  3  +  Vx  +  8  =  $\/x. 
X  +  3  +  2Vx''  +  llx  +  24  +  X  +  8  =  25  x, 

2\/x2+llir  +  24  =  23x  -  11. 
4x2  ^  443.  ^  9e  =.  529ar»  -  506x  +  121, 
525x«-550x  =  -25, 
21x«-22x  =  -l, 
1764x« -0  +  484  =  400, 
42x-22  =  ±20. 
.*.  X  =  1  or  ^, 
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22. 


6 


Clear  of  fractions, 


3-f  x-}-V3.T  f  a"=*->6. 

V3:r  +  x*-3-a-, 
Sx  +  x'-Q-Gx-l-:^, 
9x«-9. 
.-.  x-1. 


23. 


16 


V^-1 

6v/?^ri-17-x«, 
36x«-36  =  289-34x>  +  a!*, 
X*  -  70x»  =  -  325. 
aj*-()  +  (35)«-900, 
x«-36  =  i:30, 
jr»  =  65  or_r,. 
.♦.  X  =  i  x/liT)  or  ±  VS. 

24. 

112 


V^TTT     Vi^n     v^  - 1 
Vx-l  +Vx  f  1  -2, 

Vx-i=2-vTTX 

x-l  =  4  -  Wx  +  1  +  X  +  1, 
2  VxTl  =  3, 


Vx  +  2a  —Vx  —  2a  _  _x 
Vx-2a  hV.c+~2a      2a 
2aVx  +  2a  -2a y/x~2a  =  xy/x  -  2a  +  xVx  -f  2a, 
(2a  -  x)Vx  +  2o  =  (2a  +  x)Vx-2a, 
(4a'  -  4ax  +  x*)(x  +  2a)  =  (4a«  +  4ax  +  x^){x-  2a) 
x"  -  2ax»  - 4a»x  +  8a»  =  xVj-  2ax'  -  4a»x  -  8a», 


4ax*  = 
.*.  x  = 


db2a. 


Q 
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3x-V^x-x^ 

3a?  +V4a;-a?»  =  6ir  -  2V4a?-aj*, 

-    3V4a;-a?'  =  3a?. 

V4.r  —  a;*  =  a;, 

^x  —  a^  =  a^^ 

2x^-Ax  =  0, 

2ar(a;-2)  =  0. 

.-.  a-  =  0or2. 

27. 


V7^T4jf2V3^^  ^  ^ 
V7.r»  +  4-2V3x-l 

VVx'*  +  4  +  2V3^^  =  7V7a;'+4  -  iW^^^^l, 
l6V3x-l  =  6  V7.cMJ, 
8V3a:-l  =  3V7a'*+4, 
192a?-64  =  63a;a  +  36. 
r)3rc»- 192  a:  =  -100. 
4(63  a;)2-()  +  (192)«  =  11664, 
126  a; -192  =  ±108. 

.-.  a;  =  23ft- or  f. 


28. 

V{x  —  a)*  +  2ab  +  6'  =  a;  —  a  +  5. 
a?- 2oa?  +  a«  +  2a6  +  6«  =  a:»  +  a«  +  &*-2aa:-2a5  +  2&r, 
26a;  =  4a6, 
2a;  =  4a. 
.*.  aj  =  2a. 

29. 

V{x  +  ay  +  2ab  +  b'^  ^b-a-x. 
a?  +  2aa;  +  a*  +  2a6  +  52  _  iHa«  +  a:«-2a5  +  2aa;-26a:, 
2bx  =  —  Aah. 
.'.  «  =  —  2a. 
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30. 


Vf.3.^.^f 


V3x+36  +V3X-36  -  V8», 
3*  +  36  +  2V9^'=^1296  +  3a;  -  36  -  8x, 
2V9a:»  -  1296  -  2x. 
V9x?-1296-», 
9x«-1296-a;», 
«»-162. 
.•.«  =  ±9V^ 

81. 

4«*-  3(aj*  +  l)(x*  -  2)  =  x*(10  -  3x*X 
4x*  -  3x  +  3x*  +  6  =  lOx*  -  3», 
3x*=6, 
9x-»36. 
.•.x-4. 


(x»  -  2)(xi  -  4)  =  xi(x»  -  1)"  - 12. 

«*-2«*-4x*  +  8  =  x*-2x*+x'-li 

6x«  -  20, 

x»-4. 

Raise  to  third  power,  x*  =  64. 

.•.  x  =  ±8. 
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Exercise  100. 

1.  The  sum  of  the  squares  of  three  consecutiye  numbers  is 
365.    Find  the  numbers. 

Let  X  =  first  number, 

X  +  1  =  second  number, 
and  a:  +  2  =  third  number. 

.-.  a;»  +  a;»  +  2a;  +  l+a^'-f4a;  +  4  =  365, 
3aj2  +  6a;  =  360, 
a:»  +  2a:  =  120, 
x2  +  (  )  +  1  =  121, 
a;  +  l  =  ±ll. 
.-.  a;  =  10  or -12. 
Hence,  the  numbers  are  10,  11,  12. 

2.  Three  times  the  product  of   two  consecutive  numbers 
exceeds  four  times  their  sum  by  8.    Find  the  numbers. 

Let  X  =  first  number, 

and  a;  +  1  =  second  number. 

3  a:*  +  3  a;  =  three  times  product, 
8x4-4  =  four  times  sum. 
.-.  3a;*  +  3a; -(8a; +  4)  =  8, 
3ar*-5x  =  12, 
36a;2_()^25  =  169, 
6x-5  =  ±13, 
6a;  =  18  or -8. 
.  *.  a;  =  3  or  —  J. 
Hence,  the  numbers  are  3,  4. 

3.  The  product  of  three  consecutive  numbers  is  equal  to  three 
times  the  middle  number.    Find  the  numbers. 

Let  X  =  first  number. 

Then  re  +  1  =  second  number, 

and  a?  +  2  =  third  number. 

.%a;(a:  +  l)(a;  +  2)  =  3(a;  +  l), 
a»+3a;»  +  2a;  =  3a;  +  3, 
a;»  +  3aj»-a?-3  =  0, 
(a;  +  l)(a;--l)(a;  +  3)  =  0. 

...  a;=l,-l,-.3. 
Hence,  the  numbers  are  1,  2,  3. 
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4.  A  boy  bought  a  number  of  apples  for  16  ceuts.  Ilad  he 
bought  4  more  for  the  same  money  he  would  have  paid  |  of  a 
cent  less  for  each  i4>ple.    How  many  did  he  buy? 

Let  X  ==  number  of  apples  bought. 

Then        —  =■  number  of  centa  one  apple  cohU, 

and         J  =  number  of  cents  one  apple  costs  when  he  gets 

*  +  ^         four  more. 

*  '  X      a;  +  4      3' 
48a;  +  192-48j:  =  x«  +  4x, 
a:»  +  4a;  =  192, 
»»  +  ( )  +  4  =  196. 
a;  +  2  -  ±  14. 
.-.  a; -12  or -16. 
Hence,  12  =  number  of  apples  bought. 


5.  For  building  108  rods  of  stone-wall,  6  days  less  wouhi  have 
been  required  if  3  rods  more  a  day  had  been  built.  How  many 
rods  a  day  were  built? 

Let  X  —  number  of  rods  built  in  a  day, 

—  =  number  of  days  in  which  the  whole  wall  was 
^  built, 

=  number  of  days  it  would  have  taken  to  build 
^  +  3         tiie  whole  wall  if  3  rods  more  a  day  had 
been  built. 

Then  1L8-10L  =  6. 

,  X        X  -k-o 

108a;  +  324  -  108x  =  6x«  +  18x, 

6a:*  +  18x  =  324, 

a:«  +  3x  =  54, 

4x»+() +  9  =  225, 

2x  +  3  -  ±  15, 

2a:  =12  or -18. 

.•.  x=»6  or  —9. 

Hence,  6  =  number  of  rods  built  in  a  day. 
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6.  A  merchant  bought  some  pieces  of  silk  for  ^900.  Had  he 
bought  three  pieces  more  for  the  same  money,  he  would  have 
paid  $  16  less  for  each  piece.    How  many  did  he  buy? 

Let  X  =  number  of  pieces  bought. 

900 
Then       —  =  number  of  dollars  each  piece  cost, 

900 
and =  number  of  dollars  each  piece  would  have  cost 

2?  +  3         if  ]ie  jiad  received  three  more  for  J  900. 
Then  900  _  900  ^^^^ 

X       a:  +  3 
900a;  +  2700  -  900aj  =  15a;''  +  45a;, 
15a;2  + 45a;  =  2700, 
r«  +  3a;=180, 
4a;«  +  (  )  +  9  =  729, 
2a;  +  3  =  ±  27. 

.-.  a;='!l2or-15.      . 
Hence,  12  =  number  of  pieces  bought. 


7.  A  merchant  bought  some  pieces  of  cloth  for  ^168.75.    He 
sold  the  cloth  for  $  12  a  piece,  and  gained  as  much  as  1  piece  cost . 
him.     How  much  did  he  pay  for  each  piece? 

Let  X  =  number  of  pieces, 

12  X  =  number  of  dollars  received  for  all,     , 

lfi8  75 

'■ —  =  number  of  dollars  paid  for  one  piece. 

Then  12  a;  —  168.75  =  number  of  dollars  gained. 

.•.12a; -168.75  =  i^^, 

X 

12a;*- 168.75  a;  =168.75. 
Multiply  by  f ,  16  a;*  _  225  a;  =  225, 
1024a;«  -  (  )  +  (225)2  =  65025, 
32a; -225  =  ±255, 

32a;  =  480  or -30. 

.-.  a;  =15  or  -15, 
16 

and  15§:15=  11.25.  ' 

15 

Hence,  one  piece  cost  $11.25. 
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8.  Find  the  price  of  eggs  per  score  when  10  more  In  62J  cent^ 
worth  lowers  the  price  31 1  cents  per  hundred. 

Let  X  =  number  of  eggn  at  62}  cents. 

Then     — 1_  =  cost  of  one  egg  in  cents, 

62  5 

and        '■—:  =  cost  of  one  egg  in  cents,  if  he  hwX  received  ten 

«+10         more. 

6250       6250       .„  i       i     i 

.'. — -  =  difference  in  price  i>er  hundred. 

X        a? +  10  '         ' 

.   6250      6250  ^  125 

X        x  +  io"*   4  ' 

Divide  by  125,   59__50__1^ 
^        '    a?      x  +  10     4 
200x  +  2000  -  200x  =  a:*  +  lOx. 
a?»  +  10a:  =  2000, 
a?»  +  (  )  +  25  =  2026, 
»  +  5  =  ±  46. 
.-.  z  =  40. 

Hence,  one  egg  cost  -^  cents,  and  20  eggs  cost  -"  -  x  20 
°°  40  40 

=  31 J  cents. 

9.  The  area  of  a  sqaare  may  be  doubled  by  incrc^aHini;  \X» 
length  by  6  inches  and  its  breadth  by  4  inches.  Dctcrniiuc  its 
side. 

Let  X  =--  tlio  side  of  the  square. 

(a;  +  4)(x  +  6)-=2x». 
a?»  +  lOx  +  24  =  2a:', 
0?  -  10.T  =  24, 
a«-()  +  25  =  49, 
X  —  5  =  ±  7. 
.-.  a;  =12  or -2. 
Hence,  the  side  of  the  square  is  12  inches. 

10.  The  length  of  a  rectangular  field  exceeds  the  breadth  by  1 
yard,  and  the  area  is  3  acres.    Petcrmlne  its  dimensions. 

Let  X  =  number  of  jrards  in  breadth, 

a;  +  1  =  number  of  yards  in  length, 
and  x{x  +  1)  =  number  of  square  yards  in  area. 

But  area  is  3  J.,  or  14,520  square  yards. 
.•.x»  + a;  =14,620. 
4x«  +  (  )  +  1  =  58,081, 
2a;  +  1  =  ±  241. 

.•.x  =  120  or -121. 
Hence,  the  field  is  121  yards  long  by  120  broad. 
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11.  There  are  three  lines  of  which  two  are  each  f  of  the  third, 
and  the  sum  of  the  squares  described  on  them  is  equal  to  a 
square  yard.    Determine  the  lengths  of  the  lines  in  inches. 
Let  X  =  number  of  inches  in  third  line. 


and 


-— -  =  number  of  inches  in  each  of  the  others. 

7 


Then  a?»  +  15^+1^  =  the  sum  of  the  squares. 
49        49  ^ 

1  square  yard  =  1296  square  inches. 
.     .  .  16x»,16a;»     .«q^ 


a296, 


81^ 
49 

?^  =  ±36. 
7 
.-.  a;  =  ±28. 
Hence,  the  lengths  are  16,  16,  and  28  inches. 

12.  A  grass  plot  9  yards  long  and  6  yards  broad  has  a  path 
round  it.  The  area  of  the  path  is  equal  to  that  of  the  plot. 
Determine  the  width  of  the  path. 


Let  X  =  number  of  yards  in  width  of  path. 

Then  (9  +  2aj)  2  +  6  X  2  =  entire  length  of  path  in  yards. 
Also,  [(9 +2a;)  2+6x2]  a; 
or  (30  +  4  a;)  a;  =  area  of  path  in  square  yards, 

and  9x6  =  area  of  grass  plot  in  square  yards. 

But  area  of  path  equals  area  of  grass  plot. 
.\(30  +  4a;)aj  =  54. 
4«a  +  30a;  =  54, 
16a:»  + 0  +  225  =  441, 
4a; +  15  =  ±21. 
.-.  a;=l}or-9. 
Hence,  the  width  of  the  path  is  1 J  yards. 
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13.  Find  the  radius  of  a  circle  the  area  of  which  would  he 
doubled  by  increasing  its  radius  by  1  inch. 

Let  X  =>  radiuB  of  circle, 

and  X  +  1  ^  radius  increased. 

The  ratio  of  the  circles  is  the  samo  as  the  ratio  of  the  sqimrefl  on 
*^e  radii.  ..,  o^j  _.  x«  4.  Oj;  +  1 

a«--2a:=l, 
a;>-()  +  1^2, 

r-l-iVL'. 
aj-l±V2, 

14.  Divide  a  line  20  inches  long  into  two  parts  so  that  the 
rectangle  contained  by  the  whole  and  one  part  may  be  equal  to 
the  square  on  the  other  part. 

Let  X  ■=  one  part. 

Then  20  —  x  =  the  other  part. 

.-.  20(20-a:)  =  a:», 
400-20x  =  a:«, 
x*  -I-  20  a:  =  400. 
«>+()+  (10/  -  500. 

x  +  10-±V^), 

x  =  - 10  ±22.36, 
X  =12.30. 

Hence,  one  part  is  12.36  inches,  and  the  other  is  7.64  inches. 

15.  A  can  do  some  work  in  9  hours  less  time  than  B  can  do  It, 
and  together  they  can  do  it  in  20  hours.  How  long  will  it  take 
each  alone  to  do  it? 

Let  X  =  number  of  hours  it  takes  B. 

Then  x  —  9  =  number  of  hours  it  takes  A, 

and  -  =  part  B  could  do  in  1  nour. 

X 

=  part  A  could  do  in  1  hour. 

x-9     * 

X     x-9      20 
20x-180  +  20x  =  x«-9x, 

x»~49x  =  -180, 
4x»-()  +  (49)«=1681, 
2x-49  =  ±41, 
2x  =  90  or  8. 
.*.  x  =  45  or  4. 
Hence,  B  can  do  the  work  in  46  hours  and  A  in  36  hours. 
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16.  A  vessel  which  has  two  pipes  can  be  filled  in  2  hours  less 
time  by  one  than  by  the  other,  and  by  both  together  in  2  hours 
55  minutes.  How  long  will  it  take  each  pipe  aloue  to  fill  the 
vessel? 

Let  X  =  number  of  hours  it  takes  first  pipe, 

x  —  2  =  number  of  hours  it  takes  second  pipe. 
2  hours  55  minutes  equals  f  f  hours. 
.   1  ^      1     ^12 
''x     x-2     35* 
35a?  -  70  +  35ar  =  Ux"  -  24a?, 
12a:»-94a?  =  -70, 
144  a;* -()  + (47)2  =  1369. 
Extract  the  root,        12  a?  -  47  =  ±  37, 

12  a?  =  84  or  10. 
.'.  aj=  7  or  f. 
Hence,  one  pipe  will  fill  it  in  7  hours,  the  other  in  5  hours. 

17.  A  vessel  which  has  two  pipes  can  be  filled  in  2  hours  less 
time  by  one  than  by  the  other,  and  by  both  together  in  1  hour 
52  minutes  30  seconds.  How  long  will  it  take  each  pipe  alone  to 
fill  the  vessel? 

Let  X  =  number  of  hours  it  takes  first  pipe. 

Then       a;  +  2  ==  number  of  hours  it  takes  second  pipe. 

-  =  part  first  pipe  fills  in  1  hour, 

and =  part  second  pipe  fills  in  1  hour. 

X  -\-  2 
1  hour  52  minutes  30  seconds  equals  -^/  hours. 

X     a?  +  2      15 
15a;  +  30  +  15a;  =  8a;*  +  16a?, 
8ar»-14a;  =  30, 
64  a;* -112  a;  =240, 
64a;* -0  +  49  =  289, 
8a; -7  =  ±17. 

8a;  =  24  or -10. 
.-.  a;  =  3or-lJ. 
Hence,  one  pipe  will  fill  it  in  3  hours,  the  other  in  5  hours. 

18.  An  iron  bar  weighs  36  pounds.  If  it  had  been  1  foot 
longer,  each  foot  would  have  weighed  J  a  pound  less.  Find  the 
length  and  the  weight  per  foot. 
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Let 

X  =  number  of  feet  in  length. 

Then 

—  =  weight  in  ponndt  \m  foot, 

and 

Of*          1 

=  weight  per  foot  if  it  had  been  1  foot  longor. 

X      2 

But 

Of* 

=  weight  per  foot  if  it  liad  l»eeu  1  foot  longer. 

.   36     1_.   36 

"  X      2'   x-iT 

72a;  +  72-a:«-a?-72x. 

x»  +  a:==72, 

4a?» +  ()-!- 1  =  289, 
2a:  +  l  =  :^17. 

.-.  x  =  8or-9. 

X         ' 

Hence, 

the  bar  is  8  feet  long,  and  weighs  41  pound*  per  foot. 

19.  A  number  is  expressed  by  two  dibits,  the  unit's  digit 
being  the  square  of  the  other,  and  when  54  is  added  its  digits 
are  interchanged.    Find  the  number. 

l^Q^  X  »  digit  in  tens'  place, 

Tlien  JB*  =»  digit  in  uniU'  place, 

lOx  +  x*  =  number, 
and  lOx*  +  x  =«  number  with  digits  reversHJ. 

.-.  10x  +  x*  +  54=l()x»  +  x, 
-9x«  +  9x  =  -54. 
x»-x-0. 
4x»-()  +  1^2r>, 
2x  -  1  -  t  5. 
.-.  x  =  3. 
Hence,  the  number  is  39. 

20.  Divide  36  into  two  parts  so  that  the  sum  of  the  two  frac- 
tions formed  by  dividing  each  part  by  the  other  may  be  2^j. 

Let  X  --  one  part. 

Then  35  —  x  =  the  other  part. 

.       g        35-x_2r)^ 
'"'35-x        X  12 

12x*  +  14700-840X -f  12x»  =  87r)x-25x^ 
49x»-1715x=- 14700, 
a;«-35x  =  -300, 
4aJ_()4.(35)«  =  25, 
2x-35  =  ±5. 
.-.  x  =  20  or  15. 
Hence,  the  parts  are  20  and  15. 
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21.  A  boat's  crew  row  3 J  miles  down  a  river  and  back  again 
in  ]  honr  40  minutes.  If  the  current  of  tlie  river  is  2  miles  per 
hour,  determine  their  rate  of  rowing  in  still  water. 

Let  X  =  rate  in  still  water, 

a?  -I-  2  =  rate  down  stream. 

1  hour  40  minutes  equals  {  hours. 

•   — *_  =  number  of  hours  coinc  down  stream, 

*    =  number  of  hours  going  up  stream. 

.        7  7       _5 

"'2(x  +  2)     2{x-2)     S 
21a;-42+21a;  +  42  =  10a^-40, 
10a;^-42a;  =  40, 
400a:»-()  +  (42)«  =  3364, 
20a;-42  =  db58, 

20x=100or-16. 
•  •,  a;  =  5  or  —  }. 
Hence,  the  rate  of  rowing  in  still  water  is  5  miles  an  hour. 

22.  A  detachment  from  an  army  was  marching  in  regular 
column  with  6  men  more  in  depth  than  in  front.  On  approach- 
ing the  enemy  the  front  was  increased  by  846  men,  and  the  whole 
was  thus  drawn  up  in  5  lines.    Find  the  number  of  men. 

Let  X  =  number  of  men  in  front, 

and  aj  +  5  =  number  of  men  in  depth. 

Then  a^-\-5x  =  number  of  men  in  all. 

But  X  +  845  =  number  of  men  in  front, 

and  5  =  number  of  men  in  depth. 

Then  5  a;  +  4225  =  number  of  men  in  all. 

.'.  a:*  +  5a?  =  5a; +  4225, 
a;*  =  4225. 
.-.  a;  =  ±65. 
Hence,  the  whole  number  of  men  is  4550. 

23.  A  jockey  sold  a  horse  for  $  144,  and  gained  as  much  per 
cent  as  the  horse  cost.     What  did  the  horse  cost? 
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Let  9  -<  number  of  doUan  the  hone  cost. 


Then  -^  -  gain  per  cent, 

j^  of  «- whole  g»ia. 

and  x  +  - —  ^  amount  received. 

100 

100 
a*  +  !00x  =  14400. 
•    «■  +  ()  + 2500- 16900. 
x+50  =  ±130. 
.'.  a?  =  80  or -180. 
Hence,  the  horBO  coet  f  80. 


24.  A  merchant  expcndci]  a  certain  Bom  of  money  In  floods, 
which  he  sold  again  for  $24,  and  lo8t  aa  much  per  cent  an  the 
goods  cost  him.    How  much  did  he  pay  for  the  p^oods? 

Let  X  »  number  of  dollars  paid  for  goods. 

Then  —  »=  per  cent  lost, 

100     * 

and  —  of  X  ^  whole  lom. 

100 

lOOx  -  x»  =  2400. 
as*  -  lOOar  =  -  2400. 
«»-()+(60)«»100, 
aj-50=dbl0. 

a;  =  60  or  40. 
Hence,  the  goods  coet  either  |60  or  (40. 

26.  A  broker  bought  a  number  of  bank  shares  ($100  each), 
when  they  were  at  a  certain  rate  per  cent  discountf  for  $7500; 
and  afterwards  when  they  were  at  the  same  rate  per  cent  pre- 
mium, sold  ail  but  60  for  $5000.  How  many  shares  did  he  buy, 
and  at  what  price? 
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Let 

and 
Then 
100- 

x  = 
7500 

100     '««  = 

X 

7500 
X     _  100a; -7500 

=  number  of  shares  bought, 

» number  of  dollars  each  share 
cost, 

=  number  of  dollars  discount  on 
each  share. 

=  rate  of  discount. 

■-  number  of  shares  sold. 

=  number  of  dollar*  received  for 

each  share, 
3  number  of  dollars  premium  on 

each  share. 

•■  rate  per  cent  of  premium. 

I  equal  to  rate  per  cent  premium. 

11000 -100  a; 

100a; -6000' 

110a; -a;», 
--4500, 
=  24025, 

±155, 

400  or  90. 

100  or  22}. 

shares  at  75. 

100        "         100a; 
Also,                            x-60  = 

Thea                            ^  = 
a: -60 

and                           ^     100  = 

_5000^     100 

a;- 60                  11000 -lOOrr 

100         °5  100^5-6000 
But  rate  per  cent  discount  was 
.  lOOx-7500 
"        100a; 
a;« -135  a; +  4500 - 
2a:»-245a;  = 
16ar»-()  + (245)2  = 
Extract  the  root,     4  a:  -  245  = 
4a;  = 
.".  x  = 

Hence,  the  broker  bought  100 

26.  The  thickness  of  a  rectangular  solid  is  J  of  its  width,  and 
its  length  is  equal  to  the  sum  of  its  width  and  thickness ;  also, 
the  number  of  cubic  yards  in  its  volume  added  to  the  number  of 
linear  yards  in  its  edges  is  f  of  the  number  of  square  yards  in  its 
surface.    Determine  its  dimensions. 

Let  3fl?  =  number  of  yards  in  width, 

2x  =  number  of  yards  in  thickness, 
and  6  a;  =  number  of  yards  in  length. 

30ar'  +  40a;  =  4(62a;»). 
90ar^-310a;2  =  -120a;. 
Divide  by  10a?,      9ar^-31a;  = -12, 

3a;— V  =  ±V. 
3  a;  =  9  or  f 
.-.  a;=3or|. 
Hence,  the  dimensions  are  15  x  9  x  6  yardsj^.. 
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27.  If  a  carriage-wheel  16}  feet  round  took  1  secoud  more  to 
revolve,  the  rate  of  the  carriage  per  hour  would  be  1}  miles  leas. 
At  what  rate  is  the  carriage  travelling? 


Let 


3600 


X  =»  number  of  seconds  it  takes  the  whoel  to 
revolve, 


=»  number  of  revolutions  it  makes  j»<-rhour, 


59400       ,^,      3600  ^        ,,      . 

or  16|  X  — ;^  «=  number  of  feet  it  goes  i)er  hour, 


X 

59400 


number  .of  feet  it  would  go,  if  it  took  one 
second  more  to  r«voIve, 


Then 


a:  +  l 

59400    59400     qq^  ,        rr    *•    t»      i 
—  =  9900,  number  of  feet  in  It  miles. 

X         x-\-l  • 


59400a?  +  59400  -  59400x  -  9900a:»  +  9900x, 
9900a;2  +  9900x  =  59400, 
x^-hx  =  G, 

^  +  {)  +  l  =  V. 
ar  +  i  =  ±  j. 

.-.  a: --=2  or -3. 
*«je«- 29700. 

Since  29700  feet  equal  5|  miles,  the  carriage  is  travelling  at  the 
rate  of  5f  miles  per  hour. 


Exercise  101. 


8 

(3) 
(4) 


1.  a:  +  y  =  13 

a!y  =  36 
Square  (1), 

x*  +  2ay  +  y'  =  169 
(2)x4is        4a;y         =144 

Subt.,  a:*-2ay  +  y*=    25 

Extract  root,   a;  —  y  =-  ±  5       (5) 
Add  (1)  and  (5),  2a;  =  18  or  8. 

.-.  a;  =  9  or  4. 
Subtract  (5)  from  (1), 

2y  -  8  or  18. 

.•.  y  =  4  or  9. 


2.  a:  +  y-29         (1) 

ay -100  (2) 
Square  (1), 

.T«  +  2.ry  f  y«  -  841  (2) 

(2)x4ia        4x1/         ^-iOO  (4) 

Subt.,  a:*  -  2a:y  +  y«  =  441 
Extract  root,    x  —  y  =  ±  21      (5) 
Add  (1)  and  (5),  2  a;  =  50  or  8. 

.-.  a;  =  25  or  4. 
Subtract  (5)  from  (1), 

2y  -  8  or  50. 

••.  y  =  4  or  25. 
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3.  aj-y  =  19 

a^»66 
Square  (1), 

a:»-2a!y +3^  =  361 
(2)x4i8        ^xy         =264 


Add,  a:*  +  2a;y+y»  =  625 
Extract  root,  a;  +  y  =  ±  25 
Add  (5)  and  (1),  2a;  =  44  or 

.-.  a;  =  22  or 
Subtract  (1)  from  (5), 

2y  =  6  or  - 

.-.  y=3or- 


4.  a  —  y  =  45 

xy  =  250 
Square  (1), 

x^  —  2xy  +y*  = 
(2)x4i8        4a:y  = 


(1) 
(2) 

(3) 
(4) 

(5) 
-6. 
-3. 

44 
■22. 


5.  a;-y=10        (1) 

a:»^y»=178       (2) 

Square  (1), 

a:*-2a:y +  y«  =  100 
(2) is   a:*  +y2=l78 


(1) 
(2) 


Add,  a:*  +  2a;y+y«  = 
Extract  root,  x  -\-y  = 
Add  (5)  and  (1),  2a;  = 

,\  x  = 
Subtract  (1)  from  (5). 
2y  = 

.-.  y  = 


Subt.,  2a:y 

{2)i8    x'  +y«  = 


(3) 

(4) 


Add,  x^+2xy-\-y^  = 
Extract  root,  x  -{-y  = 
Add  (5)  and  (1),  2x  = 

,'.  x  = 
Subtract  (1)  from  (5), 
2y  = 

.-.  y  = 


178 
256 

±  16  (5) 
26  or  -6. 
13  or -3. 

6  or  -26. 
3  or -13. 


6. 


2025  (3) 
1000    (4) 

3025 

±55  (5) 
lOOor-10. 
50  or  -5. 

lOor-lOO. 
5  or  -^. 


(2) 
(3) 


a;  — y  =  14 
a«  +  y«  =  436 
Square  (1), 

a;«-2a;y+y«=196 
Subtract  (2)  from  (3), 

-2a;y  =  -240   (4) 
Subtract  (4)  from  (2). 

a-*  +  2.Ty  +  y2  =  676. 
Extract  root,  a;  +  y  =  ±  26     (5) 
Add  (1)  and  (5),  2a;  =  40 or  -12. 

.-.a;  =  20  or -6. 
Subtract  (1)  from  (5). 

2y  =  12or-40 
.«.  y  =  6or-20. 


Square  (1), 
Subtract  (2)  from  (3), 
Subtract  (4)  from  (2), 
Extract  root. 
Add  (1)  and  (5), 

Subtract  (5)  from  (1), 


a;  +  y  =  12  (1) 

ar2  +  y*  =  104  (2) 

a;'  +  2a:y  +  y«=144  (3) 

2a:y  =  40  (4) 

a;'-2a;y +y*  =  64. 

a;-y  =  ±8  (5) 

2a;  =  20  or  4. 

.-.  a;  =10  or  2. 

2y  =  4  or  20. 

.-.  y  =  2  or  10. 
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a 


«    y 
1  +  1  = 

Square  (1).  ^ 

a^      ary     y« 
Subtract  (2)  from  (3), 


Subtract  (4)  from  (2), 

JB*     ajy     y» 
Extract  root,  i-i  = 

"^    I 
Add  (1)  and  (5),     -  = 

Subtract  (5)  from  (1), 
2^ 

y" 
.-.  y  = 


3 
4 
_5 

16 

9^ 
16 

4 

16 

J^ 

16 

*j 

lor§. 
2  or  4. 

Jorl. 
4  or  2. 


0) 
(2) 

(3) 

(4) 

(5) 


.5 
13 


(1) 
(2) 


1      1 

I.  -  +  -  = 

«    y 
i  +  1- 

Square  (1),  ^ 

1+1  +  1  =  25        (3)         11 

Subtract  (2)  from  (3), 
2 


a:y 
Subtract  (4)  from  (2), 

X*      iCy      y« 

Ex  tract  root, = 

Add  (1)  and  (5),     -  = 

.'.  x  = 

Subtract  (5)  from  (1), 

2^ 

y" 


12        (4) 

1. 

±1       (5) 

6  or  4. 


J  or  J. 

4  or  6. 
}orf 


10.        7x»-8iy-169      (1) 
6«  +  2y  -  7  (2) 

2y-7-5«. 

"^         2 
Sabetitntd  in  (1). 
7i?-8xp--5'>  -159. 

14x»  -nOxf  40x»-'318. 

51x»-56x-318.     • 
Divide  by  6, 

9x«-V*^*^3. 
Complete  the  square, 

Extract  root, 

3ar-V=-*  V. 

3x«  V«>r-  V- 
.*.  T   -  3 or  -155- 
Substitute  value  of  x  in  (J). 

.•.y  =  -4or8lf 


x+y-49  (1) 

x«  +  y«-=ir,8l  (2) 
Square  (1), 

a:»  +  2ay+y'-2lOl  (3) 

Subtract  (2)  from  (3), 

2a^  =  720      (4) 
Subtract  (4)  from  (2), 

a:»-2xy  +  y«  =  961. 
Extract  root,  x-y  =  ±  31     (5) 
Add(5)and(l),2a:  =  80orl8. 

.-.  x  =  40or9. 
Substitute  value  of  x  in  (1). 

.••y-9or40. 
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12.  a:»  +  y»  = 

x  +  y  = 
Divide  (1)  by  (2), 

Sq.  (2),  x^+2xy-{-y^  = 
Subt.,        -3xy       = 
r,  —  xy  = 
Add  (3)  and  (5), 

Extract  root,  x~y  = 
Add  (2)  and  (6),  2x  = 

.\x  = 
Subtract  (6)  from  (2), 
2y  = 

.-.  y  = 

13.  aJ»+y»  = 

x  +  y  = 
Divide  (1)  by  (2), 

a:*—  Ty-\-y^  = 

Sq.(2),   a^+2ay+y»  = 

Subt.,       —  Sicy       = 

.*.  —xy  = 

Add  (3)  and  (5), 

X*  —  2xy  -{-y^  = 

Extract  root,  x  —  y  = 

Add  (2)  and  (6),  2x  = 

,\  x  = 

Subtract  (6)  from  (2), 

2y  = 


341       (1) 
11         (2) 


31 
121 


-90 
-30 


(5) 


1. 
±1 

12  or  10. 
6  or  5. 


(6) 


10  or  12. 
5  or  6. 


1008 
12 

84 
144 


il! 
it! 


-60 
-20 


(5) 


64. 
±8 

20  or  4. 
10  or  2. 


(6) 


4  or  20. 
2  or  10. 


14.  ar^-f  = 

x  —  y  = 
Divide  (1)  by  (2), 

0;'^+  xy-\-y^  = 

Sq.  (2).  a»-2ay+y'  = 

Subt.,  Sxy       = 

.\  xy  == 

Add  (3)  and  (5), 

x^-i-2xy  -\-y^  = 
Extract  root,  x  +  y  = 
Add  (2)  and (6),  2x  = 

Subtract  (2)  from  (6), 

2y  = 

.%  y  = 


98 
2 

49 
_4 
45 
15 


(3) 
(4) 

(5) 


64. 

±8       (6) 

10  or -6. 

5  or -3. 

6  or -10. 
3  or -5. 


15.  a:»-y'  =  279 

a;-y  =  3 
Divide  (1)  by  (2), 

«*+   a!y+y'  =  93 
Sq.(2).a!»-2a:yH-y»=    9 

Subt.,         Sxy        =84 
.-.  ay  =  28 
Add  (5)  and  (3), 

ar»  +  2a:y  +  y*  =  121. 
Extract  root,  a;  +  y  =  ±  11 
Add  (6)  and  (2),  2x  =  14or 
.  *.  a;  =  7  or  - 
Subtract  (2)  from  (6), 

2y  =  8  or  - 
.-.  y  =  4or  - 


16. 


i?) 

(5) 


-4. 

-14. 

-7. 


<■-! 


a;-3y  =  l 
ay+y»  =  5  (2] 

Transpose  (1),       a;  =  1  +  3y. 
Substitute  in  (2), 

y(l+3y)  +  y»  =  5, 

y  +  3y»  +  y»  =  5. 

4y«  +  y  =  5, 

4y'  +  ()+TV  =  H. 

2y  +  l  =  ^|. 
.-.  y  =  l  or-lj. 
Substitute  value  of  y  in  (1), 

a;  =  4  or -2}, 


17. 


4y  = 
2a:y  = 


-*ig 


Substitute  value  of  y 
10a;'  +2x_ 

4 
Ux^  +  2x  = 
Divide  by  2, 

7a:'  +  a;  = 
196a:»  +  ()  +  l  = 
Extract  root, 

14a;  +  l  = 

14a;  = 

.'.  a?  = 

Substitute  value  of  a; 

.•.y  = 


5a;  +  l 
33 

5£+l. 

in  (2), 

33-a;», 

132. 

66, 
1849. 

±43, 

42or-44. 
3  or -34. 
in(l). 
4or-3i|. 
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18.                     1_1  =  3 

X     y 

(1)         19.                1-1- 

«    y 

.2J 

0) 

1      ^  =  21 
X'     y» 

(2)                          1-1  = 
a*     y» 

.8} 

(-') 

Divide  (2)  by  (1). 

Divide  (2)  by  (1). 

Ul-7 

(3)                            Ui. 

7 

(3) 

X     y 

X     y 

2 

Add  (3)  and  (1),       ?  =  10. 

Add  (1)  and  (3).^- 

.1?. 

X 

X 

2 

.-.0.  =  *. 

.'.  X  = 

•i 

Subtract  (1)  from  (3), 

Subtract  (1)  from  (3). 

B  =  4. 

2^ 

.1. 

y 

y 

.•-y  =  i. 

.-.  y- 
20. 

■  2. 

a!*-2ay-y«  =  l 

(1) 

X  +  y  =  2 

(^) 

Square  (2), 

«»  +  2a:y  +  y«  =  4 

(3) 

Add  (3)  and  (1), 

2x»  =  5, 
x»  =  2J. 

Substitute  value  of  x  in  (2), 

y-2^V2i. 

Exercise  102. 

a?»+    xy+2y«=    74 

(1) 

2a?»  +  2ay-f    y»  =    73 

(2) 

Add. 

3a:»  +  3ajy+3y»  =  147 

Divide  by  3, 

a;*  +  ay  +  y'  =  49 

(3) 

Subtract  (3)  from  (1), 

y»='25. 
.'.  y  =»db6. 

Substitute  value  of  y  in  (3), 

a:»±5a; -1-25  =  49. 
x»db5x  =  24, 
4x»±20a;  +  25  =  121. 

Extract  the  root* 

22±5-±ll, 

2x  -=  A  6  or  ±  16. 
•%  a:  =  ±  3  or  i  8. 
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2. 

as*  -I-  aiy  +  4y'  =  6  (1) 

Sx'  +  Sy^^U  (2) 

Snbstitnte  vx  for  y  in  both  equations. 
From  (1),  x^  +  vx'-i-  ^v'x^  =  6. 

,\ie^  = (3) 

l  +  v  +  iv'  ^^ 

From  (2),  Sx"  ■i^Sv'x'^-l^. 

Equate  values  of  a^, 

6         -     1^    , 

18  +  48v*  =  14  +  142;  +  56t;», 

Sv'-hUv  =  4:  (5) 

64t;«  +  ()  +  49  =  81,  "^ 

82;  + 7  =  ±9, 

82;  =  2  or -16. 

.".  v  =  J  or  —  2. 

14  14 

Substitute  values  of  v  in  (4),  a?  =  - — -  or 


3  +  J      3  +  32 
Then  a;*  =  4or|. 

.-.  a;  =±2,  ±V|. 
From  (2),  y  =  ±i,±2Vl. 

3. 

aj2  -  ojy  +  y*  =  21 
y*-2a;y  =  -15 
Substitute  vx  for  y  in  both  equations. 
From  (1),  x^  -  vx^  +  v^x^  =  21. 

'•••^  =  137^1?  (^> 

From  (2),  t;*a:«  -  2t;a;»  =  -  15. 

.  _.       -15 


(2) 


v^~2v 


(4) 


Equate  values  of  iB»,   ,     ^^       =   ~^^  (5) 

^  l-i;  +  r2     i^-2v  ^  ^ 

21«»  -  42v  =  - 15  +  15t;-  15t;», 
36tr»-57i;  =  -15, 
5184^2 -()  +  (57)»  =  1089, 
72v  -  57  =  ±  33. 


.•.!;  =  }  or  J. 
:).««  =  16      - 


Substitute  values  of  v  in  (4),  a:*  =  16  or  27. 

.-.  a;  =  ±4or  ±3V3. 
.•.  y  =  ±5  or  ±  V3. 


teachers'  edition.  351 


ay-f  2y«-3  =  0. 

a:»-4y««9  (1) 

Transpose,  xy  +  2y'  =  3  (2) 

Substitute  vx  for  y  in  both  equations. 
From(l),  x»-4t>»jB*-9. 

From  (2),  a«v+ 2a:««»- 3. 

•••"^-^^  ^*> 

9  ^ 

Equate  values  of  a?*,       — - —  -»  — - — . 
^  '      l-4t;»     v  +  2»« 

30»»  +  9v  =  3, 
10«»  +  3v«l. 
400t;«  +  ( )  +  9  -  49, 
20i;  +  3  «  ±  7, 

20v  =  4  or  - 10. 
.M;  =  4or- J. 
Substitue  values  of  v  in  (3),    a:*  —  y  or  co. 


a*  -  ay  =  36  (1) 

ay+y«»18  (2) 

Substitute  vz  for  y  in  both  equations. 

From(l),  a?»-rx»  =  35. 

From  (2),  t;j:«  +  »»x»  =  18. 

•••^"-^  (4) 

Equate  values  of  ar»,  -^  =  -1^, 

1  — V      v  +  v* 
35i;»  +  53v=18. 
4900  »«  +  ()  +  (53)«  =  5329, 
70v  +  53  =  ±  73, 

70i;  =  20  or  -  126. 
.-.  v  =  *or-f 
Substitute  values  of  v  in  (3),  x* «  49  or  ^. 

.-.  a;  =  ±7or  ±by/\. 
,'.  y  =  ±2or=F9\4. 
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6. 

x»  +  a:y  +  2y«  =  44  (1) 

2x«-ay  +  y«  =  16  (2) 

Substitute  vx  for  y  in  both  equations. 

From  (1),  x»  +  vx*  +  2v^x^  =  44. 

1  -f  t;  +  2t;» 
From  (2),  2x'-va^ +  v^3i^  =  ie. 


44                  16 
Equate  values  of  x*, :; — i  = v 

88  -  44 1;  +  44t;«  =  16  +  16v  +  32w», 
12T;'-60t>  =  -72, 
t;*  — 5t;  =  — 6, 
4i)«-{)  +  26  =  l. 
2i;-5  =  ±l. 
.-.  t;  =  3or  2. 
Substitute  values  oft?  in  (3),   a:*  =  2  or  4. 
From  (3),  .-.  a;  =  db  V2  or  ±  2. 

.•.y  =  ±3  V2or±4. 


7. 

x»  +  icy  =  15  (1) 

xy-y^  =  2  (2) 

Substitute  vx  for  y  in  both  equations. 

From  (1),  aP  +  va^^  15. 

.•.x«=-l^  (3) 

1  +  17 

From  (2),   -     -  vx^-v^jc^  =  2. 

.•.^  =  ^  (4) 

15  2 

Equate  values  of  a;*, = r» 

^  1  +  r     V— ir 

15v  -  15v2  =  2  +  2i;, 
15v2_i3^=,_2, 
900v« -0  +  169  =  49. 
Extract  the  root,        30«  -  1 3  =  ±  7, 

30i;=20or6. 
.•.v  =  §orJ. 
Substitute  values  of  vin  (3),  a:*  =  9  or  ^-. 

.*.  a;  =  ±3  or  ±  5  >/}. 
,-.  y  =  ±2  or  ±V}. 
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8. 

a:»-a!y  +  y«-7  (1) 

3x«  +  13a:y  +  8y«-162  (2) 

Substitute  vx  for  y  in  both  eqnatiotts. 
From  (1),  x"  -  to:  +  t^a:»  =  7. 

.•.x«--^  (3) 

From  (2),  3x»  +  Uv  +  8«*x»  =  162. 

^  162 


3  +  13r  +  8«» 

,         i.  ,  7  162  fix 

Equate  values  of  a:«,       Y^;^'' 3  +  13t,  +  8^  ^*^ 

.•.106b»-253w--141, 
44944t;»-()  +  (253)«-4225. 
Extract  the  root,        212w  -  253  =»  db  65. 

.-.v-lorH. 
Substitute  values  of  v  in  (3),     x*  =  4  or  ^fff. 

.-.  a:=i:2or±2JJ. 
.-.  y-j:3or  ±2^. 

9. 

2x»  +  3ajy+y«-70  (1) 

6x»  +  ary-y«-50  (2) 

Substitute  vx  for  y  in  both  equations. 
From  (1),  2aj*  +  3w;»  +  v'a:*  =  70. 

,.^  =  ^0_^  (3) 

2  +  3v  +  i^ 

From  (2).  6x»  +  to*  -  t;*x»  -  50. 

...x«-— 55—  (4) 

6  +  w-t^ 

,  ,  70  50 

Equate  values  of  a:«.    _^— -;  -  ^-j-j^-^. 

420  +  70v  -  70w»  =-  100  +  150v  +  50ij», 
12t;»  +  8v  =  32, 
36ty»  +  ()  +  (2)«=-100, 
6tJ  +  2  =  ±10. 
.-.  v=lJor-2. 
Subetitute  value  of  v  in  (3),      x*  =  9  or  oo. 
.-.  x=.±3. 
.%  y-±4. 
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Substitute  vx  for  y  in  both  equations. 
From(l).                a;«-t»a:»-t;V  =  5. 

(1) 

(2) 
(3) 

From  (-2),           2a;«  +  3t;ar»  +  v»ar»  =  28. 

.  ^_        28 

2  +  3t;  +  i;« 

5                    28 
F.nn9.f.A  vrIiiar  of  a? — 

(i.\ 

^  l-v-v^     2  +  3i;  +  t^  ^ 

10  +  15v  +  5t;«  =  28  -  28v  -  28 1;^^ 
33«*  +  43v  =  18, 
4356t;»  +  (  )  +  {43)«  =  4225, 
661; +43  =  ±65. 

.•.  t>  =  Jor-Jf 
Substitute  values  of  v  in  (3),     a;*  =  9  or  — 121. 

.-.  x=±3or  ±llV^. 
.-.  y  =  ±  1  or  =F  18\/^. 

11. 

ixy  =  96 -a»y»  (1) 

a?  +  y  =  6  (2) 

Let  a?  =  (u  +  »), 

and  y  =  (u  —  v). 

From  (2),  n  +  v  +  t*  — 1;  =  6, 

M  =  3. 

From  (1),  4(u«  -  v«)  =  96  -  u*  +2uV-< 

4u«  -  4v«  =  96  -  w*  +  2uV-v«. 
Substitute  value  ofu,     ti*-22t;»  =  -21, 
4v»-()  +  (22)«  =  400. 
2v«-22  =  ±20, 
2t;«  =  22±20, 
1^  =  21  o£l. 
.'.  t;  =  ±V21  or  ±  1. 
.-.  a;  =  M  +  t;  =  3±V2T,  4,  2, 
andy-t*-v-3TV2T,  2,  4, 
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12. 

x»+y»  =  18~x-y  (1) 

xy  =  6  (2) 

Put  u  +  V  for  Of,  and  u  —  t;  for  y. 

(1)  becomes  (u  +  tj)»  +  (u  -  v)'  =  18  -  2u. 

2tt'  +  2»»  4  2u  =  18. 

tt»  +  t^4u  =  9  (3)  • 

(2)  becomes  (u  + 1;)  (u  - 1>)  «  6. 

or  u»-t;»-6  (4) 

Add  (3)  and  (4),  2M«  +  tt=15. 

Complete  the  square,  16u»  +  {  )  -I- 1  =  121, 
4u+l=i:ll. 
.-.  tt  =  2J  or  -  3. 
Substitute  value  of  u  in  (4),      -t;*  =  6-yor6-9. 

.•.  v=»i:  }  or  ±^/Z. 
.-.  x-M  +  i;  =  3,  2,  or  -3±V3, 
and    y  =  u-t;  =  2,  3,  or-34 y/Z. 


13. 


2(x»  +  y«)  =  5ay 

0) 

4(a;-y)  =  ay 

(2) 

Put  tt  +  v  for  a?,  and  u  -  »  for  y. 

2(2u«+2i;*)-5(tt«-t>») 

(3) 

4(2t;)  =  u»-t>» 

(4) 

Transpose  and  combine,      OiJ*  —  m'  =  0 

(5) 

+  u«-r«  =  8ii 

(6) 

Add  (5)  and  (6),  8v»  =  8t; 

8«»-8t;  =  0. 
.•.  v  =  Oor  1. 

Substitute  value  of  v  in  (6),  uV  =  8  v  + 1^, 

tt«  =  0  or  9, 
u  =  0  or  ±  3. 
.%  x=-=w  +  t;  =  0,  4,  -2. 
and  y  =  u  —  V  =  0,  2,  —  4. 
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14. 


^x-\-y)  =  Zxy  (1) 

a;  +  y +a;*+y»  =  26  (2) 

Put  u  +  v  for  aj,  and  u  —  i;  for  y. 

(1)  becomes  8  m  =  3  w*  —  3  v*. 

.-.  8u-3w2  +  3t?«  =  0 

(2)  becomes  2u  +  2i;2  ^_  2u«  =  26 

l^ultiply  (4)  by  3,  6  u  +  6  ««  +  '6  v^  =  78 

Multiply  (3)  by  2,         16u-6«2  +  6v2_   0 

Subtract,  12w«-10u  =  78 

Complete  the  square,     144w«  -  ( )  +  25  =  961, 

12m-5  =  ±31, 

12tA  =  36or-26. 
.-.  M  =  3  or  -  2\. 
Substitute  value  of  u  in  (3),  3 1;*  =  3. 

.'.  v  =  ±l. 
Substitute  -  2\  for  u  in  (3),  3  v«  =  ^^. 

.-.  t;  =  ±iV377. 
.-.  a:  =  M  +  t;  =  4,  2,  or  J(-13±V377), 
and    y  =  w-i;=2,  4,  ori(~13TV377). 


15. 


4a;*  +  iBy +  4y*  =  58 
5a:«  +  5y«  =  65 

(2) 

Multiply  (1)  by  5, 
Multiply  (2)  by  4, 

20a;'''  +  5a;y  +  20y'»  =  290 
20ar»            +  20y«  =  260 

(3) 
(4) 

Subtract, 

bxy             =    30 

.  •.  xy  =  Q 

(5) 

Divide  (2)  by  5, 
Substitute  w  + 1;  for 

a:*+y»  =  13 
a?,  and  t*  —  t;  for  y  in  (6)  and  (6), 

(6) 

Multiply  (7)  by  2, 

w«-t;«  =  6 
2w«  +  2i;2  =  13 
2w»-2t;«  =  12 

(7) 
(9) 

Add, 

4u«           =25 

Subtract  (9)  from  (8),                        4i;«  =  1, 

v"  =  }. 

.'.  a;  =  u  +  t;  =  ±|±J  =  ± 
and    y  =  u  —  v  =  ±\^\==± 

3  or  ±  2, 
2  or  i:  3. 
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16. 

*y(«  +  y)-30  (1) 

a:»  +  y»-35  (2) 

Substitute  u+vfor  ar,  and  it  —  v  for  y. 

(1)  becomes    (m+u)  (u-v) {{u-\-v)  +  (u-v)}  '^ .  30, 

or  2M»-2«r*  -30  {?>) 

(2)  becomes  (m  -{- vf  -{- (u  —  vf  --  35, 

oi  2tt»-hG«r»=    ST)  (1) 

Multiply  (3)  by  3,  G «»  -  Gur*  -    00 

(4)  is  2ti*  +  0nt'»-     3.'. 

A.dd, 


8u» 


Substitute  value  of  u  in  (3),  :=^  - 


.30. 


12.*i 
2n   -5, 

lOrV 
"2 

250-40v»-240, 
40v«  =- 10. 

.%  2*    ■  n  4  V  - 


3  or  2, 


and 


-u~  t) -^  2  or  3. 


EXEKCISK    103. 


1.  x-y  =  7 

a:*  +  ay  +  y'  =  13 
Square  (1), 

x'-2ity +y'  =  49 
Subtract  (2)  from  (3), 

-3a^  =  36. 
Divide  by  -  3,    ly  =  -  12 
Add  (4)  and  (2). 

a;*  +  2a:y  +  y*  =  1. 
Extract  root,  a*  +  y  =  db  1 
Add  (5)  and  (1),  2a;  =  8  or  6. 
.'.  a;  =  4  or  3. 
Substitute  value  of  x  in  (1), 


(1) 
(2) 

(3) 


(4) 


(5) 


=  _3or-4. 


2.  ar*  +  an/ 

Substitute  vx  for 
From  (1),      a:*  = 

From  (2),      x»  = 

'  *  1  +v 

3r)v2-2J)v  = 

4900v2-()+(2t))«- 

70v-29  = 

70t;  = 

.'.  v  = 

Substitute  value 

x^-~- 

y  =  t;a;  = 


•  35 


•i\ 


y- 

35 


s 


(3) 
(4) 


l+» 
G 

V— V* 

G 
r  — t>' 
-G. 
1, 

±1, 

30  or  28, 

forf 
of  V  in  (3), 
y  or  25. 
±7%/^  or  ±5. 
±3\/jor±2. 
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4.  xv-1  = 

Transpose  in  (1),  xy  = 
Multiply  (3)  by  2, 

2xy  = 
Add  (4)  and  (2), 

a^  +  2xy  +  y'  = 

.'.x  +  y  = 

Subtract  (4)  from  (2), 

x^  —  2xy  +  y*  = 

.',  X  —y  = 

Add  (5)  and  (6),  2x  = 

Subtract  (6)  from  (5), 
2y  = 


3.  w-12  =  0        (1) 

aj-2y  =  5        (2) 
Transpose  in  (1),      ay  =  12, 
12 

Substitute  value  of  y  in  (2), 
X =  5. 

X 

Simplify,  a:«  -  24  =  5a;. 

Transpose,        a;*  —  5  a;  =  24. 
Complete  the  square, 

4a;2- 0  +  25  =  121, 
2a;-5  =  ±ll. 
2a;  =16  or -6. 
.-.  a;  =  8  or -3. 
Substitute  value  of  x  in  (2),    - 

y  =  lJor-4. 

5. 

2a;-5y  =  9 
a;«-a;y+y'  =  7 

From(iy.  ^-^^^ 

Substitute  value  of  x  in  (2), 

Simplify,  19y«  +  72y  =  -  53. 

Complete  the  square, 

1444y*  +  (  )  +  (72)«  =  1156, 
38y  +  72  =  ±34, 

38y  =  -38or-106. 
.-.  y  =  -lor-2j|. 
Substitute  value  of  y  in  (1),  2a;  =  9  +  {-  5)  or  9  +  (- 

.-.  a;  =  2or -2A- 

6. 


Transpose  (2), 
Square  (1), 
Multiply  (3)  by  4, 

Add, 

Extract  root, 
Add  (1)  and  (4), 

Subtract  (1)  from  (4). 


0 
50 

8i 

7 

(3) 

14 

(4) 

64. 
±8 

(5) 

36. 

±6        (6) 
±14  or  ±2. 
±7or±  1. 

±2ordbl4. 
±lor±7. 


(1) 

(2) 
(3) 


1314). 


a;-y  =  9 
a?y  +  8  =  0 
a;y  =  -8 

a;«-2a;y  +  y2=      81 
4ary          =-32. 

(1) 

(2) 
(3) 

a;2  +  2a;y  +  y'  =     49 

a;  +  y  =  ±7 
2a;  =16  or  2. 

.-.  a;  =  8or  1. 
2y  =  -  2  or  -  16. 

,..  y  =  -l  or-8. 

(4) 
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7.  5a!-7y  =  0  (1) 

From(l),  a;«^        (3) 

SimpLfy  (2), 

20a:»-13«y  +  28y«=16        (4) 
Substitute  value  of  x  in  (4), 

9^_9^  +  28y'=lC. 
1225y«  =  400. 

.•.y=±f. 
Substitute  value  of  y  in  (1), 


8.  «-y-l        (1) 

^  +  y»  =  81      (2) 

Square  (1), 

x^-2xy-\^y*=      1       (3) 
(2)  is      g*        .     +y*°     Sj 
Subt.,         -2xy         --7i     (4) 

Subtract  (4)  from  (2), 

a:»  +  2ajy +y«  =  16. 
Extract  root,      »  +  y  =  ±  4       (5) 
Add  (5)  and  (1),       2a?  =  5  or -3. 

.-.  x  =  2ior-li. 
Subtract  (5)  from  {1), 

-  2y  =  -  3  or  5. 

.•.y  =  llor-2}. 


9.         »>  +  4a;y  -  3  (I) 

4ay+y«-2J  (2) 
Substitute  vx  for  y, 

x»  +  4»j:>-3  (3) 

4ta«  +  t;«jc»-2}  (4) 
From  (3)  and  (4). 

a« ?—  (5) 

KJv  I  4r«    ^  ' 
.       3  9 


l+4t>      l(>v^4v' 
48v  +l2r«-9  +  30r, 
12i;»  +  12t>  =  9, 
4o«-^4r  =  3, 
4»»  +  {)  f  1=4. 
2t;  +  1  =  ±  2. 
...  v  =  Jor-l}. 
Substitute  values  of  v  in  (5), 

ar^ilorirV    |. 
and  y  ^  iJor^jV  f. 


10.     .T«-,Ty +y»=.48  (1) 

x-y-8  =  0  (2) 

(l)isx*-  ary+y»=      48 
Sq.(2),  g»-2j^+y'  =      Gl 

Subt.,       ay        -  - 16 
Multiply  by  3, 

3ary  =  -48       (3) 
Add  (3)  and  (1), 

«•  +  2  ay  +  y«  =  0. 
Extract  root, 

a:  +  y  =  0  (4) 

Add  (4)  and  (2), 

2x  =  8. 
.-.  ar  =  4. 
Subtract  (2)  from  (4), 
2y  =  -8. 

.•.y  =  -4. 
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11. 

a«  +  3ajy  +  y»=l 

(1) 

3x»  +  ay  +  3y»  =  13 

(2) 

Subtract  (1)  from  (2), 

2x»-2ay  +  2y«  =  12. 

Divide  by  2, 

x»-    ay  +  y'  =  6 

(3) 

(l)i8 

x«  +  3xy  +  y«-l 

Subtract, 

-4ay          =5 

(4) 

Add  4  X  (1)  to  (4), 

4a:»4-8a:y +  42/«  =  9 

(5)  . 

Extract  the  root, 

2ic  +  2y  =  db  3. 

Divide  by  2, 

a;  +  y  =  ±i 

(6) 

Add  t  of  (4)  to  (3). 

a^-2ay  +  y»  =  V, 

a;-y  =  ±jV29 

(7) 

Add  (6).and  (7), 

2aj  =  ±f±}\/29. 
.-.  a;  =  J(±3±\/2i)). 

Subtract  (7)  from  (6), 

2y  =  ±fTi\/29. 
.•.y  =  t(±3TV29.) 

12. 

a!»-2a:y  +  3y«  =  li 

(1) 

x^  +  xy-y^  =  i 

(2) 

Substitute  vot  for  y. 

From  (1), 

jB2-2t;a:«  +  3t;V  =  -V-. 

From  (2), 

aJ»  +  t,x»-t)2a:2_i 

Whence 

1^ 

(3) 

1  T    &A\>  &AWW 

9-18v+27i;" 

Skiid 

x^              1 

(4) 

9  +  9t;-  9t;* 

11             _           1 

9-18v  +  27t;»     9  +  9i;-9iJ» 

99  +  99v  -  ddv'  =  9-  ISv  +  27t;», 

-126i;2  +  117^__90. 

Divide  by -9, 

Uv'-lZv^lO. 

Complete  the  square, 

784t^-()  +  169  =  729. 

* 

Extract  the  root, 

28t;-13  =  ±27, 

28t;=40or-14. 
...  t,  =  JJior-}. 

Substitute  vahie  of  v  in  (4),                  x^  =  ^\  or  f . 

.-.  a;=±}VAor±}, 

and    y  =  ±  -y  \/S  or  =»=  J. 
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13.                   X'^y^'a 

^xy^a^-W 
Square  (1). 

a«  +  2a!y  +  y*  =-  a« 
(l)i8            4ay          -a«-46« 

(1)       14.                 x-y~ 

(^>      ln(l).           '     I 
Subfltitnte  in  (2). 

(5)               y    ""y-f-r 

.1            (1) 
•2i.        (2) 
.y  +  1. 

Subt.,  x»-2xy+y»-         W 
Extract  root,    a;  -  y  =  db  2  6 

13 

Add  (5)  and  (1),    2x  =  a±2ft. 

2 

Subtract  (5)  from  (1), 

6y»  +  12y  +  6  +  6y»  = 

y'-^y- 

Complete  the  square 
4y«  +  (  )  f  1  - 

13y«fl3y, 
0. 

25, 

2y  =  aT26. 

2y  +  l  = 

t5. 

.•.y  =  ^*. 

16. 

.•.  X- 

2  or  -  3. 
-  3  or  -  2. 

ir«  +  9ary« 

340 

0) 

7a:y-y'- 

171 

(2) 

Subtract  (2)  from  (1), 

ir«  +  2xy  +  y»  = 

IfiO, 

af  +  y-^ 

i:13 

(3) 

.••  T  - 

13-y  or- 

-{13  +  y). 

Substitute  in  (1)  the  first  value  of  x. 

(13 -y)' 

+  9  (13 -y)y^ 

340. 

169-26y+y» 

+  117y-9y«  = 

340, 

Complete  the  square, 

8y>-91y=. 

171. 

256y»-()  +  (91)«  = 

2809, 

16y-91- 

±53. 

.-.  y  = 

9  or  21 

(4) 

Substitute  in  (1)  the  second  value  of  x, 

(13  +  y)» 

-9(13+y)y  = 

340, 

169  +  26y  +  y» 

-117y-9y'  = 
8y«  +  91y  = 

340, 
-171. 

Whence, 

y  = 

-  9  or  -  2f. 

Substitute  values  of  y  in  (3),              x  = 

±  4  or  ±  lOf 
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a;  +  y  =  6 

Divide  (2)  by  (1), 

7?—  xy-\-y^='  12 
Sq.(l),  af-h2ary+y«=  36 
Subtract,  -3xy       =-24 

.-.  a!y  =  8 
Subtract  (5)  from  (3), 

a^  —  2xy  +y*  =  4. 
Extract  root,  x  —  y  =  ±2 
Add  (6)  and  (1),  2  a;  =  8  or  4. 
.-.  x  =  4or2. 
Subtract  (6)  from  (1), 

2y  =  4  or  8. 
.'.  y  =  2  or  4. 


(5) 
(6) 


18.  «-y=-l  (1) 

a;»-3r»  =  19         (2) 
Divide  (2)  by  (1), 

V+xy+y»  =  19        (3) 
Sq.  (1),  a»-2igy+y'=    1 
Subt.,  3a:y       =  18 

.'.xy  =  6  (4) 

Add  (4)  and  (3), 

a;«  +  2a!y  +  y«  =  25. 
Extract  root,  a;  +  y  =  ±  5        (5) 
Add  (5)  and(l),  2a;  =  6  or  -  4. 
.-.  a;  =  3  or -2. 
Subtract  (1)  from  (5), 

2y  =  4  or  -  6. 
.'.  y  =  2  or  —  3. 


17.    3a;y  +  2a;  +  y  = 
3a;-2y  = 

In  (2),  a;  = 

Substitute  value  of  x 

6y2  +  7y  = 

Complete  the  square, 

l44y«  +  ()  +  49  = 

12y  +  7  = 

12y  = 

.-.  y  = 

Substitute  value  of  y 

x  = 


485 
0 

3 

in  (1). 

485, 
1455. 

34969, 
±187. 
180  or- 
is or  - 
in  (3), 
lOor- 


(1) 
(2) 

(3) 


-194. 
16i. 


19.  a^  +  f  = 

Divide  (1)  by  (2), 

x-\-y  = 
Square  (3), 

a;*-f  2a^  +  y»  = 

Subtract  (4)  from  (2), 

-3ay  = 

Divide  by  3,    —xy  = 

Add  (5)  and  (2), 

x^-2xy-\-y^^ 

Extract  root,  a;— y  = 

Add  (3)  and  (6),  2  a;  = 

,\  x  = 

Subtract  (6)  from  (3), 

2y  = 

.-.  y  = 


Square  (1), 
Subtract  (2), 

Subtract  (4)  from  (2), 
Extract  root, 
From  (1)  and  (6), 


2a;y  =a«-&« 

'-2a;y+y«  =  ( 

x  —  y  =  ±\/o^  I  &^^^ 
2a;  =  a±\/i 


2728     (1) 
124       (2) 

22        (3) 

484       (4) 

-360. 
-120  (5) 

4. 

±2       (6) 
24  or  20. 
12  or  10. 

20  or  24. 
10  or  12. 


0) 
(2) 
(3) 

(4) 
(5) 
(6) 


2y  =  aTVaM'2y.       " 

.1  •  y 
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21. 

a!»-y«-0  (1) 

From(l).  ^       3?»y..  ^^^ 

Hence,  in  (2),  3a:*  ± 4x»  +  Sx*  -  9 

12ar>or4a:«-a 

.•.  «-±  jV3or  i  I, 
and  y  =>  ±  f  V3  or  i  |. 


»-y    *+y    3  ^ ' 

a:«+y«»45  (2) 

(1),       3 (a:»+2»y +y*)+3(a!«-2«y +y«)  -  10a:«  -  10y«. 
3a:*  +  6ay  +  3y«  +  3a«  -  6xy  +  3y*  «  10a:»  -  lOy* 
-4a:*  +  16y«-0, 

-a:«  +  4y»  =  0  (3) 

Add  (2)  and  (3).  5y«-45. 


From  I 


.  .y  =  i:3 
Substitute  values  of  y  in  (2),  a*  +  9  =  45. 


±0. 


1      1      K 

«    y 

1      ,     1        17 
x  +  l     y  +  1     12 
Clear  of  fractions  and  unite,  a;  +  y  =  5a:y  (1) 

5aj  +  5y  =  7-17ay  (2) 

Divide  (2)  by  (1).  5  =  Lzll!^  (3) 

25a:y  =  7-17a:y  (4) 

42a:y  =  7, 

ary  =  i  (5) 

From(l),  flJ+y  =  J  (6) 

Square  (6).  a*  +  2ay  f  y'  -  }| 

Multiply  (5)  by  4,  4ay         =  j| 

Subtract,  a;*  —  2xy  f  y-'  -  ^\ 

x~y  =  ±i  (7) 

Add  (7)  and  (6),  2x  =  lorf.    ' 

.'.  x  =  i  or  J. 
Subtract  (7)  from  (6).  2y  =  |  or  1. 

.%  y  =  |or}. 
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(8) 


24. 

Divide  (2)  by  (1),  a«  +  jcy  +  y«  =  19 

Subtract  (1)  from  (3),  2xy  =  12. 

,\xy  =  Q  (4) 

Add  (4)  to  (3),  and  subtract  (4)  from  (1), 

ar*  +  2.'cy+y«  =  25, 
•  a^-2xy-{-y^=\. 

Whence  a?  +  y  =  ±  5, 

x  —  y  =  ±  1. 

.*.  3;=  ±3  or  +  2, 
and  y  =  ±  2  or  ±  3. 


il! 


25. 

x-v  y  =  4 
ar*  +  y*  =  82   - 
Put  u-\-v  for  X,  and  it  —  v  for  y. 

(1)  becomes  2u  =  4. 

.-.  w  =  2. 

(2)  becomes  w*  +  6  mV  +  v*  =  41  (3) 
Substitute  2  for  u  in  (3),       16  +  24  v'^  +  v*  =  41, 

v*  +  24t;»  =  25. 
Complete  the  square,  r*  +  (  )  +  144  =  169, 

t;»  +  12  =  ±  13, 

t;«=lor-25. 

.m;  =  ±  1  or  dbV-25. 
.-.  a?  =  3,  1,  or  2±\/£25, 
and    y  =  1,  3,  or  2  =F  \/ ~25. 


" 

26. 

.T3-y3^«8 

x-y==a 

il! 

Divide  (1)  by  (2), 
Square  (2), 

a;«-2a:y  +  y2==a« 

(3) 

Subtract, 

3a!y         =0 

Add  (3)  and  (4), 
Extract  the  root, 
Subtract  (2)  from 

Add  (2)  and  (5), 

(5). 

jcy  =  0 
x«  +  2a:y+y«  =  a^ 
x-^y  =  ±a 

2y  =  0or-2a. 
.'.  y  =  0  or  — a. 
2a;  =  2a  or  0. 
.*.  a;  =  a  or  0. 

(4) 
(5) 
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27. 

a*  —  qjy  —  a*  +  6* 

Subtract  (2)  from  (1).  «*-2ay  +  y*  =  a«-2a&  +  6*. 

Extract  root,  aj  —  y  =»  db  (a  —  6). 

(1)18  »(a;-y)»-a»  +  6'. 

Substitute  value  of  «  —  y  in  (1),  i  «(a  —  o)  «»  a*  +  6*. 

o*  +  6* 

.•.   x=  i:         ^  ~r. 

a  — 6 

y(aj-y)=2a6. 

±y{a  — 6)  =  2a6. 

28. 

at*  — y»  =  4a& 
ay  -  a»  -  6* 

y — 


(2)  is 

Substitute  value  of  (x  —  y)  in  (2), 


In  (2). 

Substitute  value  of  y  in  (1),    as* — ^    ~    ^  —  4  ab, 

a^  -  4a6x»  =  a*  -  2a«6*  +  6*. 
Complete  the  square,  as*  —  ( )  +  4  a»6*  =»(!*  +  2a»6*  -f  ft*. 

Extract  root,  «*  -  2aft  =  i  (o«  +  6*), 

x»=-i:fa«  +  2aft  +  6*). 
.*.  »=i:(a  +  6). 
Substitute  value  of  x  in  (1),     (a  +  6)* — y*  =»  4  aft, 

y*  =  a«  -  2aft  +  ft*. 
.-.  y  =  i:(a-ft). 


29.  ay  = 

a*  +  y«  = 

Multiply(l)by2,2;^  = 
Add  (3)  and  (2), 

x*  +  2a:y  +  y*« 
Extract  root,  x  -\-y- 
Multiply  (1)  by  4,  4acy » 
Subtract  (6)  from  (4), 

x*-2a:y+y*  = 

Extract  root,     a  —  y  = 

Add  (5)  and  (7),      2x-. 

.',  x  = 

Subtract  (7)  from  (5), 

2y  = 


^0 
=  16 
»0 

=  16 
'±4 
»0 


(2) 
(3) 

(4) 
(5) 
(6) 


:16 

.±4       (7) 
.  ±  8  or  0. 
:  ±  4  or  0. 

» 0  or  i  8. 
0  or  ±  4. 


30.       05*  -f  ay  +  y'  = 

oj*  +  x^*  +  y*  = 
Divide  (2)  >y(l). 

X*  —  ay  +  y*  = 

(l)i8    g«-f  ay  +  y*  = 

Subt,    —  2xy         = 

.-.  -ay  = 

Add  (3}  and  (4), 

05*  —  2ay  +  y*  = 
Extract  root,  x-y  = 
Subtract  (4)  from  (1), 

a:*  +  2ay +  y*  = 
Extract  root,  a?  +  y  = 
Add  (5)  and  (6),  2a;  = 

Subt.(5)fr.(6),*2y- 
-•.y  = 


37 
481 


s 


13     (3) 
_37 
-24 
-12     (4) 


1. 
±1 


(5) 


49. 

±7  (6) 
±  8  or  i:  6. 
±  4  or  ±  3. 
±6or±8. 
i:  3  or  J:  4. 
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31. 

a^  =  ax  -\-  by  (1) 

y^^^ay-^  hx  (2) 

If  ar  =  0,  y  must  equal  0. 

If  X  =  y,  and  does  not  equal  0,  then  x^a  -^-h,  and  y  =  a-\-h. 
If  X  does  not  equally,  subtract  (2)  from  (1),  and  divide  by  a;  —  y. 

X  -^y  =^a  —  h  (3) 

Add  (1)  and  (2),  a;»  +  y*  =  a(ar  +  y)  +  h{x  +  y). 

Substitute  a—  6  for  a;  +  y,  =a{a—h)^h{a  —  h). 

That  is,  a:^  +y^  =  d^  -    ¥  (4) 

Square  (3),  x*  +  2a:y  +  y2  =  a»-2a6  +    &«  (5) 

Subtract  (4)  from  (6),  2  a:y         =      -  2  a^  +  2  6«  (6) 

Subtract  (6)  from  (4),  a;«-  2a;y  +  y«  =  a«  +  2a6  -  SJ^. 

Extract  root,  a; - y  =  ± y/a^  +2ab~Zh^  (7) 

Add  (7)  and  (3),  2  a;  =  a  -  6  i  ^a?^-2ah-W. 

.-.  a:=J(a-^±v'«'  +  2a6-362). 
Subtract  (7)  from  (3),  2y  =  a  -  6  t  Va*  +  2a6-36«. 

.-.  y  =  J(<i-6+Va»  +  2a6-36»). 


32. 

x-y~2^0  (1) 

15(a:«-y'^)  =  16xy  (2) 

Transpose  (1),  a;  —  y  =  2  (3) 

Divide  (2)  by  (3),  15  (a:  +  y)  =  8  a;y. 

15a;  +  15y -8a;y  =  0  (4) 

From  (1),  a;  =  y  +  2. 

Substitute  value  of  x  in  (4), 

15y  +  30  +  15y  -  8y»  -  16y  =  0. 
8y2-14y  =  30. 
Complete  the  square,  64  y'-  ( )  +  (7)*  =  289, 

8y-7  =  ±17, 

8y  =  24or-10. 
..,  y  =  3or  -IJ. 
Substitute  value  of  y  in  (1).  .*.  aj  «=  6  or  }. 
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33. 

»  +  y     x-y89 
x-y     x  +  y     40 

0) 

6x=20y+  9 

(2) 

Simplify  (1), 

9««-169y«  =  0, 

9x>  =  169y» 

(3) 

Extract  the  root, 

3x=.±13y, 
3xTl3y  =  0. 

Multiply  by  2, 

6x=F26y  =  0 

(4) 

Transpose  in  (2), 

6x-20y  =  9 

(5) 

A5- 

Subtract  (4)  from  (5), 

6y  =  9. 
or  -46y  =  9. 

H-^ 

.•.y-l}or-A. 

-•-•"' 

Substitute  values  of  y  in  (2),                 x  »  6}  or  M^^ 

34. 

a     b 

(1) 

X    y 

(2) 

Simplify  (1), 

bx  -\^  ay  =  ab 

(3) 

Simplify  (2). 

bx  +^y  -  4xy 
.'.  4xy  =  a6, 

andy  =  ^^. 

(4) 

Substitute  value  of  y  in 

(3).       bx  +  f^  =  ab. 
4x 

Simplify, 

4x»  +  a»  =  4ax. 

Transpose, 

4x'  — 4ox  =  — a*. 

Complete  the  square, 

4x>-()  +  a»  =  0. 

Extract  the  root. 

2x-a  =  0. 

•— 1 

Substitute  value  of  x  in 

(3).             y=!- 
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35. 

a^  +  y»  =  7  +  ay  (1) 

a:»  +  y'  =  6xy-l  (2) 

Transpose  xy  in  (1),  a^  —  xy  +  y^=7  (3) 

Divide  (2)  by  (3),  a:  4-  y  =  ^^~^- 

Simplify,  7x  +  1y  =  6xy-l  (4) 

Put  u  +  v  for  x,  and  u  —  w  for  y,  in  (4), 

7(u  + 1;)+  7(w-t;)  =  6(u«  -i;»)  -  1. 
6u^-ev'-Uu  =  l  (5) 

Put  w  +  w  for  X,  and  u  —  t;  for  y,  in  (3), 

u«  +  3t;«  =  7  (6) 

Multiply  (6)  by  2,  2u»  +  6r*  =  14  (7) 

Add  (5)  and  (7).  8  u«  -  14  w  =  15. 

Complete  the  square,     256u«  -  ( )  +  (14)»  =  676. 
Extract  the  root,  16u  -  14  =  ±  26, 

16u  =  40or-12, 
M  =  J  or  —  |. 
Substitute  J  for  u  in  (6),  ^^  +  Sr^  =  7, 

31^  =  }. 

Extract  the  root,  v=  ±i. 

Substitute  -  i  for  u  in  (6),  ^j  +  3«»  =  7, 

Extract  the  root,  v  =  ±  J  V^^*- 

Since  x  =  u  +  v^  substitute  f  for  u  and  ±  }  for  v, 

»  =  l  +  (±i). 

I  =  3  or  2. 
Substitute  value  of  —  |  for  u,  and  ±  J  Vif*  for  », 

a!  =  i(-3±ViJ»). 
Since  y  =  u  —  »,  substitute  |  for  «,  and  ±  J  for  d, 

y=f-(±J). 

y=2or3. 
Substitute  — }  for  u,  and  ±  }  V-i-J*  for  n, 

y  =  -i-(±v^). 
y  =  j(-3?>/i|i). 
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36. 

a*-y»  =  3093  (1) 

T  .  ^  «~y  =  3  (2) 

liet  a?  =  w  + 1>,  and  y^u  —  v. 

From  (2),  u  +  r  -  u  +  i; «  3, 

2t;-3. 

.M;-f. 

From  (1).   u*+5u*v4-10uV+10uV+5ut>*+»» 

-(M*-5tt*i>+10uV-10uV+6uv*-i;»)  -=  3093. 

Transpose  and  combine,      10u*t>+20uV+2w*  =-  3093. 

Substitute  value  of  t;.      ?5l*-  +  5^1^'  +  ?i?  -  3093. 
2  8  16 

Simplify,  240u*  +  1080u»  =  49245. 

Divide  by  15,  16u*  +  72m»  =  3283. 

Complete  the  square,  16u*  +  ( )  +  81  =  33«4. 

Extract  the  root,  4u«  f  9  -  ±  58. 

u«  *-  y  or  -  y . 

.'.  w«±  J  or  i:  J\/-67. 

«-  u  + 1;  =  5,  -2,  or  J (3±\/-  67), 

y  =  u  -  v  =  2,  -5,  or  i  (-3#  >/-  ()7"). 


37. 

|(aj~l)-i(a:  +  l)(y-l)--ll  (1) 

J(y  +  2)  =  J(aJ  +  2)  (2) 

From  (1),    9a;  -  9  -  lOa^y  -  lOy  +  lOa?  +  10  =  -  166. 

or  19a;  -  10a;y  -  lOy  =  -  166  (3) 

From  (2),  4y  +  8  =  3a;  +  6. 

■■■V-'-^  (4) 

Substitute  value  of  j  in  (3), 

19a;  -  lOo:  (^^^^^\  -  10  (?^i^\  =  -  166, 

76a?  -  30a;»  +  20a;  -  30a?  +  20  =  -  664, 
-  30  a;*  +  66  a: --684, 
5a;«-na;=144. 
Complete  the  square,  100  a;»  -  (  )  +  ( 1 1)«  =  2401, 

10a;  -  11  =  ±  49, 

10a;  =  60  or  -  38. 
.'.  a;-6or  -3f 
Substitute  values  of  x  in  (4),  y  =  4  or  —  3^. 
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38. 

10a^+15a-y  =  3a*-2a« 

(1) 

10y»  +  15a:y  =  3a6-26» 

(2) 

Let 

ux  —  y. 

(I)  becomes 

10a^+15a:»M  =  3aft-2a», 

^_3a6-2a» 
10+15tt 

(3) 

(2)  becomes 

10a:«u«+15a:«tt  =  3a6-26», 

^_3a6-26> 
10m*+15m 

(4) 

Eauate  values  oi 

P^           3a&-2a»     3a6-26» 

^  •  10  + 15m      10u'+15t* 

Simplify, 

30a5w«  -  20aV  -  30a«M  +  306«m  =  30a6  -  20  6». 

Divide  by  10, 

3a6tt»  -  2aV  -  3a^u  +  36»m  =  3a6  -  26». 

or  M«(3a6  -  2a^)  -  Zu{a^  -  6»)  =  3a6  -  26». 

Complete  the  square, 

4u»(3a6  -  2a«)«  -  ( )  +  9(a«  -  h^f  =  9a*-24a'6+34a»6»-24a6»+96* 

Extract  the  root, 

2M(3a6  -  2a^)  -  3(a»  -  6«)  =  i  (Sa''  -  4a6  +  Sft'), 

2M(3a6  -  2a»)  =  Ga«  -  4a6  or  4a6  -  66». 

30-26  6 

.  •.  M  =  — ; or 

36-2a  a 

Substitute  value  of  \^~  ,^     for  u  in  (3), 


36-2a 


^^i3  6-2a^. 
25 


Extract  the  root, 


Substitute  -  -  for  u  in  (3), 


Since  ux  =  \ 


/36-2a\ 


a,^  =  -±". 


5 


3a-26         /36-2o\ 
^     36 -2a         V      5       / 


•  y  =  ± 


3a-26 


6 
.  _  > 

a^ 
=  t6vC-j. 


ory  =  --x(dba\/- J). 
.•.y  = 
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(2a;  +  3y)»-2(2x  +  3y)-8  (1) 

a^-y'"21  (2) 

Add  1  to  both  sides  of  (1), 

(2a;  +  3y)»  -  2(2x  +  3y)  +  1  -  0. 
Extract  the  root.  (2a;  +  3y)  -  1  -  i  3. 

2x  +  3y-4or-2  (3) 

.•    X  >^ i  or — U., 


^  ^  16-24y-t-9y«^^4fl2.v>l)j/« 


Subslitute  value  of  tx^  in  (2), 


l.i-24v  +  9v'       .     „y 
4 

5y2-24y  =  68, 

100y»-()  +  57(5-  1930, 

10y-24  =  ±44,  •   ' 

10y  =  r>8or  -20. 

...  y  =  6|or-2. 

Substitute  second  value  of  x'  in  (2), 

4-H2v  +  9y'        ,      o^ 
4  ^ 

5y»  +  12y  =  80, 

100y*  +  ()  + 144  =  1744, 

lOy +  12-±  lVr09. 

10y  =  -.12±4VT09. 

.•.y  =  -liif>/I09 

=  i(-3±Vl09). 

Substitute  first  values  of  y  in  (3),      a;  =  -  8^,  5,  i  (4  =f  3  VT09). 
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40. 


b. 

4a +  1, 

46  +  1, 


x  —  y  -\-Vx  -y 

4(a;  +  y)  +  ()  +  l 

4(a--y)  +  ()+l 

2(x  +  y)i  +  l 

2(0; +y)* 

2(a;-y)4 

4(.T+y) 

A(x-y) 

Sx 


|T_ 


Sy  = 


:  ±V4a-Hl, 

=  J:V46  +  1, 

=  -l±VTaTT. 

=  -l±V46  +  l^^^  /    / 

=  4a  +  1  #2x^4^+1  +  1,  ,.y  /  ' 
»46  +  l^V46TI  +  l,      /^ 
^4a  +  46  +  4jl2V4a+lf^V46+l, 
J  (a  +  6  +ljj|  J  (^4^+1  ±  V4Fri). 
4a  -  4  &J  2  VioTl  =U  VSZL 
j(a-6)^i(V4^Tl  TViFTl). 


«♦■ 


41. 

-  a^y^  +  y*  = 


re'  —  a:y  +  y'  = 
Square  (2),  jc^+Sxy +y*-2.rV-2.Ty»  = 
Subtract  (3)  from  (1),  2r»y +2a;y9-4a^'y2  = 


Divide  by  2a;y, 
Subtract  (4)  from  (2), 


a;2-2a:y+y«  =  — 


Subtract  (5)  from  (2), 


xy- 

.  •.  rcy  —  3  aiy  = 
4ajy-()  +  9  = 
2jcy-3: 
ajy ' 
x*  — 2a;y +  y'  = 
x-y 
Multiply  (5)  by  3,  and  add  to  (2), 

a;2  +  2a;y +y'  = 

x-\-y- 

Add  (6)  and  (7),  2x- 

*--      .'.X- 
Subtract  (6)  from  (7),  '  2y - 


13 
3 
9 
4. 
2^ 

=     1, 

=  2orl 
=  1  or  2, 
=  ±1  or±V2 


(1) 

(2) 
(3) 

(4) 


(5) 
(6) 


■  9  or  6, 

±3or*V6  (7) 

.±4,  ±2,  or±V2±  \/'6._ 

±2,  ±1,  or  J(±y^±\/6). 

±  2,  ±  4,  or  tV2  ±V6. 

±1,  ±2,  or  J(t-\/2±V6). 
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42. 

a:*  +  y»  +  a;+y"48 

(1) 

2iy  »  21 

(IJ) 

Add  (1)  and  (2),        .r»  +  2ay  +y«  +  x  +y  =^  72, 

(a;  +  y)«  +  (x  +  y)«72. 

Complete  the  square,       4{a;  +  y)«  +  (  )  +  1  -=  289. 

Extract  the  root,                      2(x  +  y)  +  1  =  *  17, 

a;+y  =  8or  -9 

(3) 

From  (2),                                                       a:  =  l?. 

y 

12 

Substitute  value  of  x  in  (3),               If  +  y  =  8  or  ~  9. 

12  +  y'«8y  or-9y. 

y*-8y--i2. 

y'-()  +  l6=-4. 

y-4  =  ±2. 

.-.  y  =  r>  or  2. 

Also.                                                    12fy«  =  -9y, 

y»  +  9y  =  -12. 

Complete  the  square,           » 4y«  +  (  )  +  81  =  33, 

2y  +  9-±V33, 

2y  =  -9j:\/33. 

...y=J(-9tv^). 

Substitute  values  of  y  in  (3),                      x  -=  2,  G,  J  (-  ^  ^  >^33). 

43. 

3? -^  xy -\- y*  ^  a^  (1) 

ar+'v/^+y  =  6  (2) 

Divide  (1)  by  2,                   '     a?-V^+y  =  ^  (3) 

Subtract  (3)  from  (2).  ,  2Vxy  -• 

Divide  by  2,  ^/ry --       ^ 

b*  -  2a^6»  -f  g*     ,.v 
Squaring,  ay  = j^^ {V 


b 

b 
b^-a^ 
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Add  (;i)  and  (4),   a:»  +  2ajy  +  y«  = 
Extract  the  root,  x  +  y  =  ± 


a*  +  2a^b^  +  b* 


46« 
2b 


From  (4), 


Add  (1)  and  (6),  x'~2xy  +  y^=^ 

Extract  the  root, 

(5)  is 

Add. 

Subtract  (7)  from  (5), 


3  3(^^^20^61+05 

^  46=^ 

10o^y-3o*-36* 


(5) 
(6) 


x-y^  ±^y/iOa'b'  -  3o*  -  36*      (7) 


a;  +  y  =  ± 


o^  +  y 
26 


6^ 


2a;  =  ±  ^^-tA' ±  J_  VlOo^6»  - 3 o* -  3 6*. 
26        26 

2y  =  ±  ^^A"  :j:  i,  VlOa'^6''  -  ao*  -  3  6*. 
^  26        26 

.-.  x  =  \  [i:(o»  +  6»)±VlOo26«-3o*-36*]. 
46 

...  y  =  JL  [± (a«  +  62)t\/10o'*6«-3o«-36*]. 
46 


44. 


(1) 
(2) 


'  (3) 
(4) 


ix-yy-S(x-y)  =  10 
a^y  —  3  aiy  =  54 
Complete  the  square  of  (1 ),  4  (a;  —  y)'"^  —  ( )  +  9  =^ 

2(a;-y)f'S^±7. 
.'.  a;  — y  =  5  or  —  2 
Complete  the  square  of  (2),      4a;2y2  -  (  )  +  9'=  225, 

2a!y-3  =  ±15. 
.'.  a:y=  9  or  —6 
-(9);  a^-^  2xy  ^  y?.^  25  or  4. 

Multi^y44)  by  4,  4  a;y  =  36  or  -  24. 

Add.       ^-\  a;2  +  2a^  +  y«  =  1.  40,  61.  - 20. 

r\>^y  =  ±l,  ±2Vl0,  ±V6i,  i2V^  (5) 

Frwn(3)and  (5),        a;  =  3,  2.  5(5i:2Vl0X  }(5±v^),  J(5±^ 

-  i.  -I,  -^1  ± VlO.  i(^2±V^K-l  ±^ 
y  =  -2,  -3,  i(-5±>va0).  J(-5iV6T). 

J(-5±2\/:i5),  i,  i,  l±'i?'^ya^\/61.1±V^. 


.^^ 


.^-..z 
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46. 

Vi-V^-x*(x*  +  y*)  (1) 

(x-^yy^2(x-yy  (2) 

From  (1).  Vi-  Vy  -  «  +  x»y*  (3) 

Square  (3),  x  -  2y/xij  +  y  =  x*  +  2xVxy  +  xy, 

x-x^-xy +y=2xVJcy +  2Vj^      •(4) 
From  (2).  x*  +  2xy  +  j?  =  2x*  -  4xy  +  2y*, 

:?+5^-6xy  (6) 

Subtract  2xy  from  both  sides  of  (5), 

x'-2xy  +  y*-4xy. 
Extract  the  root,  «  -  y  -  ±  2  Vxy. 

Substitute  x  -  y  for  2Vxy  in  (4), 

X— X*  — xy  +  y-x*-xy  +  «  — y, 
or  ar ~y^0. 
.•.y»x«. 

Substitute  x«  for  y  in  (5),         x*  +  x*  -  G  x»  (6) 

X*  =  0  or  1  +  x»  -  6«. 
If  x-0.  y-0. 

From  l  +  x»  =  6x, 

a«_6x--l, 
SB«-6x  +  9  =  8, 

x-3  =  ±V8. 

X  =  (3i:2\/2). 

Since  y  =  x*. 

y  =  (3±2V2)". 

46. 

(;i^J*(i^)'-^  '■' 

«y-(i+y)  =  54  (2) 

Square(l).  J^^  .  2  +  '-J^  =  4. 

Simplify,  9x» +  x» +  2xy +  y*=-6x2  +  6xy, 

4x«-4xy  +  y«-0. 
Extract  the  root,  2  x  -  y  -  0  (3) 

.-.  y-2x. 
Substitute  value  of  y  in  (2),  2x« -  3x  -=  54, 
16x»-()+9  =  441, 
4x-3-±21, 

4x- 24  or -18. 
,\  x  =  6  or  —  4J. 
.*.  y=12or -9. 


-  «  —  -%  r^  =25 

^3^-  M   =1* 


(1) 

(2) 
(3) 


(4) 
(5) 

(6) 
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EXEBCISE    104. 

1.  If  the  length  and  Y)readth  of  a  rectangle  were  each  In- 
creased by  1,  the  area  woald  be  48 ;  If  they  were  each  dlniinLshed 
by  1,  the  area  would  be  24.    Find  the  length  and  breadth. 

Let    X  =  length  of  rectangle, 
and       y  =  width  of  rectangle. 


Then 
and 

{a:+l)(y  +  l)-48 
(x-l)(y- 1)^24 

0) 

(2) 

Simplify  (1), 
Simplify  (2), 

ay  +  aj+y  +  l=48 
«y-a:-y +  1  -21 

(3) 

Add, 

2xy                +2-72 

Snbstitate  value  of 

Ty  •---  35 
xy  in  (3), 

35  +  a:  f  y  +  1  =  48, 

(4) 

a;  +  y=12 

('>) 

Square  (5), 
Subtract  4  x  (4), 

0^  +  2ay  +  y'  =  144 
ixy          =140 

a^-2xy  +  y»=     4 

Extract  the  root, 
From  (5)  and  (6), 

x-y =±2 
I  =  7  or  5, 
y  =  5  or  7. 

W 

2.  The  sum  of  the  squares  of  the  two  digits  of  a  number  is 
25,  and  the  product  of  the  digits  is  12.     Find  the  number. 

Let    X  =  digit  in  tens'  place, 
and       y  =  digit  in  units'  place. 

a^+y«  =  25  (1) 

ary  =  12  (2) 

Multiply  (2)  by  2,  2an/  =  24  (3) 

Add  (3)  and  (1),  a:*  +  2  a:y  +  y«  =  49. 

Extract  the  root,  aj  +  y  =  ±  7  (4) 

Subtract  (3)  from  (1),      a:*  -  2a:y  +  y«  =  1. 
Extract  the  root,  a;  —  y  =  ±  1  (5) 

From  (4)  and  (5),  2  a;  =  db  8  or  ±  6. 

.-.  a?  =  ±4  or  ±3, 
y  =  ±  3  or  ±  4. 
Hence,  the  required  number  is  43  or  34. 
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3.  The  sum,  the  product,  and  the  difference  of  the  squares  of 
two  numbers  are  all  equal.    Find  the  numbers. 

Let  X  -k-y=^  one  number, 

and  x^y  =  the  other  namber. 

Then  2x^  the  sum  of  the  numbers, 

X*  —  y*  =  the  product  of  the  numbers, 
and  ^xy  =  the  difiference  of  the  squares. 

2x  =  7?-y^ 
a^-y^  =  Axy 

Transpose  in  (1),    a?  —  2x  —  y»  =  0 

Transpose  in  (2),    a'  —  4a!y  — y'  =  0 

Subtract,  2x-4ay         =0 

l-2y  =  0, 
2y  =  l. 

Substitute  value  of  y  in  (1),  2a5  =  a^  —  J, 

3?-2x^\. 
Complete  the  square,  a:*  —  2a;-|-l  =  |. 
Extract  the  root,  x  —  1  =  ±  J  ^/b. 

.-.  x=l±i\/5, 
x-y  =  }±  j>/6 


4.  The  difference  of  two  numbers  is  |  of  the  greater,  and  the 
sura  of  their  squares  is  356.    What  are  the  numbers? 


Let 
and                 X  - 

x  = 

y  = 
-y- 

=  greater  number, 

=  lesser  number, 

=  difference  of  the  numbers. 

Then 

-y-'i 

(1) 

and 
Simplify  (1), 

x«+y«  =  356 
8x-8y  =  3x. 

(2) 
(3) 

Substitute  value  of  x  in  (2).  ^^  +  y«  =  356. 

Simplify,  64y2  +  2^y^  =  8900, 

89y«  =  8900, 
y«=100. 

Extract  the  root,  y  =  ±  10. 

Substitute  value  of  y  in  (3),  5x  =  ±  80. 

.•.  x  =  ±16. 
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5.  The  numerator  and  denominator  of  one  fraction  are  each 
greater  by  1  than  those  of  another,  and  the  sum  of  the  two  flrac- 
tions  is  l^j ;  if  the  numerators  were  interchanged  the  sum  of  the 
fractions  would  be  1|.    Find  the  fractions. 

I^et  -  s  one  fraction, 

y 

and  EJl±  =  the  other  fraction. 

y  +  1 

Then  £  +  «JLi  =  17  (i) 

y     y  +  1     12  ^^ 

and  £±1+-* ?  (2) 

y       y+1     2  ^^ 

Simplify  (1),  12ay+12a;+12a;y+12y  =  173/*  +  17y. 
Simplify  (2),      2ay4-2y +2ar+2+2a;y  «  3y»  +  3y. 
Transpose  and  combine, 

-17y»-5y  +  24:ry-f  12a;  =  0  (3) 

-3y»-y  +  4ay  +  2a:«-2  (4) 

Multiply  (4)  by  6, 

-  18y«  -  6y  +  24jry  +  12ar  =  - 12  (5) 

Subtract  (5)  from  (3),  y«  +  y  =  12  (6) 

4y«+()+l-49. 
2y  +  l  =  ±7. 
2y  =  6or-8. 
.-.  y  =  3or-4. 

Substitute  3  for  y  in  (1),   |  +  ^^  =  ^ 

Simplify,  4a:  +  3a?+3  =  17, 

7a:  =  14. 

Hence,  the  fractions  are  }  and  J. 


6.  A  man  starts  from  the  foot  of  a  mountain  to  walk  to  its 
summit.  His  rate  of  walking  during  the  second  half  of  the  dis- 
tance is  i  mile  per  hour  less  than  hi^'ratc  during  the  first  half, 
and  he  reaches  the  summit  in  6}  hours.  He  descends  in  3| 
hours,  by  walking  1  mile  more  per  hour  than  during  the  first 
half  of  the  ascent.  Find  the  distance  to  the  top  and  the  rates  of 
walking. 
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Let  2  a;  =»  distance, 

and  y  =  rate  at  first. 

Then  -  =  number  of  hours  he  was  walking  1st  half, 

y 

and  -JL-  =  number  of  hours  he  was  walking  2d  half. 

y-i 

Hence,  ^  +  -^  =  5^.  (1) 

y    y-i 

Also.  -2^=3|  (2) 

Clear  (1)  of  fractions,  4ay-2a;  +  4a:y  =  22y»-lly. 

22y«-8xy+2a;-lly  =  0  (3) 

Clear  (2)  of  fractions,  8a;  =  15y  +  15. 

.  3,     ^5.v  +  15        .4. 
Substitute  value  of  x  in  (3),  '  '  8 

176y»  -  120y'  -  120y  +  SOy  +  30  -  881/  =  0, 

56y«-178y  =  -30. 
Complete  the  square,  3136y«  -  (  )  +  (89)«  =  6241. 
Extract  the  root,  56y  -  89  =  ±  79. 

.•.y  =  3. 

Substitute  value  of  y  in  (2),  IT  ^  T' 

2a;  =  15. 
Hence,  the  distance  is  15  miles ;  and  the  rates  of  walking,  3, 
2},  and  4  miles. 

7.  The  sum  of  two  numbers  which  are  formed  by  the  same 
two  digits  in  reverse  order  is  f  f  of  their  difference ;  and  the  dif- 
ference of  the  squares  of  the  numbers  is  3960.  Determine  the 
numbers. 

Let  X  =  digit  in  ten's  place, 

and  y  =  digit  in  unit's  place. 

Then  lOo;  +  y  =  first  number, 

lOy  +  x  =  second  number, 
lla;  +  lly  =  sum  of  the  numbers, 
9  a;  —  9y  =  difference  of  the  numbers. 
(lOof  +  y)'  —  (x-\-  lOyf  =  difference  of  the  squares. 

.-.  lla;  +  lly  =  H(9«~9y)  (1) 
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and              (lOx  +  y)»  -  (x  +  10y)»  =  3960 

(2) 

Simplify  (1).                         ^  +  y  =  ££:3^, 

7y-3x-0 

(3) 

.  --'f 

Substitute  value  of  a-  in  (2), 

m-m^^^' 

3^y'  =  3960. 

•y'  =  9. 

.-.  y  =  i:3. 

From  (3),                                3x  =  7y. 

.•.a!-±7. 

Hence  the  nambers  are  73  and  37. 

8.  The  hypotenuse  of  a  right  triangle  Is  20,  and  the  area  of 
the  triangle  is  96.    Determine  the  sides. 

Let  X  =  longer  side, 

and  y  =  shorter  side. 

Since  sum  of  squares  on  sides  equals  square  on  hypotenuse, 
x»+y«  =  400  (1) 

Since  area  of  triangle  equals  one-half  product  of  sides, 

S^  =  96  (2) 

2  ^ 

ay  =  192. 

Multiply  (2)  by  2,  2xy  =  384  (3) 

Add  (1)  and  (3).      a:»  +  2a:y  +  y*  =  784. 

Extract  the  root,  a?  +  y  =  ±  28  (4) 

Subtract  (3)  from  {l\x'-2xy +if  =  \6. 

Extract  the  root,  a:  —  y  =  ±  4  (5) 

From  (5)  and  (4),  2  a;  =  ±  32  or  ±  24. 

.-.  a;  =  ±16  or  ±12. 
2y  =  ±24or  ±32. 

.-.  y  =  ±12or±16. 
Hence,  the  sides  are  16  and  12. 
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40. 


x—y  +Vx^ 


-y  =  h. 

4(a;-y)  +  ()+l  =  46  +  l^_ 
2{x  +  y)i  +  1  =  iVIoTT, 
2(a;  -  y)i  + 1  =  ±  V4  h  +  1, 

2(a;+y)*  =  -l±V4aTr. 

2(aj-y)4  =  -l±V46  +  l 


'T 


// 


4(.T+y)  =  4a+  1 1#'2  V4a~+1  + 1,     ^ 
4(a,-y)=46  +  l:|^V46n+l,  '  /^' 
8a  =  4a  +  46  +  4ji2\/4aTl^\/46+I. 
.-.  a;  -  J  (a  +  6 +1]^  H^4iTl  ±  V46T1). 
8y  ^  f^ibj:  2V47rri  t^VSH  - 
.-.  y  =  J(a-6)^i(\/4^Tl=FV46Tl). 


41. 

JB*  —  (c^y^  +  y*  = 

.T*  —  jcy  4-  y^  = 

Square  (2),      aj*+3xV+2/*-2'^V-2.V  = 

Subtract  (3)  from  (1),  2r^y+2xy^-ix^y^  = 

Divide  by  2iBy,  a:*  —  2a:y  +  y*  = 

Subtract  (4)  from  (2),  xy  = 

.*.  x^y^  —  Sxy  = 

4a:y-()  +  9  = 

2icy-3  = 

icy  = 

a^  —  2xy  +  y*  = 

a;  — y  = 

Multiply  (5)  by  3,  and  add  to  (2), 

sc^  +  2xy  +  y*  = 

x-\-y  = 

Add  (6)  and  (7),  2x  = 


Subtract  (5)  from  (2), 


.13 

:3 

9 
4. 
2_ 
xy 
3-A 

1, 

±1, 

2orl 
1  or  2, 
±1  0T±y/2 


(1) 
(2) 
(3) 

(4) 


(5) 
(6) 


Subtract  (6)  from  (7), 


2y- 
,',y^ 


9  or  6, 

±3or^V6  (7) 

±4,  ±2,  or  ±V2±  \/6. 
±2,  ±1,  or}(±V2±\/6). 
±2,  ±4,  or  T\/2  ±V6. 
±1,  ±2,  or  J(tV2±V6). 
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42. 

x»+y«+x+y-48 

(1) 

2xy  =-  24 

(2) 

Add  (1)  and  (2),        .t»  +  2fl!y  +y«  +  a:  +y  =  72, 

(a;  +  y)«  +  (a:  +  y)-72. 

Complete  the  square,       4(x  +  y)«  +  (  )  +  1  =  289. 

Extract  the  root,                      2(x  +  y)  +  1  =  i  1 7, 

x+y  =  8  or-9 

(3) 

From  (2).                                                    x--. 

12             ^ 
Substitute  value  of  x  in  (3),               —  +  y  =  8  or  -  9, 

12  +  y'  =  8y  or-9y, 

y»-8y==-12, 

y»-()  +  16=3  4. 

y  -  4  -  ±  2. 

.-.  y  =  Gor  2. 

Also,                                                    12  f  y»  =  -  9y, 

y«  +  Oy  ^  -  12. 

Complete  the  gquare,           » 4y«  +  (  )  +  81  =  33, 

2y +  9  =  ±V33, 

2y  =  -9i:\/33. 

.•.y=J(-9^Vii3). 

Substitute  values  of  y  in  (3),                       x  -  2.  6,  J  (-  9  i^  \/33). 

43. 

x»  -I-  xy  +  y*  =  a*  (1) 

x+\/^+y  =  6  (2) 

Divide  (1)  by  2,  '     x  -Vry  +  y  =  -  (3) 

Subtract  (3)  from  (2).  .  2V^  =  ^-=J^. 

0 

Divide  by  2,  Vxy  =  -   ~"  • 

Squaring,  xy=. — (4) 
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Add  (^1)  and  (4),  a^4-2a:3/  +  y*  = 
Extract  the  root,  x  +y  =  ± 

From  (4),  -3ajy 


a*  +  2a^b^  +  6* 


46« 
g^  +  y 
26 


3(6^-2a^y  +  a*) 
Add(l)lnd(6),   .T«-2a:t/  +  y«=^-^^'*'-^''*-^** 


(5) 
(6) 


Extract  the  root, 

(5)  is 

Add, 

Subtract  (7)  from  (5), 


1 


46^ 


x-y  =  ±  ^VlOa'b''  -  3a*  -  36*      (7) 


a;  +  y  =  ± 


a«  +  6« 
26 


6>- 


2a;  =  ±?5-±A'±lVlOa«6«-3a*-36*. 
26        26 

2 y  =  ±  ^^±1'  T  —  \/lOa*6'»-aa*-36*. 
^  26       26 

.-.  jc  =  —  [±(a»  +  6»)±Vl0a26''»-3a*-36*]. 
46 

.-.  y  =  J-  [± (a«  +  6«)TVlOa''62-3a*-36*]. 
46 


44. 


(1) 
(2) 


'  (3) 
(4) 


(x-yf-S{x-y)=>10 
a;y-  3a:y  =  54 
Complete  the  square  of  (1 ),  4  (x  —  y)'^  -  ( )  +  9  = 

2(a;-2/)fS  =  db7. 
.'.  a;  — y  =  5or— 2 
Complete  the  square  of  (2),      4a;y  -  (  )  +  9'=  225, 

2xy-S  =  ±15. 
.'.  xy  =  9  or  —  6 
■(9);  ^-^2xy  ^-yl^  25  or  4. 

MultT^ij^)  by  4,  4  a;y  =  36  or  -  24. 

Add,       ^v^  X*  +  2aJJ^  +  y*  =  1.  40.  61,  - 20. 

.\V<y  =  ±l,  ±2VlO,  ±\/6i,  ±2\/^  (5) 

From  (3) and  (5),        x~^,  Z^h (5 ± 2VT0),  i(5±Vm),  i{5±^^ 
-  h  -I  -1  ±v^.  }(-2±V6l),-l  ± 
y  =  -2,  -3.  }(-6±>^).  J(-5=tVk). 

J(-5±2V::5),  I,  J,  l±v'l0j4W61,l±V=^. 


^A.       J^( 


7 
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46. 

\^-V^«x*(x*  +  y*)  (1) 

{x+yy^2(x-yy  (2) 

From  (1),  Vxj-y/y  =  a:  +  a;^*  (3) 

Square  (3),  z  —  2y/xy  -\-y^tj^-\-  2xVxy  +  rty, 

x  —  a^  —  xy-\-y  =  2xVxy-\-2y/xy      m  (4) 
From  (2),  x»  +  2ay  +  j?  =  2a:»  -  4ay  +  2y», 

aj*  +  y'=-6ay  (6) 

Subtract  2xy  from  both  sides  of  (5), 

a^~-2xy  +  y*:^ixy. 
Extract  the  root,  «  —  y  —  i  2  y/xy. 

Substitute  a?  —  y  for  2Va^  in  (4), 

a;-a;«-a^  +  y-a;«-a^  +  «-y, 
or  x*-y=»0. 
.-.  y  =  a;». 

Substitute  s^  for  y  in  (5),  x»  +  a?*  -  6 »»  (6) 

a:*  =  0  or  1  +  a:«  -  6«. 
If  a:  =  0,  y  =  0. 

From  l  +  a:*  =  6a:, 

a;»-6x  =  -l, 
a"--6x  +  9  =  8, 

a:-3  =  ±V8, 
ar  =  (3i:2\/2). 
Since  y  =  a:*, 

y  =  (3±2\/2)». 


(^)M 


46. 

^)L2  (1, 

ay-(x  +  y)  =  54  (2) 


Square  (1),  -^  +  2  +  ^  «  4. 

^         ^  ^     .  x+y  3x 

Simplify,  9x«  +  a:* +  2xy +  y«  =  6x»  +  6xy, 

4x«-4«^+y'  =  0. 
Extract  the  root,  2x-y-=0  (3) 

.-.  y  =  2x. 
Substitute  value  of  y  in  (2),  2x» -  3x  =  54, 
16x«-()  +  9  =  441. 
4x-3  =  ±21, 

4x- 24  or -18. 
.•.  x  =  6  or  —  4J. 
•  •.  y  =  12or-9. 


Alcc\, 


C^,.         ,i..^<}i<.Ctl,      >^'      '  -    ^:^^-irV^€jL^ 
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Exercise  105. 


1.  a;»-7a;4-12  =  0. 
a  =  l,   6  = -7,  c  =  12, 

.-.  the  roots  are  real,  diflferent, 
and  rational. 


6.  x*  4- 4a; +  1  =  0. 
a=l,  6-4,  c=l, 
6«-4ac  =  12. 
.-.  the  roots  are  real,  unequal, 
and  surds. 


2.  x»-7a;-30  =  0.  7.  a:«-2a;  +  9  =  0. 

a  =  l,  6  =  -7,  c  =  -30,  «  =  1.  6  =  -2,  c  =  9, 

&»-4ac  =  ,r« ^     y^^.  6«-4ac  =  -32. 


.-.  the  roots  are  imaginary. 

8.  3a;«-4a;-4  =  0. 

a  =  3,  6  =  -  4,  c 4, 

62-4ac  =  64. 
.*.  the  roots  are  real,  unequal, 
and  rational. 

9.  «»  4- 4a; +  4  =  0. 

a  =  1,  6  =  4,  c  =  4, 
J*-4ac  =  0. 
.'.  the  roots  are  real  and  equal. 

10.  7a;-3a;»-2  =  0. 
.•.3a:*- 7a; +  2  =  0. 

a  =  3,  6  =  -  7,  c  =  2, 
6'-4ac  =  25. 
.-.  the  roots  are  real,  unequal, 
and  rational. 


.*.  the  roots  are 


3.  a;*  +  4a!- 5  =  0. 

o  =  1,  6  =  4,  c  =»  —  5, 
6a-4ac  =  36. 
.-.  the  roots  are  real,  unequal, 
and  rational. 

4.  5a;«  +  8  =  0. 

a  =  5,  6  =  0,  c  =  8, 
6»-4ac  =  -160. 
.-.  the  roots  are  imaginary. 

6.   7a;2-3a;-22  =  0. 
a  =  7,  6  =  -  3,  c  =  -  22, 
62-4ac  =  625. 
.-.  the  roots  are  real,  unequal, 
and  rational. 


11.  (»i  +  l)a;»  +  (m-l)a;  +  (m  +  l)  =  0. 

a  =  w  +  l,  6  =  m  — 1,  c  =  m  +  l, 
6«  -  4ac  =  -  3m*  -  10m  -  3. 
If  the  roots  are  equal,     6*  —  4  ac  =  0. 
.-.  -3m«-10m-3  =  0. 
Whence,  by  solving,  m  =  —  },  or  —  3. 

12.  (3m  +  l)a;«  +  (2m  +  2)a!  +  m  =  0. 

a  =  3m  +  l,  6  =  2m  +  2,  c  =  m, 
6*  -  4ac  =  4  +  4m  -  8m', 
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If  the  roots  are  equal, 

Whence,  by  solving,  m  =»  1,  or  -  J. 

13.  (m-2)a:»  +  (m-5)x-|-(2m-5)  =  0. 

a  =  7»  — 2,  6«m  — 5,  c=-2to-6, 

6»  -  4ac  =-  -  7m»  +  26m  -  15. 
If  the  roots  are  equal, 

-7m«  + 26m -15  =  0. 

Whence,  by  solving,  m  =  f ,  or  3. 

14.  2wia:«  +  jB»-6wiaj-6aj  +  6m+ 1-0. 

a  =  2m  +  l,  6  =  -6m-6,  c-6m+l. 

6»  -  4ac  »  -  12m' +  40m  +  32. 
If  the  roots  are  equal, 

-12m»  + 40m +  32  =  0. 
Whence,  by  solving,  m  =  4,  or  —  §. 

16.  mx*  +  2x»  4- 2m  =  37710; -9x  + 10, 
or         (m  +  2)x^  -  (3m  -  9)x  +  (2m  -  10)  =  0. 

a  =  m  +  2.  6  =  -  (3m  -  9),  c  «  2m  +  10, 
6'  -  4ac  =-  m»  -  30m  +  161. 
Whence,  by  solving,  m  —  7,  or  23. 

Exercise  106. 

1.  2,1.  6.   -5, -f 

(a;-lXa:-2)  =  0.  (x  +  SX*  +  J)  -  0. 

ar»-3a;  +  2-0.  (x  +  5X2x  +  1)  =  0, 

^     ^  2a:»  +  llx  +  5  =  0. 

2.  7,-3. 

(x-7Xa;  +  3)  =  0.  6.   -}.  f 

x*  -  4  X  -  21  =  0.  (x  +  i)(x  -  I)  =  0, 

(9x  +  7X7x-9)  =  0, 

^'   *'3-  63x»-32x-63  =  0. 

(x-}Xa:-l)  =  0, 

(2x-lX3x-l)  =  0,  7.  a -26,  3a +  26. 

6x»  -  5x  +  1  =  0.  (x  -  a  +  26Xa;-3a  -  26)  =  0, 

x»  -  4ax  +  3a«  -  4a6  -  4  6»  =  0. 
4.   i,  -  i- 

(» - §)(x  +  f )  =  0,  8.  2a-6.  6-3a. 

(3x  -  2)(2x  +  3)  =  0,  (x  -  2a  +  6)(x  +  3a  -  6)  =  0, 

6x»  +  5x-6  =  0.  x»  +  ax-6a*  +  5a6-6«  =  0. 
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9.  a  +  1,  1  -  a. 

(x-a-l)(a;  +  a-l)  =  0, 
jr»-2x-a2  +  l  =  0. 

10.  3a:*  -  15x - 42  =  3(x»  -  5a;  -  14)  =  3(a; -  1)(x  +  2). 

11.  9a:«-27x-70  =  (3a;-14)(3a;  +  5). 

12.  49x»  +  49x  +  6  =  (7x  +  6)(7»+l). 

13.  a:»-3x  +  4. 

Solve  x*-3x  +  4  =  0, 


X  =^ 


2 

X 


14.  x»  +  x  +  l. 

Solve  X*  +  X  +  1  =  0, 


2 

1  + V^\ 


^„.,.(..i±l^')(„i^y 


16.  4x«  +  12x  +  13. 

Solve     4x*  +  12x  +  13  = 

'0, 

x  = 

-  3  ±  2  V-  1 
2 

.-.  4x»  +  12x  + 

13  = 

=  (2x  +  3- 

-2V-1X2X  +  3  +  2V-1). 

Exercise 

107. 

L.   Ua:b::c:d, 

2.   3a  +  6:6::3c  +  rf:c?. 

a      c 
b     d 

Ifa:6::c:cf,       ?  =  £■ 
6     a 

Multiply  by  ^, 

71 

Multiply  by  3,   2^  =  ^. 
b       d 

Add  1  to  each  side, 

vna  _  mc 
nh      nd 

0              a 

That  is, 

_  3a  +  6     3c  +  <f 

ma  :nb:  :mc: 

nd. 

.-.  3a  +  6:6::3c  +  rf:d 

teachers'  EDinOK. 


889 


3.    lia:b::c:d, 

6.  a.a-k-h.'.c\c-\-d. 

CL        C 

l{a:b::e:d,        ?  =  ^. 

then              T  =  "T 

6     d 

h     d 

^    .                     6     <i 

Add  2  to  each  side, 

By  inversion.       -  «  -. 

f-^-.- 

2. 

By  compoeition, 

6  +  a     d+  c 

a+26     c  + 

M 

a           e 

6  d 

:a-^2b:h::c  +  2d:d. 


By  inversion, r  =»  -; 

•^  a  +  6     d+c 

.-.  a:  a  +  6:  :  c:c  +  rf. 


Since  a : 

h: 

:  C:  < 
a 
6° 

C 

a  _• 
d 

Cubing, 

—  = 
6> 

... 

a» 

:6»: 

:C»: 

(f». 

6.  a:a  —  b::c:c  —  d. 

If    a:6::C:d,     ?  =  ^ 
o     a  . 


b^d 

a     e 
a—b_ c-d 
~~a  c 


By  inversion, =  -   — • 

•^  a-  b     c~d 


By  inversion, 
By  division. 


.  a :  a—b  :  :  c:  c—  d. 


7.    If  a  :  6  :  :  c  :  rf, 


a     c 
b^d 

Multiply  by-.  --  — 

By  composition  and  division, 

Tna  +  nb  _  mc  -\-nd 
ma  —  nb     mc  —  nd 
.'.  ma  -\-  nb  :  ma  —  nb  :  :mc  -\-  nd :  mc  —  nd. 


8.   liaib:  :  c:d, 


Also, 


a 

V 

c 
'd 

V 

3_ 

2 

c 

"  d' 

4 

2a +  : 

56 

2c  +  3d 

26 

2d 

2a  +  36 

2c-h3d 

6 

d 

a 
b~ 

4     c 
"3     J 

4 
3 

(1) 
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Sa-U_Sc-Ad 

36  Sd 

3a-46     Se-Ad 

"'— r — 

Dividing  (1)  by  (2).        2a  +  36_2c  +  3d 


(2) 


a 
b~ 

c 
"  d 

a" 
b^ 

7U? 

nd*' 

ma* 
mb* 

■r. 

nd* 

--  r. 

3a-46     3c-4rf 
.  2a  +  36:3a-46::2c  +  3rf:3c-4d 


9.    Ifa:6::c:d, 
By  squaring, 

Let 

Then 

Hence,  mc?  =  ?nZ>V,  and  nc^  =  ndh-, 

ma*  +  nc^  =  (m¥  +  nd*)  r, 

.  •.  ma'  +  wc*  :  mb*  +  nd*  : :  a'  :  b*. 


10.   If  a :  6 : :  c :  c?,  by  alternation,  a.c.ib:  d. 

Also,  ?X?  =  5x?. 

c      c      a     c 

"  c"     cd     d* 
.  ^^*  ^  yia5  ^  ^y 
mc'     wed     pd' 

mc*  +  ncc?  +pd*     pd*     d* 
,«.  77ia«  +  nab  -{-pb* :  mc*  +  ncd  -{-pd*  :  :b* :  d\ 
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11.  If 

o  :  6  : :  6  :  c, 

by  composition, 

a-^b:a::b+e:d; 

by  alternation,     , 

o  +  6:6+c::0:6. 

12.    Ifa:  6:  :&:<?, 

a     b 

b     e 

Multiply  by  % 

0 

a>     ab 

or  a*  :l^::  ah:  be. 

By  alternation, 

a*:ab::h':be. 

By  composition, 

a»  +  oi  :  oi  :  :  6*  +  ftc :  5c. 

By  alternation,    a*  +  oi  :  6'  +  6c : :  oi  :  6c. 
Cancelling  b  in  the  terms  of  last  ratio, 
a^  +  ab:l^-^bc::a:c. 


13.   Ifa:6::6:c,  6»  -  oc. 

Multiply  by  (a  —  c),       oi'  -  6*c  =  a*c  —  cu^. 
Add  2  a6c  to  both  sides, 

ab*  +  2abc  —  b^c  =  a»c  +  2abe  -  a^. 
Transpose  —  &*c  and  -  a^^ 

*  ait^ -^^  2ahc -^^  ai?  =  a*c  +  2ahe -\- V^e, 

or  a(6*  +  26c  +  c*)  =  c(a»  +  2a6  +  6»), 
or  a(6  +  c)'  =  c{a  +  6)». 

Divide  by  c(6  +  c)\  ^  =  ^^^^ 

c      (6  +  c)' 

or  a :  C  :  :  (a  +  6)*  :  (6  +  c)'. 


14.  When  a,  6,  and  c  are  proportionals,  and  a  the  greatest, 
show  that  a  +  c  >  2  6. 

a  :  6  :  :  6  :  C. 

Since  ?  =-  -  and  a  >  6, 

6     c 

.-.  6>c. 

Also,  since  by  division  ^^^~-  =  — ^  and  6  >c, 
0  c 

,\  a—b>b  —  c. 

By  adding,  6  +  c  =  6  +  c, 

a  +  c>26. 
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15.  If  ? y.  =  ? -  —  ? — ?,  and  x,  y, «  are  unequal,  then  l-\-m 

I  m  n 


+  n  =  0. 


Let  ^::i3/^        yil^=r.    ill^  =  r. 

Then  x  —  y  =  lr, 

y  ^z  =  mr, 
z  —  x  =  nr. 
x  —  y-\-  y  —  z  +  z  —  a;  =  (i  +  m  +  n)r, 
or  0  =  (Z  +  m  +  n)  r. 
.-.  Z  +  m  +  n  =  0. 


16.  Findxwhen        a;  +  5  :  2a;- 3  : :  5a;  +  l :  3a;-3. 
Equate  the  product  of  the  means  and  the  product  of  the 

extremes,         lOx«  _  13iB  -  3  =  3a:«  +  12a;  -  15, 
7a;*-25aJ  =  -12. 
196  a:* -0  +  625  =  289, 
14a;-25  =  ±17, 
14a;  =  42  or  8. 
.'.  a:  =  3orf 

17.  Find  a;  when         a;  +  a:  2a;-6  : :  3a;  + J:  4a;— a 

a;  -ha  ^  3a;  +  5 
2a;  — 6      4a;  — a 
Clear  of  fractions,  4  a;*  +  3aa;  +  a'  =  6  a;*  —  6a;  —  6', 
2a;«-a;(3a  +  6)  =  (6«-a«), 
16a;»-  (  )  +  (3a  +  hf  =  a«  +  ^ah  +  96», 
4a;-(3a  +  5)  =  ±(a+36), 

4a;  =  4a  +  4  J  or  2a  -  25. 

.'.  a;  =  a  +  6  or  ^^■^^^• 
2 

18.  Find  a;  when 

Vx-\-Vb:y/x-y/b:  .a.h. 

bVx  +  5  V6  =  aVx  —  aVb^ 
(a-b)\^  =  {a-^b)Vb, 
^_(a-¥b)Vb 

a  —  b 
.  ^_(a«  +  2a&  +y)5 
a«-2a6+62 
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19.  Find  z  and  y  when  x :  27  : :  y :  9,  and  x :  27 : :  2 :  x ~y. 

a: :  27  :  :  y  :  9. 

.-.  a?-3y  (1) 

x:27::2:aj-y. 
.'.  a*  — ay  =  54. 
Substitute  3y  for  x,  9y«  -  3y«  =  54, 
6y«  -  54, 

y'-a 
.-.  y«±3. 
Sabstitnte  values  of  y  in  (1),  a;  =  i:  9. 

20.  Find  x  and  y  when  z  +  y+l:x  +  y  +  2::6:7,  and  when 
y  +  2x:y~2x::12x  +  6y  — 3:6y  — 12x— 1. 

a:  +  y  +  l:«  +  y  +  2::6:7. 
By  division,  «  +  y+l:l::6:l. 

.'.  X  +  y  +  1  =-  6, 

or  X  +  y  »=  5  (I) 

y  +  2x :  y  -  2x : :  12x  +  6y-3  :  Oy -  12x- 1. 
By  composition  and  division, 

2y:4x::12y-4:24x-2, 
or  y:2x::6y-2:  12x-l. 
.*.  12xy  — y  =  12xy— 4x. 

.-.  4x-y  (2) 

From  (1)  and  (2),  x  =  1. 

and  y  =  4. 

21.  Find  X  when 

x»-4x  +  2:x»-2x-l.:x»-4x:x»-2x-2. 
By  alternation, 

x» -4x  +  2 :  X* -4x : :  X*- 2x- 1  :  a;«  -  2x- 2. 
By  division,  2:01'  —  4x::l:x'  —  2x—  2. 

.-.  2x»~4x-4=»x*-4x. 
.-.  x«  =  4. 
.-.   x  =  ±2. 

22.  A  railway  passenger  observes  that  a  train  passes  him, 
moving  in  the  opposite  direction,  in  2  seconds ;  but  moving  in 
the  same  direction  with  him,  it  passes  him  in  30  seconds.  Com- 
pare the  rates  of  the  two  trains. 
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Let  X  =  rate  of  the  faster  train, 

and  y  =  rate  of  the  slower  train. 

Then  x -{-y  :  x-y  :  :S0:2. 

By  composition  and  division, 

2a; :  2y  : :  32  :  28. 

.-.  a;:y::8:7. 

23.  A  and  B  trade  with  different  sums.  A  gains  $  200  and  B 
loses  $  50,  and  now  A's  stock :  B's : :  2 :  }.  But,  if  A  had  gained 
$100  and  B  lost  $85,  their  stocks  would  have  been  as  15:3). 
Find  the  original  stock  of  each. 


Let 

•                     X  =  original  stock  of  A, 

and 

y  =  original  stock  of  B. 

Then 

a;  +  200:y-50::2:}. 

Simplify, 

a;  +  200  =  4y  -  200, 

a;_4y  =  -400.                        (1) 

Also, 

a;  +  100:y-85::15:3}. 

Simplify, 

13a;  +  1300  =  60y- 5100, 

13a; -e0y  =  - 6400                      (2) 

Multiply  (1)  by  15.   15  a;- 60y  =  -6000                      (3) 

Subtract  (2)  from  (3).            2a?  =  400. 

.-.  a;  =  200. 

200  -  4y  =  -  400. 

.-.  y  =  150. 

24.  A  quantity  of  milk  is  increased  by  watering  in  the  ratio 
4  •.  5,  and  then  3  gallons  are  sold ;  the  remainder  is  mixed  with 
3  quarts  of  water,  and  is  increased  in  the  ratio  6 :  7.  How  many 
gallons  of  milk  were  there  at  first? 

Let  X  =  number  of  quarts  of  milk  at  first, 

and  y  =^  number  of  quarts  of  water  put  in  at  first. 

Then    x  -v  y  =  number  of  quarts  of  mixture  after  watering. 

.*.  a;:  a;  +  y  :  :  4:  6, 

X         4 

or  -Ji—  =  -, 

x+y     5 

5a;  =  4a;  +  4y, 

a?  — 4y  =  0. 
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x  +  ^  —  12  —  namber  of  quarts  in  remainder  before  watering, 
a;  +  y  —   9  =»  number  of  quarts  in  remainder  after  watering. 

.  g  +  y-12     6 
a?  +  y-9  °°7 
7a;  +  7y-84  =  6«  +  6y-54. 

«-4y»   0  (1) 

x+    y-30  (2) 

5y  =  30 

.•.y-6. 

Substitute  value  of  y  in  (1), 

a:-24-0. 
.*.  a:  =  24  quarts  or  6  gallons. 

25.  In  a  mile  race  between  a  bicycle  and  a  tricycle  their  rales 
were  as  5:4.  The  tricycle  had  half  a  minute  start,  but  was 
beaten  by  176  yards.    Find  the  rates  of  each. 

Let         X  =  number  of  yards  bicycle  goes  per  minute, 
and  y  =  number  of  yards  tricycle  goes  per  minute, 

a: :  y  : :  5  :  4, 
4x  =  6y. 

.,x-  ^ 

=  number  of  minutes  tricycle  was  going  after 

y        2         bicycle  started, 

1  '7/2/) 

=  number  of  minutes  bicycle  was  going. 

1584     1  _  1760 
y        2        X   * 

1584  a; -?3^  =  1760y, 
3168aj-ary  =  3520y. 
Substitute  ^  for  x,  by*  =  1760y. 

.•.y  =  352, 
and  x  =  440. 
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26.  The  time  which  an  express-train  takes  to  travel  180  miles 
is  to  that  taken  by  an  ordinary  train  as  9 :  14.  The  ordinary 
train  loses  as  much  time  from  stopping  as  it  would  take  to  travel 
30  miles ;  the  express-train  loses  only  half  as  much  time  as  the 
other  by  stopping,  and  travels  15  miles  an  hour  faster.  What 
are  their  respective  rates? 

Let  y  =  number  of  miles  ordinary  train  goes  per  hour, 

and  y  +  16  =  number  of  miles  express-train  goes  per  hour. 

Then      ^  =  number  of  hours  required  for  ordinary  train. 

Also, —  +  —  =»  number  of  hours  required  for  express -train. 

y  +  15     y 

.   180  +  30      180        16     ,.    Q 
••. :  — -^  +  — : :  14  :  9. 

y      y  +  15     y 

1890  _  2520       210 

y      y  +  15      y  * 
1680      2520 

y      y  +  15' 

1680y  + 25200  =  2520y, 
840y  =  25200. 

.•.y  =  30, 

and  y  +  15  =  45. 

27.  A  line  is  divided  into  two  parts  in  the  ratio  2 : 3,  and  into 
two  parts  in  the  ratio  3:4;  the  distance  between  the  points  of 
section  is  2.    Find  the  length  of  the  line. 

Let  X  =  one  part, 

and  y  —  the  other  part. 

.-.  a;:y::2:3. 

3a;  =  2y, 
3a;-2y  =  0  (1) 

Also,  a;  +  2:y-2::3:4, 

4a; -32/ =  -14  (2) 

Multiply  (1)  by  3,  9a;  -  6y  =  0 

Multiply  (2)  by  2,  8a;  -  6y  =  -  28  . 

Subtract,  x  =28 

Substitute  value  of  x  in  (1),  2^/  =  84, 

3/ =  42. 
.*.  a; +  2/ =  70. 
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28.  When  a,  b,  e,  d  are  proportional  and  unequal,  show  that 
no  nnmber  x  can  be  found  such  that  a  +  x,6  +  x,  c+x,  d+x  shall 
be  proportionals. 

lia:b::e:df  ad=^be; 

and  if  a  +  «:6  +  »::c  +  »:d  +  », 

ad  +  dr  +  ax  +  a:*  =  6c  +  c»  +  6«  +  ^. 
Transpose,  and  cancel  a:*, 

ax  —  bz  —  ex  ■}■  dx  =>  be  —  ctd. 
Bat  ad»&e. 

.*.  »  =  0. 

EXEBCISE    108. 

1.  If  ^  00 B,  and  A  =  4  when  £=5,  find  .^  when  B  =  13. 
Here  A^mb,  or  m  =  — •       .♦.  wi-f. 

And  if  I  and  12  are  substituted  for  m  and  B. 
4  =  4X12  =  9J. 

2.  If  ^  ooB,  and  when  B=  i,A  =  i,  find  ^  when  B=  }. 
Here  il=»m-B,  or  m=»---  .•.  m  =  f. 
Substitute  }  for  m,  and  ^  for  B, 

3.  If  ^  vary  jointiy  as  B  and  C,  and  8, 4,  5  be  simultaneous 
values  of  A,  B,  C,  find  A  when  B  =  C=iO. 

Here  A='mBC,  or  to  =  — -• 

Substitute  3  for  il,  4  and  5  for  B  and  C, 

Then,  il  =  A  X  10  x  10  «  15. 

4.  If     00  i  and  when  -4  =  10,  B  =  2,  find  the  value  of  B  when 
A  =  ^.  ^ 

Here  -^"'^'  ^^  m^AB.        .-.  m  =  20. 

Substitute  values  of  m  and  ^, 


4-^.  .-.  J5-5. 
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5.  If  ^Qc  ^,  and  when  A=  6,  JB  =  4,  and  C=3,  find  the  value 
of  A  when  J3=  6  and  C=  7. 

Here  ^  =  ^' 

mB  =  AC, 

4m  =18. 
.-.  m  =  4J. 
Substitute  value  of  B,  C,  and  m, 

6.  If  the  square  of  X  vary  as  the  cube  of  T,  and  X=  3  when 
r=  4,  find  the  equation  between  Xand  Y. 

Here  X«  =  wy», 

m  =  — —  • 

,.       .-.  m  =  ^j. 
Substitute  value  of  m,         X^  =  -/^  7», 
64X«  =  9F>. 

7.  If  the  square  of  X  vary  inversely  as  the  cube  of  F,  and 
X=  2  when  Y=  3,  find  the  equation  between  Xand  Y, 

Here  X^=^^. 

w  =  x«y». 

.-.  m=108. 

108 
Substitute  value  of  w,         X*  =  -^• 

8.  If  Z  vary  as  X  directly  and  F  inversely,  and  if  when  Z  =  2, 
X=  3,  and  r=  4,  find  the  value  of  Z  when  X=  15  and  r=  8. 


^OC^. 

Y 

Here 

Z='^. 

Y 

ZY 

m= 

X 

.■.m  =  f==2f. 

Substitute  values  of  m 

X,  andF, 

^_2Jxl5 

8 

.-.-^=5. 
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9.  If  Ace  B-\-c  where  e  is  constant,  and  ifA=2  when  B  =  1, 
and  if  ^=  6  when  B  =  2,  find  A  when  B=S. 

As  A^  mB  +  c. 

Substitute  first  yalnes  of  A  and  ^, 

2  =  m  +  c  (1) 

Substitute  second  values  of  A  and  B, 

6  -  2m  +  c  (2) 

Subtract  (1)  from  (2),         m  -  3. 
Whence,  from  (1),  c  =»  —  1. 

But  4  =  mB  +  c. 

Substitute  for  m,  B,  and  c  their  values  3,  3,  and  —1, 

10.  The  velocity  acquired  by  a  stone  falling  f^om  rest  varies 
as  the  time  of  falling;  and  the  distance  fallen  varies  as  the 
square  of  the  time.  If  it  be  foand  that  in  3  seconds  a  stone  has 
fallen  145  feet,  and  acquired  a  velocity  of  96}  feet  per  second, 
find  the  velocity  and  distance  at  the  end  of  5  seconds. 

Let  V  =  velocity, 

r=  time, 
d  =>  distance. 
Then  vocT, 

and  docT*. 

Let  v  =  mT. 

Substitute  96|  for  v  and  3  for  T, 

96§  =  3m. 
.-.  m  =  iJA. 
When  r=  5,  v  =  A»a  x  5  =  161f 

Let         •  d  =  mT^. 

.'.  145  =  3'm. 
m  =  AJA 
When  r=  5,  rf  =  IJA  x  5»  =  402{. 

11.  If  a  heavier  weight  draw  up  a  lighter  one  by  means  of  a 
string  passing  over  a  fixed  wheel,  the  space  described  in  a  given 
time  will  vary  directly  as  the  difference  between  the  weights,  and 
inversely  as  their  sum.  If  9  ounces  draw  7  ounces  through  8 
feet  in  2  seconds,  how  high  wiU  12  ounces  draw  9  ounces  in  the 
same  time? 
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Let  X  =  heavy  weight, 

y  =  light  weight, 

z  =  space. 

x  —  y 
zee ^. 

aj  +  y 

^     (a;-y)m 

aj  +  y 
^_2(x-{-y) 
a;-y 

Substitute  values,  m  =  ^^r^- 

9-7 

.-.  m  =  64. 

12-9 

64  =  215, 

3 
72  =  64. 

.•.2  =  9f 


12.  The  space  will  vary  also  as  the  square  of  the  time.  Find 
the  space  in  Example  11,  if  the  time  in  the  latter  case  be  3 
seconds. 

We  have  from  last  example,  9^  feet  for  2  seconds. 
Since  space  varies  as  square  of  time,  we  have 

9  J :  a; : :  2«  :  3«. 

.•.4a;  =  9xV, 
»  =  9xJf 

»20f 

20^  feet.  Ans. 

13.  Equal  volumes  of  iron  and  copper  are  found  to  weigh  77 
and  89  ounces  respectively.  Find  the  weight  of  10}  feet  of  round 
copper  rod  when  9  inches  of  iron  rod  of  the  same  diameter  weigh 
31j%  ounces. 
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Let      X  =  required  weight. 
9  inches  =  f  of  a  foot. 

If  J  of  a  foot  weigh  31.9  oances,  J  of  a  foot  woald  weigh  10.03} 
ounces,  and  10}  feet  would  weigh  446.60  ounces. 

And,  as  equal  volumes  of  iron  and  copper  weigh  77  and  89 
ounces  respectively, 

77  :  89  : :  4461 :  x. 
.'.  X  »516|  ounces. 

14.  The  square  of  the  time  of  a  i>lauct*s  revolution  varies  bh 
the  cube  of  its  distance  from  the  sun.  The  distances  of  the 
Earth  and  Mercury  from  the  sun  being  91  and  85  millions  of 
miles,  find  in  days  the  time  of  Mercury's  revolution. 

Let  X  ^  tiriio  of  Mercury's  revolution. 

91»  :  35»  :  :  P  :  x», 
13»  :  5»  :  :  1  :  x«. 
Whence,  x*  =^050895. 

.*.  a:  =  .238,  time  in  years, 
=  87.1,  time  in  days. 

15.  A  spherical  iron  shell  1  foot  in  diameter  weighs  ^  of 
what  it  would  weigh  if  solid.  Find  the  thickness  of  the  metal, 
it  being  known  that  the  volume  of  a  sphere  varies  as  the  cube  of 
its  diameter. 

Let    D  =  diameter  of  shell, 

d  =  diameter  of  sphere  required  to  fill  the  shell, 
and  1  represent  the  weight  of  iron  sphere  having  diameter  --  D. 

Then  1  —  J^j  will  represent  the  weight  of  iron  8j)here  having 
diameter  =  d. 

Now  the  weights  vary  as  the  cubes  of  their  diameters, 

.-.  i>»:c/^:l:l-3ftJy. 

Thatis,  jy^'.d^'.'A'.m; 

.€)J,  by  extracting  the  cube  root  of  each  term, 
i>:d::l:}, 
OT  d=\D. 
Since  the  thickness  of  the  shell     =  J(2)  —  d\ 
the  thickness  of  the  shell       '  =  }  (1 —  |)  =  ^. 

Hence,  the  thickness  of  the  shell  is  -f^  of  a  foot,  =  1  inch. 
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16.  The  volume  of  a  sphere  varies  as  the  cube  of  its  diameter. 
Compare  the  volume  of  a  sphere  G  inches  in  diameter  with  the 
sum  of  the  volumes  of  three  spheres  whose  diameters  are  3,  4,  5 
Inches  respectively. 

Let  X  =  volume  of  first  sphere, 

and  y  =  sum  of  volume  of  other  three. 

Then  a? :  y  :  :  (6)»  :  (3)»  +  (4)»  +  (5)», 

a; :  y  :  :  216  :  216. 
Therefore,  the  ratio  is  a  ratio  of  equality. 

17.  Two  circular  gold  plates,  each  an  inch  thick,  the  diame- 
ters of  which  are  6  inches  and  8  inches  respectively,  are  melted 
and  formed  into  a  singular  circular  plate  1  inch  thick.  Find  its 
diameter,  having  given  that  the  area  of  a  circle  varies  as  the 
square  of  its  diameter. 

Let    a^  =  area  of  gold  plate  6  inches  in  diameter, 
a,  =  area  of  gold  plate  8  inches  in  diameter, 
a,  =  area  of  gold  plate  formed  from  the  other  two  plates, 
and        X  =  diameter  required. 

Then  Cj  +  a,  :  a,  : :  6'  +  8*  :  x«. 

Since  the  first  ratio  is  a  ratio  of  equality,  the  second  is  also. 
Therefore,        x*  =  6«  +  8'  =  100. 
.•ra;=  10. 

18.  The  volume  of  a  pyramid  varies  jointly  as  the  area  of  its 
base  and  its  altitude.  A  pyramid,  the  base  of  which  is  9  feet 
square,  and  the  height  of  which  is  10  feet,  is  found  to  contain  10 
cubic  yards.  What  must  be  the  height  of  a  pyramid  upon  a  base 
3  feet  square,  in  order  that  it  may  contain  2  cubic  yards? 


Let 

and 
Then 


When 

and 
Then 

From  (1), 
When 

Then 


V  =  volume, 
b  -■=  area  of  base, 
a  =>  altitude. 
vccba, 

V  =  mba  (1) 

V 

«  =  10  cubic  yards  =  270  cubic  feet, 
6  =  9x9  =  81  square  feet, 
a  =  10  feet. 

mb 
wi  =  }, 

V  =  2  cubic  yards  =  54  cubic  feet, 
6  =  3x3  =  9  square  feet. 

0  =  ^  =  ^.18. 
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Page  298. 

1. 

The  series  is  a,  <^  +  d,  a  +  2  d, 

.*.  nth  term  is         a  ■}-{n—  l)d. 
Let  I  denote  last  or  nth  term 
Then  1  =  a-^  (n-~ i)d. 


l=a  ^  {n~  l)d, 
l=-a  -\-nd-d, 
nd=-l—a+d, 

„ — ^-. 

n  = 1 

28    ^l-a^d 
a+  /  d 

Simplify,  2  «c?  =  P  -  o'  -f  ai  -f-  Zrf, 

;**+<// =2«c?  +  a»-ck/. 
Complete  the  sqnare, 

4Z'  +  ()4-<^»  =  88<f+4a«-4a<f  +  rf«. 
Extract  the  root,     2  /  +  c?  =  i  V8  sd  +  4  a"-' -  4  (w^  +  rf«, 

4 


3.  B  =  \{a^-J), 

28  =  na  +  n/. 
Transpose, 
28  — 7ia  =  nZ. 

,_  28  — Tia 


2« 
.*.  1= a. 

n 


4. 

l^^a-^-in- 

i)d 

(1) 

-|(a  +  0 

(2) 

28  =  ?ia  +  nZ. 

2s     , 
n 

Substitute  value  of  a  in  (1), 

i-i+("- 
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5. 

/  =  o  +  (n-l)d  (1) 

«  =  |(a  +  0  (2) 


Substitute  in  (2)  a  +  (n  -  l)c?  for  I, 


.-|[2a  +  {n-l)d]. 


6. 

/  =  a  +  (n-l)d  (1) 

s  =  ^(a  +  l)  (2) 


2 

From  (1),  l  =  a-}-nd—d. 

From  (2),  2s  =  na+n/. 

.  *.  n  = . 

d 

,  28 

and  n  « 

/-g  +  cf ^    28 
d  g  +  i 

i*-o«  +  g(Z  +  cB  =  28d 

P~a^-\-ad  +  dl 
••'^  2^ 

or8«^^H^^. 
2(2  2 


8-     o      +(g  +  <?)  +  (a  +  2(2)  + -\-{l-d)+l 

or    8=      Z      +(Z  —  (2) +  (Z  —  2(Z)  + +{a  +  d)  +  a 

.-.  2«  =  (g  +  Z)  +  (g  +  0  +  (g  +  0     + +  (g  +  Q  +  (g  +  Q 

28  =  n(g  +  Q. 
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n 


=  Z-(n-l)d, 


2a  =  2/n-(n-l)dn. 


9. 


TranspoBing,  o  =  ^  -  (n  -  l)k 


10. 
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8 
/«a  +  (n-l)d  (1 


From  (IX  «*:|:gl^  (' 

From  (2),  «  =  28-ln 

Then  2g-fa 


;=a+(n~l)rf, 
From(2).  2::L"l"„J.'^- 

w 

.-.a4-(n-l)rf^^'-^. 
n 
na  +  c?n»  -  c?7i  =  2«  -  na, 

2na  =  2s-c?n*  +  rfn. 
.   ^__8     {n-l)d 
n  2 

11. 

/  =  a  +  (n-l)(f, 

dn  =  Z  —  a  +  rf , 

^__/  — a  +  c? 
n  ^^. 

«  =  }n(a  +  Q, 
2«  =  7iaH-nZ, 
^_    2g 

.   l-a+d       28 

/.  P-a^-\.ad-\-ld=2d8. 

a^-ad=^^ld-2d8, 
«'-()  +  (}  ^)' =  P +_W-^2^j^^}rf)^_ 
a  -  i(?  =  iVP  ^-ld~2d8^{idf. 
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12. 

15. 

s  =  Jn(a  + 

0. 

^  =  a+(n-l)d 

Multiply  by  ?, 

71 

—  =  a  +  Z. 
n 

2«     , 

...  a  = Z. 

n 

••• 

(2 

+  1=   2». 

.-.  P-a» 

-Vad 

+  rfi  =  2c&. 

.-.    2cfe 

~ad- 

-<«=Z»-a'. 

13. 

a  =  l~{n- 

-r)d. 

.-.     (Z(2 

8-1- 

2«-Z-a 

d{n-\)  =  l-'a. 
n-1 

16. 

Z  =  a  +  (n-l)d: 

.•.a  =  Z-(n-l)d. 

«  =  }7i(a  +  Q. 

28 -Zn 


n 

28-^71 


14. 

,  /        i\  J         ,\l  —  {n  —  \)d= 

l  =  a  +  {n  —  \)d  ^         '             n 

s^^n(a-\-l)j  ln-dn^-hdn  =  28  —  ln, 

28  =  an-vnl  -dn^  ^  dn^28~2ln. 
d(n-l)n  =  2(ln-8\ 

.     28 -an  ^        „),       J. 

"^  n(n-l) 


.  a  +  ncZ  —  cZ  = 


28  — an 

n 
2s  — an 


17. 


n 
an  +  ri^d  —  nd=28  —  an, 

n'i-nrf=2.^2an.  «  =  o  +  (n-l)4 

i  =  o  +  an  —  d, 
<i(n'-n)  =  2(8-a«).  in=i-a+<i 

n(n-l)  ••"        d    +^' 
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la 

/«o  +  (n-l)rf 

(1) 

«-}n{a  +  0 

(2) 

Prom  (2), 

n 

.•.a  +  (n- 

-l)rf-?f-a. 

an  +  dhi 

-  (2n«>2<  — an. 

dn*  +  n(2a 

-d)-2«. 

Complete  the  squi 
4d«n«+()-t 

Extract  the  root, 

fcre, 
(2a- 

h{2a 

-d)«»(2a-d)«  +  8& 

2dn^ 

-d)  =  ±\/(2a-rf)"  +  l 

8  A. 

2dn=-rf-2a±\/(2^ 

-d)"  + 

8<i.. 

.  _     d-2ai:V(2o- 
••**"                     2(f 

-rf)'  + 

1± 

19. 

«  =  }n(a  +  0, 

2«  =  an  +  Zn. 

.  «       2« 
.♦.  n  =  - 

20. 

Z-a  +  (n-l)rf 
«  =  }n(a  +  Z) 

(1) 
(2) 

From  (1). 
From  (2) 

a  =  /-(n-l)d 

28-ln 
o  = 

41 

.'.In- 

^         '             n 

dw«-(2Z  +  d)n=-2«, 
4rfV-()  +  (2Z  +  d)»  =  (2Z  +  d)«-8A, 

2dn-(2l-\-d)^V{2l^dy-Sd8. 


^_2l+d±Vi2l  +  dy-Sd8 
'     "  2d 
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Exercise  109. 

1.  Find  the  thirteenth  term  of  5,  9,  13 

ninth  term  of  —  8,  —  1,  1 

tenth  term  of  —2,  —  5,  —8 

eighth  term  of  a,  a  +  Sb,  a-\-6b 

fifteenth  term  of  1,  f,  f 

thirteenth  term  of  -48,  -44,  -40 

(1)  2  =  a  +  (n-l)rf,  (4)     Z  =  a  +  (n-l)d, 

/  =  5 +  (13-1)4.  l  =  a  +  (S-l){3b). 

.-.  Z=53.  .-.  l  =  a  +  21b. 

(2)  Z  =  a  +  (n-l)(f,  (5)     Z  =  a  +  (n-l)d, 

Z  =  -3  +  (9-l)2.  Z  =  l+(15-l)(-f). 

.-.  Z  =  13.  .%Z  =  -1. 

(3)  Z  =  a  +  (n-l)rf,  (6)     l  =  a  +  {n-l)d, 
Z=-2  +  (10-l)(-3).  Z=-48  +  (13-l)(4). 

.-.  Z  =  -29.  .-.  1  =  0. 


2.   The  first  term  of  an  arithmetical  series  is  3,  the  thirteenth 
term  is  55.    Find  the  common  difi'erence. 


4  = 

l- 

a 

n- 

1 

d  = 

55 

-3 

13 

-1 

r.d= 

=  11  = 

=  4J 

3.  Find  the  arithmetical  mean  between: 
(a)  Sand  12;    (&)-6andl7;    (c)  a«  +  a& - &« and  a« - a6  +  6*. 

(a)       A-a=^h-A.  (6)  ^  +  5  =  17-^, 

.      a  +  6  2^  =  12. 

••^ 2"  r.A^Q. 

^-3  =  12-il,  (c)  ^-(a«  +  a6-6«) 

2^  =  15  ={a«-a6+6V^. 

2^  =  2a«. 
.\A^a\ 


.-.^=7}. 
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4.  Insert  three  arithmetical  means  between  I  and  19,  and 
four  means  between  —  4  and  17. 

TO  +  1 

li^  =  4}. 
3  +  1        ' 

.-.  series  is  1,  5J,  10,  14},  19. 

.-.  seriesis-4,J.  4f.  8i,  12|,  17. 

5.  The  first  term  of  a  series  is  2,  and  the  common  difference  ^. 
What  term  will  be  10? 

Z  =  a  +  (n-l)t/. 

.-.  10  =  2+J(n-1). 

3 

.-.  n  =  25. 

6.  The  seventh  term  of  a  series,  whose  common  difference  is 
3,  is  11.    Find  the  first  term. 

a=- 1  —  {n—  l)d, 
a  =  11 -(7 -1)3. 
.-.  a  =  -7. 

7.  Find  the  sum  of 

5  +  8+11+ to  ten  terms. 

—  4  —  1  +  2+ to  seven  terms. 

a  +  4a  +  7a+ to  n  terms. 

i  +  ^  +  ^+ to  twenty-one  terms. 

1  +  2J  +  4J  + to  twenty  terms. 

(1)  8  =  }n[2a+(n-l)(Z],  (3)  «  =  in[2a  +  (n- l)rf], 
8  =  5(10  +  27),  «  =  }n[2a  +  (n-l)3a], 
s  =  5x37,  8  =  }n(3an-a), 

8  =  185.  8  =  Jan(3n-l). 

(2)  8  =  }n[2a  +  (n-l)df],  (4)  8  =  Jn[2a  +  (n- l)(q, 

s=i(-8  +  i8).  «=-va-4). 

8=JXlO,  s  =  ^i^x(-l). 

8-35.  8  =  -28, 
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(5)    «  =  }n[2a  +  (n-l)(i], 
s  =  10(2  +  31f), 
8=10x33S, 
«  =  336§. 


8.   The  sura  of  six  numbers  of  an  arithmetical  series  is  27,  and 
the  first  term  is  1.    Determine  the  series. 

l=> a. 

n 

Then  ^  =  ¥-1- 

.-.  i=8. 

Substitute,  8  =  l+(5)rf, 

Hence,  the  series  is  1,  2f,  3f,  5J,  6|,  8. 


9.   How  many  terms  of  tlie  «eries  —6  —  2+1+ mast  be 

taken  so  that  their  sum  may  be  63  ? 

l  =  a-\-{n  —  \)d. 
Substitute,  Z  =  -  5  +  (n  -  1)  3. 

.-.  Z  =  3n-8 
Substitute  values  in  b  =  \n{a  -{^  J). 

63  =  }n(-5  +  3n-8), 
126  =  3n«-13n. 
3w«-13n-126. 
Multiply  by  12,   36n*  -  156n  =  1512. 
Complete  the  square, 

36n«-() +  169  =  1681. 
Extract  the  root,         6n  —  13  =  db41, 
6n  =  54. 
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10.  The  first  term  is  12,  and  the  sum  of  ten  terms  Is  10.  Find 
the  last  term. 

/  =  a  +  (n-l)d 
.-.  «  =  in[2a  +  (n-l)d]. 
10«5(24  +  9d), 
10 -120  + 45  rf. 
45rf=-110. 
d=-2f 
Since  /  =  a  +  (n  —  1)  d, 

«»12  +  (9)(-2|). 
V  /- 12-22, 

/=-10. 

11.  The  arithmetical  mean  between  two  numbers  is  10,  and 
the  mean  between  the  double  of  the  first  and  the  triple  of  the 
second  is  27.     Find  the  numbers. 


Let 

X  =  one  number, 

y  =  the  other  number. 

X,  10,  y  =  the  series, 

2 a?,  27,  3y  =  the  series. 

Hence, 

10  -  x  =  y  -  10 

(1) 

27-2a;  =  3y-27 

(2) 

From  (1), 

a;  +  y  =  20 

(3) 

From  (2), 

2a;  +  3y  =  54 

(4) 

Multiply  (3)  by 

2,   2a:  +  2y  =  40 

(4)  is 

2a:  +  3y  =  54 
.•.y  =  14 

Multiply  (3)  by 

3,  3a:  +  3y  =  60 

(4)  is 

2a;  +  3y  =  54 

.-.  x^   6 
12.  Find  the  middle  term  of  eleven  terms  whose  sum  is  66. 

Let  ^^LL  =  middle  term. 

2 
«  =  }n(a  +  0. 
Substitute  values  of  s  and  n, 

.-.  a  4- ^  =  12. 
Hence,  the  middle  term  is  6. 
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13.  The  first  term  of  an  arithmetical  series  is  2,  the  common 
difference  is  7,  and  the  last  term  79.    Find  the  number  of  terms. 

Let  Z  =  a  +  (n-l)d. 

Substitute  values,  79  =  2  +  (w  -  1)  7, 

79  =  2  + 7n- 7. 
7n  =  84. 
.•.n  =  12. 


14.  The  sum  of  fifteen  terms  of  an  arithmetical  series  is  600, 
and  the  common  difference  is  5.    Find  the  first  term.' 

l=>a-\-{n-l)d, 

fi  =  J  n  (a  +  Q, 
2«  =  Tia  +  nl, 
nl=  28  — na, 
28  — na 


l  =  - 


n 
28  — na 


\a-\- 

(n- 

-l)rf  = 

7i 

na  + 

dn^ 

-dn  = 

■28- 

-na, 

2na  = 

=  28- 

-  dn^  +  dn. 

.-.  a  = 

.1  — 
n 

(n-l)d 
2 

.*.  a  = 

600 
"  15 

{15-I)d 
2 

=  40- 

-  35  =  5. 

15.  Insert  ten  arithmetical  means  1)etween  —  7  and  114. 

Z  =  a  +  (n  — l)c?, 

l-a=={n-l)d, 

I  — a      , 

-  =  d. 

n-1 

.-.  114  =  -7  +  (12-l)d; 

121  =  11  d. 

.-.(?=  11. 

Hence,  the  means  are  4,  15,  26, 
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16.  The  sunwof  three  nmnbera  in  arithmetical  progression  is 
15,  and  the  snm  of  their  squares  is  83.    Find  the  numbers. 

Let  «  —  y,  «,  «  +  y  =  the  numbers. 

Then     (a:  -  y)  +  a;  +  («  +  y)  =  15, 
3a;  =  15. 
.•.  a;  =  5. 
(a;-y)»-f  x»  +  (x  +  y)»  =  83, 
3x»  +  2y«  =  83. 
Substitute  5  for  x,  2y»  =  8, 

y»  =  4. 

.-.  y^±2. 
x  ~  y  -=  3  or  7, 

a?  =  5. 
a?  +  y  =  7  or  3. 

17.  Arithmetical  means  are  inserted  between  5  and  33,  so  that 
the  sum  of  the  first  two  is  to  the  8um  of  tlie  last  two  a.s  2  is  to  5. 
How  many  means  are  inserted? 

Ia'I  X  =  number  of  moans. 

Then  ar  +  2  =  numbor  of  terms. 

Z  =  a  +  (n-l)J, 
23  =  5  +  (a;  +  2-l)(i, 
23-5  =  cii-  frf. 
dx-^d=  IS. 
If  d  equal  common  difference, 

5  +  (/  and  5  +  2rf  =  fitst  and  second  means. 
23  —  d  and  23  —  2  rf  =  last  two  means. 
Then  5  +  d  +  5  +  2d:  23  -  rZ  +  23  -  2rf: :  2  :  5. 
50+15rf=92-6(/, 
21J  =  42. 
.-.  d=^2. 
Substitute  value  of  d  in  dx  +  d  =  IS, 
2a;  =  18 -2. 


18.  Find  three  numbers  of  an  arithmetical  series  whose  snm 
shall  be  21,  and  the  sum  of  the  first  and  second  shall  be  J  of  the 
sum  of  the  second  and  third. 
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Let  x  —  y  =  first  number,  , 

X  =  second  number, 
and  X  -\-y=  third  number. 

Then  a;  —  y  +  a?  +  a;  +  y  =  21, 

3aj  =  21. 
,'.x  =  7. 
a?  — y  +  a;  =  J(a;  +  X  +  y), 
8aj  — 4y  =  6a;+  3y, 
7y  =  14. 
.•.y  =  2. 
Hence,  the  numbers  are  5,  7,  and  9. 


19.  Find  three  numbers  whose  common  difference  is  1,  such 
that  the  product  of  the  second  and  tliird  exceeds  that  of  the  first 
and  second  by  J. 

.  Let  a;  —  1  =  first  number, 

X  =  second  number, 
and  a;  +  1  =  third  number. 

Then  x^  —  x  +  i  =  a^-\-  x. 

.'.x==l 
Hence,  the  numbers  are  —  J,  J,  IJ. 


20.  How  many  terms  of  the  series  1,  4,  7, must  be  taken, 

in  order  that  the  sum  of  the  first  half  may  bear  to  the  sura  of  the 
second  half  the  ratio  10 :  31? 

Let  2  a;  =  whole  number  of  terms. 

Then  x  =  half  the  number  of  terms. 

From  the  formulas,  1=  a-{-{n—l)d, 

and  8  =  in(a-\-l). 

For  the  first  half  of  the  terms, 

l=3x-2, 
8  =  ix{3x-l). 
For  the  second  half  of  the  terms, 

a  =  3a;-2+3  =  aa;  +  l. 
.-.  Z  =  3a:+-l  +  (a;-l)3  =  6a;-2, 
and  s  =  Ja;(9a;— 1). 

But  iaj(3a;-l) :  }a;(9aj  -  1)  :  :  10  :  31, 
or  3a;-l:9a;-l::10:3L 

.-.  93a; -31  =  90a; -10, 
3a;  =  21, 
a;=7. 
Hence,  the  whole  number  of  terms  is  14. 
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21.  A  travels  uniformly  20  miles  a  day ;  B  starts  three  days 
later,  and  travels  8  miles  the  first  day,  12  the  second,  and  so  on, 
in  arithmetical  progression.  In  how  mauy  days  will  B  overtake 
A? 

Let  X  =  number  of  days  B  travels. 

Since  A  travels  20  miles  a  day, 

20aj  +  60  =  number  of  miles  A  travels. 
l  =  a  +  (n-  \)d, 
/^8  +  (a:-l)4, 
/  =  4aj  +  4. 
Hence,  B  travels  (4a;  +  4)  miles  the  last  day. 

«  =  Jn(a  +  Q 
=  ia;(8+4a:  +  4). 
.-.  20x  +  C0=ia-(8  +  4a:  +  4), 
40a;  +  120  =  4a;''  +  12a:. 
Multiply  by  4,  Ihx'  -  112x  =  480. 

Complete  the  square,  IGx'-O  +196  =  676. 
Extract  the  root,  4  x  —  14  =  db  26, 

4a;- 40. 
.-.  a;  =10. 


22.  A  number  consists  of  three  digits  which  are  in  arithmeti- 
cal progression;  and  this  number  divided  by  the  sum  of  its 
digits  is  equal  to  2G;  but  if  198  be  added  to  it,  the  digits  in  the 
units'  and  hundreds*  places  will  be  interchanged.  Iie(iuired  the 
number. 

Let  x  —  y  =  digit  in  hundreds'  place, 

X  =  digit  in  tens*  place, 
and  X  -i-y  =  digit  in  units*  place. 

Then  100(a;-y)+10i»+(a;+y)+198  =  100(x+y)+10a;+(x-y)     (1) 
100(a;  -y)  +  10a;  -h(x  +  y)  ^  ^q  (o) 

3  X 
From(l),  -198y  =  -198. 

.-.  y  =  l. 
Substitute  value  of  y  in  (2), 

(100a;  -  100)  +  10a;  +  (x -h  1)  __  pg 


3a; 


Hence,  the  number  is  234. 


33  a;  =  99. 

.'.  a;  =  3. 

x-y-2, 

a;  =  3, 

a;  +  y  =  4. 


416  ALGEbi(A. 

23.  The  sum  of  the  squares  of  the  extremes  of  four  numbers 
in  arithmetical  progression  is  200,  and  theSsum  of  tlie  squares  of 
the  means  is  136.    What  are  the  numbers? 

Let        a?  —  3y,  or  —  y,  x-\-y,  a;  +  3y  =  the  iiumbers. 
Tlien  2ar«  +  18y«  =  200  \  (1) 

2a;«+    2y«  =  136  \  (2) 

'  16y»=    64 

y»  =  4.  \ 

.•.y  =  ±2  1 

Substitute  valueof  y  in  (2),  x*  =  64.  i 

.-.a;  =  ±8.  ) 

Hence,  the  numbers  are  2,  6,  10,  14^^ - 

24.  Show  that,  if  any  even  number  of  terms  of  the  series  1, 

3,  5, be  taken,  the  sum  of  the  first  half  is  to  the  sum  of  the 

second  half  in  the  ratio  1 : 3. 

Let  2n  =  whole  number  of  terms. 

Then,  for  n  terms,  Z  =  a  +  (n  —  l)c?  =  2w  —  1, 

s  =  in(a  +  Z)  =  n*. 
For  the  next  n  terms,         a  =  2n  +  1. 

.-.  Z  =  (2n  +  l)  +  (n-l)»  =  4n-l, 
5  =  Jn(2n+l+4n-l)  =  3n«. 
But  n«:3n«::l:3. 

25.  A  and  B  set  out  at  the  same  time  to  meet  each  other  fl*om 
two  places  343  miles  apart.  Their  daily  journeys  are  in  arith- 
metical progression,  A*s  increase  being  2  miles  each  day,  and  B*s 
decrease  being  5  miles  each  day.  On  the  day  at  the  end  of  which 
they  met,  each  travelled  exactly  20  miles.  Find  the  duration  of 
the  journey. 

Let  n  =  number  of  days  they  travelled. 

8  =  }n(a  +  Z)  =  Jn[2a  +  (n-l)d] 
=  }n[40  +  (n-l)    (-2)] 
«Jn(40-2n  +  2) 
•-  21  n  —  91?  (distance  A  travelled).  * 
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-}n[40+{n-l)6] 
-in(40  +  6n-5) 

- ^"^^'*'  (difitonce  B  travelledX 

.•.21n-n«+?5!Ltilt'.343, 
2 

42n  -  2n«  +  35n  +  6n«  -  686, 

3n«  +  77n-686, 

36n«  +  ()  +  (77)«- 14161, 

6n+77-i:119, 

6n»42or-196. 

.•.  n—  7. 

26.  Suppose  that  a  body  faUs  through  a  space  of  16^  feet  In 

the  first  second  of  Its  foil,  and  in  each  succeeding  second  32} 

more  tlian  in  the  next  preceding  one.     How  far  will  a  body  fall 

in  20  seconds?  i    /     .  a  /^\ 

»=-ln(a  +  0  (1) 

Z-a+(n-l)d  (2) 

Substitute  value  of  /  in  (1),  «  =-  }  w  [2  a  +  (n  - 1) d ]  (3) 
Substitute  values  in  (3),      «  -  ^f  [32J  +  (20  - 1)  32|]. 

«-10(643J), 

8 »  6433}. 

27.  The  snm  of  five  numbers  in  arithmetical  progression  is 
45,  and  the  product  of  the  first  and  fifth  is  (  of  the  product  of 
the  second  and  fourth.    Find  the  numbers. 

Let  x  — 2y,  «— y,  »,  x  +  y,  a;  +  2y  =  the  numbers. 
Then,  as  45  « the  sum, 

6x»45. 
.-.  x=9. 
(«-2y)(aj  +  2y)  =  f  (a;-y)(a:  +yX 
x«-4y»  =  t(a?-y»), 
8x»-32y«  =  5x»-5y», 
3x»  =  27y«, 

a:»-9y«. 
.'.  x^±3y. 
But  x  =  9. 

.-.  y  =  ±3. 
Hence,  the  numbers  are  3,  6,  9,  12,  16. 
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28.  If  a  ftiU  car  descending  an  incline  draw  up  an  empty  one 
at  the  rate  of  li  feet  the  first  second,  4 J  feet  the  next  second,  TJ 
feet  the  third,  and  so  on,  how  long  will  it  take  to  descend  an 
incline  150  feet  in  length?    What  part  of  the  distance  will  the  car 
have  descended  in  the  first  half  of  the  time? 
«  =  Jn(a  +  Z), 
l  =  a  +  (n-l)d, 
8  =  }n[2a  +  (n-l)d], 
2s  =  2a7i  +  n'(i  —  nd. 
Here  8  =  150,  a  =  lj,  d  =  3. 

.-.  300  =  3n+3w»-3n, 
3n»  =  300. 
.••  n«  10  (seconds). 

«  =  }n[2a  +  (n-l)d], 
8=f(3+12), 
8  =  37}  (feet). 
But  37J  =  J  of  150. 

Hence,  the  car  descends  one-fourth  the  distance  in  the  first 
half  of  the  time. 

Page  305. 

1.  l8tterm  =  a,  3.  l  =  ar''-^     (1) 

oA   I  .\rl  =  a7^         (2) 

2d   term  =  ar,  i  ^  ' 

3d  term  =  aH.  P««"  (D-    '""'"a 

...r^m. 

nth  term  =  ar^-\  '  a 

r.l^ar^-K  Also.  ^^a(r»-l)^ 

r  -1 
sr  —  s  =  ar^  —  a, 
sr  —  ar*  =  s  —  a. 
Substitute  rl  for  ar*, 

8r  —  rl  =  8  —  a, 
r(8  —  l)=8  —  a. 

-  "?rf  -'-'^ 

n-ir 


rs  —  8  =  rl  —  a, 

rl  =  a  +  {r—l)8. 
.         aH-(r-l)8 


^a     8-1 


r  /(8-Z}*-i-a(8-a)»  i  =  Ot 
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4. 

r»  » 

.^  "('■*- 1). 
r-1    ' 

»(r-l)  =  a(r»-l), 
a,»(^-l). 

r-«i       r*  - 1 
i(r--l)  =  3r«->(r-l), 

6. 

«  =  a  +  ar  +  ar*  +  ar*  +    -  +  ar*-^ 

Multiply  by  r,  rg  =«        or  +  gr*  +  or»  + +  ar^-^  +  af« 

Sabtract^  rs  —  «  »  ar^  —  a 

«(r~l)  =  a(i^-l). 

r-1 

a 

«  =■  a  +  ar  +  ar»  +  ar»  + +  ar^-^ 

Multiply  by  r,  rg  =        or  +  ar»  +  ar»  + +  or«-»  +  ai^ 

Subtract,  n  —  g^  ar^  —  a 

(r-l)«-o(r*-l), 
^     ar*  — o 


r-1 

Since  I  =  ar*-*, 

ri  =  ai^. 
Substitute  rl  for  ar^,  «  =  i^ini 

r-1 
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^—1  SSS  —1 


.\  a 


(r 


a(r^-l)  10. 

*        r-1 


.«-i 


8  = 


r-1 
,3-3  =  a(r--l).  (r-l)8  =  (r--l)a. 


Substitute  value  of  r, 


ia>"^-'i-(^>''- 


(r- 


1 
1 


r*-l 


- 1  ri  —  a 

11.  «  = -» 

r  — 1 

(r— l)s  =  W-a, 

o  =  W  -  (r  —  l)s. 

12.  Z  =  ar»-i        (1) 

W  — a 


n-1/1-     n   1/ 


r-1 

1 


(2) 


& 


'-'t^-"^o  From(l).       "-^fj)"'* 

i.„^i  (1)  F«»^(2).       '•^l^ 

.  =  «i2^     (2)  ...(nsK  =  ti:« 

r  — 1  V«/  «-"^ 


From  (1),        a  =  — •  •  •  -  -  (^.q.-i' 


From  (2),        a      ^_^ 


^  3(r-l)  ••.  «(«  -  «)*-'  -  K«  -  0"-'  =  <^ 


8 (r-1)  _  _J_^  13.  Z  =  ar'^-^ 


,(^_r*-i)^/r»-?. 

ftl fitr-l 


a 
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14. 

15. 

,  =  «('" 

r  - 

-1                       r-r 

r8  —  8  =  ar^- 

-  «.                              r«  -  «  =  W  -  a. 

r8  —  ar^  =  8  — 

°^»                               r«  —  W  -  «  —  a, 

ar**  =  r8  — 

(«  -  «)•                     r(«  -  0  -  8  -  a. 

a 
a          a 

a                                "         8-/ 

16. 

/-ar*->. 

r-  I 

.Then 

r"-l 

.      «    _«J^-1). 

ir»  -  i  =  «r"  -  «r»-», 

Srn  -  87^ 

■l-ir»+«  =  0. 

r-{s-l) 

-«r"->  +  i  =  0. 

8-1                  8-1 

17. 

18. 

a 

r-1 
8  (r  —  1)  =  ar^  —  a, 

.-.  (n-l)logr  =  log^- 
log 
logZ- 
log 

log  a.                  ai"*  =  a  +  8  (r  —  1). 
log  a          loga +  nlogr  =  log[a  +  8(r-l)], 
»*                    nlogr  =  log[a+8(r-l)]-loga. 
^^g^.l              .   „     log[a  +  (r-l)8]-loga 
;*•                      '  ■                       logr 
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19. 


r'^-^-, 
^a 


rl  —  a 

8  — a 
•-1/7     8-a 

'  8-1 


'a     i 

'a     \8-l)' 


,\  log  Z  -  loga  =  (n  -  l){log(8  -  a)  -  log(s  -  I)}, 
.\n     1  log^-logg 


log{8-a)-log(s-0 

^  logZ-logg         ^^ 

log(s-a)-log(8-0 

20. 

/  =  ar^-^. 

H— a 


.*.  a  =  rl  —  {r  —  l)8. 
r,J-^^rl-ir-l)8. 

log  Z  -  (n  -  1)  logr  =  log{W  -  (r  -  l)s}, 

(n-l)logr  =  logZ-log[H-(r-l)4 

.   ^     logZ-log[W-(r-l)3j^.^ 
logr 

Exercise  110. 

1.  Find  the  seventh  term  of  2,  6,  18 

sixth  term  of  3,  6,  12 

ninth  term  of  6,  3,  IJ 

eighth  term  of  1,  —2,  4 

twelfth  term  of  x^,  »*,  ic* 

fifth  term  of  4a,  -6wa«,  9w«a« 
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By  substitution, 

seventh  term  of  2,  6, 18 -2x3^=-  1458 ; 

sixth      term  of  3,  6, 12 =  3  X  2*  «  96 ; 

ninth      term  of  6,  3,  1} =  6(jy»    =  ^1^ ; 

eighth     termofl, -2,  4 =  -2?     =-128; 

twelfth  term  of  a^,  x*,  a^ =  x"x«"  =  «>* ;  i 

fifth        term  of  4a,  —  6 ma*,  9m*a^ 

»4ax(-?^,^Y'*  =  20ia*m* 

3.  Find  the  geometrical  mean  between  ISs^y  and  SOxt/z, 

Let  a=18a:*y, 

and  b  =  302^2. 

If  a  and  b  denote  two  numbers,  and  O  their  geometrical  means, 
then  G_b 


=  V540ar*y*z 
=  Oar'y' \/ir)2. 


3.  Find  the  ratio  when  the  first  and  third  terms  are  5  and  80 
respectively. 

I  =  ar^-\ 

=Vi6 

-4. 


4.  Insert  two  geometrical  means  between  8  and  125,   and 
three  between  14  and  224. 
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Let                                  m  =  number  of  means. 

Then                        m  +  2  =  n, 

(1) 
(2) 

a 

(3) 

.•.r  =  i  =  2J. 
Hence,  the  series  is  8,  20,  50,  125. 

From  (3).                     r-+»  =  i 

.-.  r=2. 

Hence,  the  series  is  14,  28,  56,  112,  224. 

5.  If  a  =  2  and  r  =  3,  which  term  will  be  equal  to  162? 

a 
(n  -  1)  log  r  =  log  Z  -  log  a. 
.^_^^logZ-loga 
logr 

n  =  ?^-l5i-%l  .(1) 

logr 

Substitute  values  of  a,  r,  and  Z  in  (1), 

2.2095  -  0.3010 

"^  0.4771 

=  4  +  1 

=  5. 

6.  The  fifth  term  of  a  geometrical  series  is  48,  and  the  ratio 
2.     Find  the  first  and  seventh  terms. 


+  1 


I  =  ar»\ 

-^ 

-!-■ 

?  =  ar«-i 

:^3X2*  = 

192. 
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Find  the  sum  of 

3+6+12+ to  eight  tenns. 

1—3  +  9— to  seven  terniH. 

8  +  4+2+ to  ten  terms. 

0.1  +  0.6  +  2.6  +  ••  to  seven  tenns. 

fn  —  Vl^-Ul— to  five  terms. 

4      16 

air''  -  1) 
Substitute  values . 


^     '        3(2^-1)        =vn5. 
2-1 


a  =  3      ) 

n=8      } 
r  =  2     J 

n=7      U  =  - 
r  =  -3j 


(-^^-^)     =547; 
-3-1 


r=J  J  i-1 

a=l  ] 

71=7  ^ 

r  =  5  j 


«  =  l(5LziD         =1953.1; 
5-1 


8.   The  population  of  a  city  increases  in  four  years  from 
10,000  to  14,641.     What  is  the  rate  of  increase? 


a 


'a 


1^5  =  10%  increase. 
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9.  The  sum  of  four  numbers  In  geometrical  progression  is 
200,  and  the  first  term  is  5.    Find  the  ratio. 

«  =  5r», 
8  =  200|        ,_« 

a=5     j        '-^ 

200-5 
r  =^ 


200-5r» 
200r-5r*  =  200-5, 
40r-r*  =  40-l, 
r4_40r  =  -39, 
r*-40r  +  39  =  0, 
{r  -  3)(r8  +  Sr^  +  9r  -  13)  =  0. 
.-.  r-3  =  0. 
.-.  r  =  3. 


10.   Find  the  sum  of  eight  terms  of  a  series  whose  last  term 
is  1  and  fifth  term  \. 

I  =  ai^-^. 


Then 


From  equations 

and  .  =  °(''-l). 

r  —  \ 

I  8(r-l) 

r*-l       r*-l' 

Zr»-Z  =  8(r«-r»-i). 

.*.  «  = ■• 

Substitute  given  values,  s  =  ,qL    Tom* 


.»-!  = 

a 

r^  = 

=  1^J. 

•.  r  = 

■% 

U 

■-  ar*-^. 
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11.  In  an  odd  number  of  terms,  show  that  the  product  of  the 
first  and  last  will  be  equal  to  the  square  of  the  middle  term. 

Let  X  =  first  term, 

and  y  =  ratio. 

Then  xy  =  second  term, 

asy*  =  third  term. 
X  (xy^)  =  product  of  first  and  last  terms, 
x'y^  =  square  of  middle  term. 
But  x(xy^  =  x^y*. 

Therefore,  the  product  of  the  first  and  last  terms  is  equal  to 
the  square  of  the  middle  term. 


12.  The  product  of  four  terms  of  a  geometrical  series  is  4, 
and  the  fourth  term  is  4.     Determine  the  series. 


Let 

X  =  first  term, 

and 

y  =  ratio. 

Then                a?,  xy, 

xy*,  xy^  =  the  series. 

Hence, 

ar*y«  =  4 

(1) 

Also, 

.y»  =  4 

(2) 

Divide  (1)  by  (2), 

x»y»  =  l. 

.•.xy  =  l 

(3) 

Divide  (2)  by  (3), 

.-.  y  =  ±2. 

From  (2), 

x  =  i. 

Hence,  the  series  is  },  1,  2,  4. 


13.  If  from  a  line  one-third  be  cut  off,  then  one-third  of  the 
remainder,  aud  so  on,  what  fraction  of  the  whole  will  remain 
when  this  has  been  done  five  times? 


Substitute  values,  Z  =  1  (§)*. 


428  ALGEBRA. 

14.  Of  three  numbers  in  geometrical  progression,  the  sum  of 
the  first  and  second  exceeds  the  third  by  3,  and  the  sum  of  the 
first  and  third  exceeds  the  second  by  21.    What  are  the  numbers? 

Let  X  =  first  of  seriea, 

and  r  =  ratio. 

Then  rx  =  second  term  of  series, 

and  7^x  =  third  term  of  series. 

x  +  rx  —  r^x=    3  (1) 

x  +  i^x-rx  =  2l  (2) 

Add,  2j:=24. 

.-.  1  =  12. 
Substitute  values  of  a:  in  (1), 

12  +  12r-12r^  =  3, 
12r-12r'  =  -9. 
4r*-4r  =  3. 
Complete  the  square,    4*^  —  ()  +  l  =  4. 
Extract  the  root,  2r  - 1  =  ±  2. 

2r  =  3. 
.•.r=i 
Hence,  the  numbers  are  12,  18,  27. 

16.  Find  two  numbers  whose  sum  is  3]  and  geometrical 
mean  1  j. 

Let  x  =  one  number, 

and  y  =  the  other. 

Then  x  +  y  =  Si  (1) 

V^  =  1J  (2) 

Square  (2),  ^  =  I- 

Substitute  value  of  x  in  (1),  —  +  y  =  ^, 
4y 

9  +  4y«  =  13y, 
4y«-13y  =  -9, 

4y'-()  +  (¥)'  =  fi 

Extract  the  root,  2y  -  J;^  =  ±  }, 

2y  =  J^  or  2. 
.-.  y  =  f  or  1. 
Substitute  values  of  y  in  (1),         a;  =  1  or  2J. 
Hence,  the  numbers  are  1  and  2\.  ^ 
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16.  A  glass  of  wine  is  taken  from  a  decanter  that  holds  ten 
glasses,  and  a  glass  of  water  poured  in.  When  this  has  been 
done  five  times,  what  part  of  the  contents  is  wine? 

Since  there  are  ten  glasses  of  wine  at  first,  when  one  glasa  of 
water  is  substituted  for  one  of  wine,  there  will  be  -^  as  much 
wine  in  the  decanter  as  before. 

Since  this  is  done  5  times, 

.•.i=(i)(Ay 

■   =a)(iWftWF) 

=  0.59049. 

17.  There  are  four  numbers,  such  that  the  sum  of  the  first 
and  the  last  is  11,  and  the  sum  of  the  others  is  10.  The  first 
three  of  these  numbers  are  in  arithmetical  progression,  and  the 
last  three  in  geometrical  progression.    Find  the  numbers. 

Let  X,  y,  10  —  y,  11  —  »,  denote  the  numbers. 
By  Arithmetical  Progression, 

y-ir  =  10-2y.  (1) 

By  Geometrical  Progression, 

lO^.llz-.  (2) 

y       lo-y 

From(l),  x«3y-10.  (3) 

From  (2),  4y»-41y  =  -100.  (4) 

Whence,         4y«-61  +  (W-'tt. 
and  2y-^  =  ±f. 

.-.  y  =  6Jor4. 
Substitute  4  for  y  in  (3),        »  -  2. 
Hence  the  numbers  are  2,  4,  6,  9.  \i(<  u\     , , 


v'^ 


18.  Find  three  numbers  in  geometrical  progression 
sum  is  13  and  the  sum  of  their  square^l.  ,  '. 

Let  aJ.  ay,  xy^  =  the  numbers.  ^  l^ 

a;  +  ry  +  ay^  =  13  (1) 

aj* +  a?y«  4- a;»y*  =  91  (2) 

Divide  (2)  by  (1),         x-xy-^xy^=     7 
(l)is  x-^xy-\-xy^=   13 

Subtract,  -2iBy  =-6 

.-.  (cy  =  3. 
3 

.'.      X  =  -' 

y 
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Substitute  value  of  x  in  (1), 

?  +  3  +  3y  =  13, 

y 

3  +  3y  +  3y«  =  13y, 
3y2-10y  =  -3, 
36y*-()  +  100  =  G4, 
6y-10  =  ±8. 

.•.y  =  3, 

and  a;  =  1. 
Hence,  the  numbers  are  1,  3,  9. 

19.  The  difference  between  two  numbers  is  48,  and  the  arith- 
metical mean  exceeds  the  geometrical  by  18.    Find  the  numbers. 

Let  X  =  larger  number, 

and  y  =  smaller  number. 

a:-y  =  48  (1) 


^     y  =  arithmetical  mean, 
Vxy  =  geometrical  mean, 

a;  +  y  =  2v^  +  36, 
X  -  2Vxy  -f  y  =  36, 

v^_Vy  =  ±6  (2) 

Divide  (1)  by  (2),    Va;+Vy  =  ±8  (3) 

From  (2)  and  (3),  2Va=14, 

2Vy  =  2. 
.-.a; -49, 
and  y  =  1. 

20.  There  are  four  numbers  in  geometrical  progression,  the 
second  of  which  is  less  than  the  fourth  by  24,  and  the  sum  of  the 
extremes  is  to  the  sum  of  the  means  as  7  to  3.  Find  the  num- 
bers. 

Let  X  =  first  number, 

and.  y  =  ratio. 

Then  a;,  ajy,  ajy',  ay*  =  numbers. 

a^-ay  =  24  (1) 

a?  +  jcy«:ajy  +  ay«::7;3  (2) 


^'*"*'-'-    ^i^ll  III..  ^"^""^ 

\ 
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3(x  +  a;3r')=7(.ri/  +  a:y«), 
3(l+y»)  =  7y(l  +  y).     .^ 
Divide  by  1  +y.     3(1  -y  +y«)  =  7y, 
3y«-10y  =  -3, 
36y«-()  + 100  =  64,      • 
6y-10  =  ±8, 
6y==  18. 
.-.  y  =  3. 

Substitute  in  (1),        27  x  -  3  a;  =  24. 
24a: -24. 

.'.  «  =  1.  ^^■'' 

Hence,  the  numbers  are  1,  3,  9,  27^^-^ 

21.  A  number  consists  of  three  digits  in  geometrical  progres- 
sion. The  sum  of  the  digits  is  18 ;  and  if  792  be  added  to  tlie 
number,  the  digits  in  the  units'  and  hundreds'  places  will  l>e  in- 
terchanged.   Find  the  number. 

Let  X  =  first  digit, 

rx  —  second  digit, 
and  1^  B  third  digit. 

a;  +  ra;  +  r»a;  =  13  (1) 

100a;  +  lOraj  +  r»a;  +  792  =  100r*a;  +  lOra;  +  x, 
-99r»a;  +  99a;  =  -792. 

(2) 


r*aj  — a;  = 

8 

X  +  ra?  +  r*x  = 

13 

Subtract. 

2x  +  rx  = 

5 
5 

2+r 

.-.  a;  = 
Substitute  value  of  x  in  (2), 

5r»          5 

2+r     2+r 

'8. 

5r»-5  = 

.16-f8r. 

5r*-8r  = 

21, 

100r»-()  +  64  = 
10r-8  = 

484, 
±22, 

10r  = 

30. 

.-.  r  = 

:3. 

From  (1), 

»  +  3x  +  9c  = 

13. 

Hence,  the  number  is  139. 

1. 
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22.  Find  the  limits  of  the  sums  of  the  following  infinite 
series : 


(1) 


(2) 


(3) 


(4) 


(6) 


4  +  2  +  1  + 

}+*+«+ 

J-t^  +  /t- 

1-f+A- 

t+TV+A+ 

-^  =  Formnla. 
1  — r 

a  =  4. 

•.     «    -     *     =8. 
1-r      1-} 

a  =  J, 

»•  =  §. 
1-r     1-S      '■ 

o  =  i. 

r i. 

i 

l_r     l-(-J) 

-iii-»- 

o  =  l, 

o                 1 

•l-r     l-(-l) 

1-r     1-J 

-j  =  A. 

(6) 


2-1J  + 

1- • 

0.1  +  0.01  +  0.001  + 

0.868686. 

... 

0.64444... 

0.83636... 

)            a  = 

'2, 

r  = 

=  -i- 

"  1-r" 

2 
1+J 

2     . 

(V) 


(8) 


a  = 

=  0.1, 

r  = 

=  0.1. 

a 
1-r 

0.1 
1-0.1 

a  = 

=  0.86, 

r  = 

=  0.01. 

a 

0.86 

=  4- 


(9) 


l_r     1-0.01 


a    _  jijf  _  j: 


IFO  +  A  —  }©• 
(10)  «  =  T»fe. 

A+A=tt. 
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Exercise  111. 

1.  Insert  four  hmrmoDical  means  between  2  and  12. 

.      I  — a 
m  +  1 

T2»  A.  A.  A  =  arithmetical  means, 
.'.  2j,  3,  4,  6  =  harmonical  means. 

2.  Find  two  numbers  whose  difference  is  8,  and  the  harmoni- 
cal mean  between  them  IJ. 


Let 

X  =  one  number. 

Then 

jc  +  8  =  the  other  number. 

^_2ab^ 
a  +  b 

.   9      2x«-f  16a; 
"6         2x  +  8 

18a;  +  72=10a;«  +  80x. 
10a;*  +  62a;=72. 
100a;*  +  ()  +  (31)«=1681. 
10a;  +  31=±41. 

a;  =  1  or  -  7i, 
a?  +  8  =  9  or  |. 
Hence,  the  numbers  are  9  and  1. 

3.  Find  the  seventh  term  of  the  harmonical  series  8, 3f,  4, . 

i  =  a+(n-l)(i. 
Here  a=-i  n  =  7,  rf=  A-A^-A- 

.•.Z  =  A. 
Hence,  the  seventh  term  is  12, 
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4.  Contiuae  to  two  terms  each  way  the  harmonical  series,  two 
consecutive  terms  of  which  are  15,  16. 

Harmonical  series,  15,  16. 
Arithmetical  series,  ^,  ^. 

Subtract  d  from  first  term,  ^  +  ^\jf  =  ^. 

Subtract  d  from  ^,  ^^  +  j^jg  =  ^^. 

Add  d  to  last  term,  A  -  tJij  =  AV- 

Addrfto^.  ^_^J^  =  ^. 

Hence,  arithmetical  series  is  ^^,  ^^ ^^,  ^^. 

Hence,  harmonical  series  is  13J,  14^ 17f ,  18^. 

5.  The  first  two  terms  of  a  harmonical  series  are  5  and  6. 
Which  term  will  equal  30? 

/  =  o  +  (n-l)d, 

n  =  -— — I- 1, 
a 

»*=^TrX  V  +  1, 
n  =  6. 

6.  The  fifth  and  ninth  terms  of  a  harmonical  series  are  8  and 
12.    Fiud  the  first  four  terms. 

4 

ft  +  A  =  41  ~  g7* 
Hence,  the  first  four  terms  are  6,  6{,  6f ,  7^. 
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7.  The  difference  between  the  arithmetical  and  harmooical 
means  between  two  nambers  is  If,  and  one  of  the  numbers  is 
four  times  the  other.    Find  the  numbers. 


Let 

X  and  y  » the  numbers. 

Then 

X  +  y      2x1/ 

— iT^'    —-^  =  the  arithmetical  and 
2        *  +  y         means. 

harmoi 

Hence, 

x  =  4y 

(1) 

and 

x-\-y       2xy       9 
2         x  +  y     6 

(2) 

Substitute 

4y 

for  X  in  (2), 

^     8^»_9 
2       6y      5* 

.•.y  =  2. 

and  X  =  8. 

8.  Find  the  arithmetical,  geometrical,  and  harmonical  means 
between  two  numbers  a  and  b ;  and  show  that  the  geometrical 
mean  is  a  mean  proportional  between  the  arithmetical  and  har- 
monical means.  Also,  arrange  these  means  in  order  of  magni- 
tude. 

Arithmetical,  A  —  a=b  —  A. 

.    J  _«  +  & 


Geometrical, 


Harmonical, 


• 

•.  -fl.= 

2 

a 

b 

'  g' 

. 

.  G  = 

'Vah. 

1 

H 

-1  = 
a 

1       1 
'b     H 

•• 

2 

a     b 

o  +  ft 
ab 
2  ah 


a  +  6 


Thn  ^    VS::VS:^. 

2  a  +  6 

The  order  of  magnitude  is  ^^--  •    Va6,    — ^^ 
°  2  a-\-b 


436  ALGEBRA. 


Then          ^. 

y/ab. 

a  +  6 

the  a 
an 

Hence 

a  +  6 
2 

-V^  = 

13 

v^- 

2a5 
a  +  6 

=  12 

Add  (1)  and  (2), 

a-f  6 
2 

2a6 
a  +  6 

=  25 

Transpose  in  (1), 

2 

*-13  = 

:  VS, 

9.  The  arithmetical  mean  between  two  numbers  exceeds  the 
geometrical  by  13,  and  the  geometrical  exceeds  the  harmonical 
by  12.    What  are  the  numbers? 

Let  o  and  h  =  the  numbers. 

letical,  geometrical, 
and  harmonica!  means. 

(1) 
(2) 

(3) 


a  +  6-26  =  2    ab  (4) 

Square  (4),     a?  +  2ah  +  6'  -  52a  -  526  +  676  =  4a6 
Simplify  (3),  a*  +  2a6  +  6«  -  50a  -  506  =  4a6 

Subtract,  2a +  26  =676 

a +  6  =  338  (5) 

Substitute  value  of  a  +  6  in  (1), 

169-Va6  =  13, 
156=Va6. 
From  (5),  a  =  338  -  6. 

.-.  156=V(338-6)6. 
.-.  1562  =  3386 -6». 
6«- 3386  =  -24336, 
6«-()  + (169)' =  4225, 
6-169  =  ±65. 

.-.  6  =  234  or  104, 
and  a  =  104  or  234. 


10.  The  sum  of  three  terms  of  a  harmonical  series  Is  11,  send 
the  sum  of  their  squares  is  49.    Find  the  numbers. 
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Let 

X  and  y  =  first  and  last  terms. 

Then 

-J5L  =.  middle  term. 
x  +  y 

Hence, 

»  +  y 

(1) 

and 

»'  +  y'+7^."49 

(2) 

Sqaare  (1),  and  subtract  (2)  from  the  result, 

6a!y  =  72,  and  xy=12  (3) 

Substitute  12  for  ay  in  (1),  and  clear  of  fractions, 
(x  +  y)«-ll(a:  +  y)  =  -24. 
Complete  the  square  and  extract  the  root, 

«  +  y  =  8  (4) 

Square  (4),  x*  -f  2  asy  +  y'  =  64 

From  (3),  4gy  =^48 

a^  —  2xy  +  y'=  16 

«-y  =  ±4  (5) 

From  (4)  and  (5),  a;  =  6,  and  y  =  2. 

Hence,  the  numbers  are  6,  3,  2. 

11.   When   a,  h,  c  are   in  harmonical  progression,  show  that 
a:  c:  :a  —  b:b  —  c. 

If  a,  6,  c  are  a  harmonical  series,       -  —  = -• 

b     a     c     0 

Multiply  by  abc,  ac  —  bc  =  ab  —  ac, 

or  c(a  —  b)='a(b-c\ 

or  a:C:  :  a  —  b:b—  c. 

Exercise  112. 

1.  -J— 

2-3a: 
Divide  1  by  2 -3a;. 

Then.  -^—  =  }  +  ia?  +  |«"  +  fK  + 

z  —  oaj 

2.  JJ^ 


2  +  3a! 
Divide  1  +«by  2  +  3*. 

Then.  ±±J.  =  }_Jx  +  |*'-A»='  +  ' 

J  "h  oa; 
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o    3-2a; 
^    4-3x 

Divide  3 -2a;  by  4 -3a;. 

'^"°'       |z|f=*  +  ^^  +  '^'^ 

+  ^^^  + 

4.       1-^ 
l-a:  +  a;« 

Let          ^-^     -.l  +  ^a;  +  Gc»  +  i)a;'  +  ^a;*  +  i?!i;5  + 

1-  X  +  a;« 

Then.  l-x^A+(B~A)x  +  iO-B-\-  A)x^  -i.(D-C+  B)s^ 

+  (^-  i>  +  C)a;*  +  {F~  E-\-D)3^-^ 

.-.^  =  1, 

^  =  1; 

5-_^=_l, 

5  =  0; 

(7-5  +  ^  =  0. 

C=-l; 

J[)-C+J5  =  0, 

2)  =  -!; 

J5;-i)  +  C=0. 

^=0; 

i^-  ^  +  i>  =  0, 

F=^l. 

l-a?         1      -J     -J 

.  ^  . 

1  -  a:  +  a;' 


1 


1  -  2a;  +  3a;« 


1 


•  =  A  -{■  Bx  -\-  Cx^  +  Dr^  -^  Ec^  -h  Fh^  +  ' 


Let 

l-2a;  +  3a;*^ 

Then.  l==A  +  {B-2A)x-^(0-2B-{-^A)a^  +  (D-2C+3B)3^ 

+  (E^2D-\-SC)x*  + 

.-.  il  =  l,  ^  =  1; 

B-2A  =  0,  5  =  2; 

C-2J5  +  3.1  =  0.  C=l; 

i>-2C+35  =  0,  J[)  =  -4; 

E-2D-\-3O=0,  E  =  -n. 

1 


■'  l-2a;  +  3a;=« 
5-2a; 


=  l  +  2a;  +  a;«-4ar»-lla;*- 


Let 


1  +3a;-a;2 

5-2a; 
l  +  3a;-a;2" 


'A  +  Bx+Ch^-{-Da^-^E3^-h- 
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Then,  5^2x  =  A-\-{B-{-3A)x  +  {C+SB-A)x' 

.-.  il  =  6,  il  =  5; 

C+3B-A  =  0, 
2)  4- 3  C- 5  =  0. 
^+3i>-C=0, 


5 --17; 
C=56; 
2)  =  -185; 
^^601. 


5-2aj 


7. 


Let 


l+3a;- 

x' 

4a?-6x« 

1 

-2a:  +  3r» 
4a:-6rr« 

=  5  -  17a:  4-  56a:»  -  185x»  +  611ar*  - 


=  ^  +  5x  +  ai:»  +  Da^  +  J5B*  +  . 


1  -2x-\-Sx* 

Then,  4ar  -Br*  =  ^  +  (-  2^1  +  5)x  +  (3^  -  25  +  C)a:« 

+  (35  -  2Cf  i>)ar» -I- (3  C- 2i>  + ^)ar*  +  . 

/.  ^  =  0,  ^  =  0; 

-2^  +  5  =  4,  5  =  4; 

3^-25  +  (7=-6,  C=2; 

35-2C+i)  =  0,  i)  =  -8; 

3(7-2i>  +  ^=0,  £=-22. 

4a:-6a;« 


l-2a;  +  3ar2 


=  4a;  +  2a:»-8r»-22a:*-. 


Exercise  113. 


ResQ^ve  into  partial  fractions  : 
1  7a; +  1 


■  («+ 

4)(a;- 

-5) 

Assume 

7a: +  1             il           5     . 

(a:  +  4)(x-5)     x -I- 4     x-5' 

then 

7x  +  l  =  (^  +  5)a:-5il+45. 
.-.^  +  5=7.        ^  =  3, 
45-5il  =  l,        5  =  4. 
7a: +  1             3            4 

(x  +  4XaJ  -5)     a:  +  4     x-5 
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Aft 

(x  +  3)(x 
sume 

5x- 
(2a:-l)( 

sume 

•*■ 
a:-2 

+  4) 

6 

_AB 

x+3 ' x+4 
=  (^  +  B)x  +  4^  + 
=  0 
=  6 
=  6 
=  -6 

6            6 

x+3     x+4 

2x-l      x-6 
=  (^  +  2B)x-6^. 
=  5 
=  1 

2a:-l      x-6 

8                    1 

then 

(^ 

+  3)(x  +  4) 
6  = 

4^+35= 
.-.  ^  = 

6 

ZB 

8. 

As 

••  (x  +  3)(x  +  4) 

1 
x-5) 

5a:-l 

then 

(2x 

-l)(r-6) 

5a--l  = 

/.  ^  +  25  = 

5^+5  = 

/.  A^ 

5x-l 

-B 

'  (2a; 

-l)(x-5) 
x-2 

4 

3(x-6)      3(2  X - 

■1) 

a^_3x-10      (x-6)(x  +  2) 

.  X— 2  A     ,      B 

Assume =  -^=^  +  -^=^— 

(x-6)(x  +  2)      x-6      x  +  2 

then  X  —  2  =  (^  +  B)x  +  2^  -  6  J5 

/.  A-\-B=.l 

2^-55=-2 

.',A=i,B=i 

'  ar-2         ^34 

••  ar2_3x-10      7(x-5)      7(x  +  2) 

3  3 


X8-1         (X-1)(X2+X  +  1) 

Assume       , ,-| r=  -^+  ^^"^^ 


(X~l)(x2+X+1)        X-1        X^  +  X+l 

then  3=(^+B)x2  +  (^-B+C7)x+^-C 
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.-.  ^  =  1,  5=-l,  C=-2 
3      _     1              ar  +  2 
"  3*-l      ar-1      jc3+ar+l 

Assume 

a:3-x-3_^         B            C 

then  r2-x-3  =  (^+^+  C)x3+  (-2^  + 2C)a:-4^ 

-25+2C=-l 
-4^=-3 
.-.  A  =  l  B=^l  0=-i 


ara-a:-3       3             3                   1 

'  x(xa_4)       4^      8(ir+2)      8(a:-2) 

7      3x2-4 

Assume 

3x2-4  _A  ^  B  ^      C 

xa(x+6)      x2      X      x+6 
then  3x2  -  4  =  (5  +  c')x2  +  (^  +  5B)x  +  6^ 

/.  B+  C=3 

5^  =  -4 


3x2-4  _,__L  +  _L.+  .      71 


x2(x  +6)  6x2  '  25x      26(;x  +  6) 


7x2-x 


Assume 


(x-l)2(x  +  2) 

7x2-x        ^       A  B  C 

(x  -  l)2(x  +  2)       (x-l)2"*"x-lx  +  2 
then  7x2-x  =  (5+C)x2+(^+5-2C)x  +  2^-25+C 

/.  ^+(7=7 
^+-B-20=-l 
2^-25+  (7=0 

/.  ^  =  2,  ^=V,  C=J^ 
7x2-x  2         .        11         .        10 


(x  -  l)2(x  +  2)      (X  -  1)2      3(x  -  1)      3(x  +  2) 
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Assume        2»'- 7x+ 1^^  ^.J» +A 


r»-l  x-l     a:*  +  a?+l 

then  2a:»  -  7«  +  1  =  (il  +  ^)a:»  -^{A- B -{- C)x -\- A~0. 

.:  A^B  =  2. 
A-B+C^-7, 
A-C=l. 

.'.  ii  =  -i  ^  =  Y-.  c=-f 

.   2x^-7x  +  l^      lOx-7  4 


Exercise  114. 

1.  {\+2xf 

=  {If  +  6(l)*(2a;)  +  10(l)»(2x)»  +  10(l)»(2x)»  +  5(lX2x)*  +  (2a:)* 
=  1  +  lOx  +  40  a:*  +  80 «»  +  80  aj*  +  32x». 

2.  (x-3)8 

=  a*  -  «  a;^(3)  +  28  a;«(3)»  -  56  x«(3)»  +  70a^3)* 

-  56x»(3)6  +  28a:«(3)»  -  8«(3)»  +  (3)8 
=  a*  -  24a:T  +  252a;«  -  1512a*  +  5670aJ* 

-  13608  x»  +  20412a:»  -  17496  a;  +  6561. 
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3.  (2a; -3y)* 

=  (2a:)*  -  4(2a:)»(3y)  +  6(2a:)'(3y)»  -  4(2x)(3y)»  +  (3y)* 
=  16a:*  -  96a»y  +  216a*y«-  216a:y«  +  Sly*. 

4.  (2  —  x)* 

=  (2)>-3(2)«(x)  +  3(2)(x)'-(«)» 
=  8-12z  +  6a'-a!». 

'■(■-^)' 

-(i)'-5(i)'(5s)+io(.)-(^)'-io(i).(W 

^      15.V     45.V'      135.v»      4Q5y*      243.v» 
4  8  32  256         1024 

=  l-3rc+4x»-?^+li^-i^  +  2^-i^'+-^ -^ 

9  9  27        243      243     729     1968;^ 

7.  The  fourth  terra  of  (2  x  -  5  2^)". 

Substitute  in  formula  values  of  n  and  r, 

'^in-\) (n-r  +  2)  ^„.  .^.^  ^_i 

1X2 (r-l) 

^12xllXlO(2^y(5   )3 
1X2X3     ^     ^^  ^^ 

=.- 14080000  a:9y». 


8.   The  seventh  term  of 

10 


10x9x8x7  fxY  (yY 
1x2x3x4  ^2;  \^3y 


35  gV 
'  1944  * 
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9.  Tlic  twelfth  term  of  (a*  —  axy 


1X2X3X4     ^    ^^    ^ 


10.  The  eighth  terra  of  (6  xhf  -  2  xy^y 


=  - 36(25  a:V')(128xy*) 
=  - 115200  a^y«. 


11.   The  middle  term  of 

8x7x6x5 
1x2x3x4 
=  70. 


am 


12.  The  middle  term  of 

_10 

1: 
=  -  252. 


ii-iT 

[0x9x8x7x6/arY  /^V 

1x2x3x4x5  Vy/  Uy 


13.  The  two  middle  terms  of  (  ?_!( ) . 

The  two  middle  terms  are  the  fourth  and  fifth. 


The  fifth  term     = 


1x2x3) 
35  a; 

7x6x5 
1x2x3 
35y 

X 


14.  The  rth  term  of  (2  a  +  «)" 


(;T(1T 


1X2 (r-1)      ^     ' 
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15.  The  rth  term  from  the  end  of  (2  a  +  x)» 

1X2 (r-1)        ^ 

16.  The  (r  +  ^)th  term  of  (a  +  x)* 

^  n(n-l) (n-r-2)  ^„^a^+3. 

1X2 (r  +  3) 

17.  The  middle  term  of  (a  +  x)»»» 

=  2n(2n-l)....(2n-(n^l)^2)  ^».-,.,+i^ 

1  X  2 (r*  +  1  -  1) 

-2n(2n-l) (n  +  1)^^ 

1X2 n 

Multiply  both  terms  by   [n, 


|2n 


(n  +  l)iA  term  =•  - — -  a^s^. 

18.  Expand  (2  a  +  xy^,  and  find  the.  sum  of  the  terms  if  a  =  1, 
a:  =  -2. 

(2a)"  +  12(2a)»a;  +  66(2a)»«x»  +  220(2a)»x»  +  i95(2afsi' 
+  792(2a)V  +  924(2a)8a*  +  792(2a)^x'  +  495(2o)*x8 
+  220(2a)»a*  +  66  (2a)V<>  +  12(2a).'cii  +  «^«. 
Substitute  1  for  a  and  —  2  for  x. 

(2  -  2)"  =  0. 

19.  {Vi-\-Vbf  =  {J+biy^ 

=  a^  +  5a«6*  +  10a*6  +  10a6*  +  5a*6»  +  6^ 

=  a^Va  +  5a^Vb  +  lOaJVa  +  10a6V6  +  5b^Va  +  6«V^. 

20.  {2a'-iVdf 

*=(2a»)«-6(2aTOv^)  +  15(2a2)*(jVS)«-  20(2a«)»(iVa)» 
+  15(2a7(J  VS)*  -  6(2a«)(J  Va)5  +  (jVaf 

=  64a"  -  96a»oVa  +  60a»  -  20d'Va  +  3}a«  -  Ja*\/a  +  ^• 

64 
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21.  fv/S5— ^V 
\  2V6/ 

23.  f  J^-:^V 

V^6c     3a6; 


27a»6» 


a*        Sac*         3a*c  c^ 


(bc)i     ^^''     9a>6y     27a»6» 


ftM     6>c*     3a*6i     27a»6» 
24.  (v^^  +  V?)»  =  (m*  +  a;*)» 

=  (m*)»  +  3(m*)»a;^  +  3m*(aj*)«  +  (x*)» 
=  m'  +  377M;\/mV  +  3a,''v^'  +  a;*Vx. 

16 
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=(W-K£nx)-«(s)'(fr--(fi)'(f)' 

27.  (a5-a"5)4 

«  ft         _n  n  n  n  n  n 

=  (a2)*-4(a2)»(a  »)  +  6(a»)»(a   »)*-4(a«Xo  'y*  +  (a  *)* 
=  a**  -  4a*  +  6  -  4a-*  +  a-**. 

-(.-i)'-Kii)''^^'*Kii)"^*''-".^"" 

^  g*       9o      27  aM      onrf 
8^'     46*  2 

29.  {y/^-2Vbf  =  {J-2b^y^ 

=  (aV  -  5(a*)*(26*)  +  10(a*)»(26*)»  -  10(a*)«(26*)» 

+  5(a*)(26*)*-(26*)* 
=  a'Va  -  lOa'y/b  +  40 aJVa  -  SOabVb  +  806»\/a  -  326»\/6. 

30.  J2^-i/^y=(2a:V'-y*)» 

=  (2a:«y-i)«  -  6(2x«y-i)*(y')  +  15 (2 a!«y ■')%')'  -  20(2a:«y-i)»(y*)3 

+  15(2a:»y-»)»(yV  -  6(2a:«y-i)(y')^  +  (y^ 
=-  64xiV*-  192>y-*\^  +  240j;8y-»v^  -  160a^y-» 
+  60a:*  vy  -  12xy  v^  +  y*. 
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_16a«     32a^     8a»     8a^     g'M 
"J*         36»      3  6»       27       81 

or     lea'i-'-Va**"' +  !»'*■' -A'a**  +  ^ 

S3    /«V^     -t^V 
■  l^ftS      2a; 


r6*\  ,  o/oh/6*N'     /**' 


-(|"-'(s)'(i'.)-(s)(i^)'-(l^)' 

g^      Sg'  3  6^ 

^ji     26H     iahi     S"' 

Exercise  115. 

1.  (1  +  xf  to  four  terms 


a;     ic*  .  ar* 


2      8      16 
2.  (1  +  XY  to  four  terms 

*^        2  1X2X3 

-l+|»-ij!>  +  A-«'- 
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3.   (a  +  x)^  to  four  terms 

^-i«— — ~^— «>«^        L_ 

=  a»  + ;  - 


4ai     32  a*      128  a*  ' 
5ar» 


\       4a     32  a». 


128  a» 


4.   (1  —  x)  "*  to  four  terms. 

By  substituting  1  for  a  and  —  i  for  a:  in  the  formula  (a  +  a;)» 

=  1 +4x +  10a;«  + 20  ar»  + 


5.   (a'  —  x*)*  to  four  terms 

=  (a^)i  -  I  (a^)3-i  +  ^^{a^)^-^x'  ~  i(i-|)(t-2) (^,^,-,^ 


8  16a 


6.   (x^  +  xy)  ■*  to  four  terms 

^-}(-f-l)(-i-2),.|-3(^),_ 

-s      a    -4     .  ISx'V     35ar-V  _l 
=  X  »  -  fx  *y  +  — ^-s^^ __JL  + 


7.   (2x  —  3  y) "^  to  four  terms 

=  (2x)-i  -  (-  i)(2x)-H^y)  +  tiKlJ)  (2x)-HSyy 


.(-i)(-|)(-f)(2.)V(3y). 
^  X  «5 


-  2x-i{l  +  ix-iy  +  Tl^a;-»y»  +xVA*~y  + } 


450  ALGEBRA. 


8.   Vl  — 6x  to  four  terms 

=  l-a;-2a:»-6a^- 

to  four  terms 


=  (4tt''-3aj;)-i 

=  _L  {  1  +  ?£  +  135  a;»      945  r»  ) 

8a»l         8a     128a«      1024a«     i       * 

10.  V , . — „-  -^  to  four  terms 


^ii^syy'^ 


.l  +  5i!  +  55^  +  ?352^  + 

2         8  48 

11.  (1  +  x+ sf)'  to  four  terms 

=  1  + §(»+ ^) + iiLil)  (^ + it')' + i^L^Mni)  (^  +  ^) 

=  l+Ja  +  5it»-Jfar'+ 

12.  (1  — X  +  a:') '  to  four  terms 

"  [1  -  (a;  -  a:')]* 

-  1  -  I X  +  ia:' +  (Ja^  _  faJ')  -  (_  ^jJ)  - 
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13.  The  rth  term  of  («  +  «)* 

Multiply  both  terms  by  2»'-  ^ 

_  1X3X5 (2r-5)  J::^^  ^_, 

14.  The  rih  term  of  (a  -  x) "' 
(-3)(-4) (-r-1)  ,^_, 

1X2X3 r-1 

^3X4 (r-l)(r)(r  +  l)^_,_,^,.i 

'1x2x3x4 (r-1) 

11X2 

15.  v^GS  to  live  decimal  places 

=  {64(l+^V)}' 
=  8(1+^V)* 

=  8{i+{i)UV)  +  i5i^{^V« 

=  8(1  +  Tb-T5ky) 

-  8  (1  +  0.00781  -  0.00003) 

=  8.06224^.,pr.^  -—' 

X6.    v^i^  to  five  decimal  places 

-{1(1 +iV)*} 

-i+JxA  +  ^^^^A)" 

-1+0.01111-0.00012 
i.01099. 
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17.  \/l29  to  six  decimal  places 

=  {128(1 +  t},)}* 

=  {2'(1+Ti,)}» 

.■.Vm=2{l+jhsf 

=  2  {1  +  I  X  xk  +  ^^^'  (ik)'}  +  •••- 

=  2(1  +  0.001116  -  0.000004) 
=  2.002224. 

18.  (1-2X+ 3a?)-' to  four  terms 
=  {l-(2x-3a:')}-' 

=  1  -  (-  J)  (2it  -  3a^)  +  tiK^)(2x  -  3^ 

J-f)(-|)(-¥)(2,_3^). 
1x2x3       ^  ^ 

V5        5  )     V25         2b        2b  J     [  125 

_^      4^_2^_196x^ 

5        25        125 

19.  ^i^*^^  to  coefficient  of  a* 

(1  +  sxy 

=  (l+2x)2(l+3a;)-» 

=  (1  +  4a;  +  4x2) (l  -dx-^-bAx"- 210s?  +  1215a:*). 

The  terms  containing  a:*  will  be 
1215x*  -  4x(270ar»)  +  4a:2(54a.2) 

=  3510*. 

20.  (1  +  ac)^  expanded 

l^i,+  i(i_ll)^^Hi-l)tt-2)^ 
iu  13 

,i(i-l)tt-2)a-3) 
+  g  a:*. 

=  l+}a; l^^^      ^^^     ^      ^^X3x5      ^ 


2x22         2x3x2*         2x3x4x2* 
When  a;  =  1,  this  becomes  (1  +  1)^ 

^1^1 1      1x3      1x3x5 

2  2x22  2x3x22  2x3x4x2*   "" 
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Exercise  116. 

1.  log35  =  logr7x5)  8.  log   7.5  =  log (3x5x5x0.1) 

=  log  7  +  log  5.  =  log  3  +  log  5 

log   7  =  0.8451  +Iog5  +  log0.1. 

log  5  =  06990  log      3=0.4771 

.-.  log  35  =  1.5441  log      ^  =  5'^?^ 

^  log      5  =  0.6990 

2.  log  9  =  log  (3x3)           >  log  0.1  =  9.0000-10 

=  log  3  +  log  3.  .    1       7  5  _  0.8751 
log   3  =  0.4771 

•  W   q^5^  ^'  Iog0.05  =  log(5x0.01) 

•  log  9  =  0.9542  _  i^^  5  ^  i^g  q.qi  . 

3.  log  8  =  log  (2  X  2  X  2)  log      5  =  0.G990 

=  leg  2  +  log  2  +  log  2.  log  0.01  =  8.(K)00  -  10 

log   2  =  03010  .-.  log 0.05  =  8.0990 -10 
log   2  =  0..S010 

log   2  =  0.3010  ,^    .      -^_      ,      ,.,     ^,, 

.   w   R     ^Ti^;^  ^^   log  12.5  =  log  (o'x  0.1) 

.-.  log   8  =  0.9U30  =  log  5  +  log  5  -f  log  5 

4.  log49^1og(7x7)  +  log  0.1. 

-  log  7  +  log  7.  log      5  =  0.6990 

W   7^0.8451  log      5  =  0.6993 

log   7-=  0.8451  log      5  =  0.0990 

1  ^iQ      r^^^  log   0.1 --=9.0000 -10 

.-.  1oe;49  =  l.()902  ..^,      ,-^v-.    -  - 

^  .-.  log  12.5=  1.0970 

5.  logl2  =  log(2x2x3)  ^ 

=  log2  +  log2  flog 3. 

log   2  =  0.3010  11.  logl.25  =  log(5»xOX)l)      ^ 

lo|   2^0.3010  =log5  +  log5  +  logo 

lol   3=0.4771  +logO.Ol. 

•  Ioal2-=r079l  log      5  =  0.0990 
..  io„i-      i.u/yi  5  =  0.0990 

6.  log  00  =  log  (2  X  3  x  2  X  5)  log      5  -  0.0990 

=  log  2:^  +  log  3  +  log  5.  log  0.01  =  8.0000  -  10 

log   2  =  0.3010  .-.  log  1.25  =  0.0970 
log   2  =  0.3010 
log   3  =  0.4771 

loi   5  =  0.0990  12.   log  37.5  =  log  (fr^  x  3  x  0.1) 

•■•log60=L77^  -'^f,:^^^X 

7.  log  75  =  log  (5  x  5  X  3)  log      5  =  0.0990 

=  log  5  +  log  5  +  log  3.  log      5  =  0.()990 

log   5  =  0.0990  log      5  =  0.0990 

log   5=0.0990  log      3=0.4771 

log    3  =  0.4771  log   0  1  -=  9.00()0  -  10 

.-.  log  75  =  1.8751  .-.  log  37.5  =  1.5741 
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13.  log     1.75  =  bg(5xDx7x0.01)  ^    J       5i  =  joflog5 

=  log5+  og5-flog7  S        =|ofol990 

+  l°g^-^*-  =0.3495. 

log          5  =  0.6990  1 

log          5  =  0.6990  21.   log   3*  =  J  of  log  3 

log          7  =  0.8451  =i  of  0.4771 

log     0.01  =  8.0000  -  10  =  0.0596 

.-.  log      1.75  =  0.2431  ^    ^       a      ,     n      ., 

^  2S.   log   75  =  J  of  log  7 

14.  log      105  =  log(5><3x7)      ^  :i?6r^^^ 

=  log5  +  log3  +  log7. 

log          5  =  0.6990  23.  log   2^  =  J  of  log  2 

log          3  =  0.4771  =3  of  0.3010 

log          7  =  0.8451  =0.2258. 

.-.  log       105  =  2.0212  % 

^  24.  log  5^  =  iioflog5 

15.  log  0.0105  =  log  (3x7x5  I  0  4660^^^ 

X  0.0001)  -a^oou. 

=  log3^1og7  +  log5  25.   log   3?  =  3oflog3 

+  log0.0001.  S        =3  of  0.4771 

log          3  =  0.4771  =  0.2045. 

log          7  =  0.8451  9 

log          5  =  0.6990  26.  log  3^ ^  =  ^9^  of  log  3 

log  0.0001  =  6.0000  -  10  =  i»f  of  0.4771 

.-.  log  0.0105  =  8.0212  -  10  =  0-3904. 

16.  log     1.05  =log(7x  3x5x0.01)  27.   log   72  =  5  of  log  7 

=  log7  +  log3  +  log5  =|oIll;^~'^^ 

+  log  0.01.  =2.95/9. 

lol          3:0477!  28.  log3J  =  Joflog3 

iof     5:o:699i  'LleV'' 

log     0.01  =  8.0000  -  10  ~  "•^'^^^• 

.-.log      1.05  =  0.0212  29.   log   5^  =  3  of  log  5 

1^    I              ^,i      .      ,      ^,  =3  of  0.6990 

17.  log         7*- 4  X  log 7  =0.5243. 

=  4x0..S451  J, 

=  ?.3804.  30.  log  7f'  =  V  of  log  7 

=  V  of  0.8451 

18.  log         38  =  8  X  log  3  =1.3280. 

=  8x0.4771  , 

=  3.8168.  31.   log215  =  Joflog(7x3). 
log   7    =0.8451 

19.  log         73  =  3  X  log  7  log   3    =0.4771 

=  3x0:8451  log  21    =1.3222 

=  2.5353.  J  of  1.3222  =  1.1569. 
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Exercise  117. 

!•    log  }  =  log  2  +  colog  6.  8.    log  }  =  log  5  +  colog  2. 

log  2  =  0.3010  log  5  =  0.6990 

colog  6  =  9.3010  -  10  colog  2  =  9.6990  -  10 

..  log  J  =  9.6020  - 10  .  •.  log  I  =  0.3980 

log  ?  =  log  2  + colog  7.  9.    log  J  =  log  7  + colog  3. 

log  2  =  0.3010  log  7  =  0.8451 

colog  7  =  9.1549-10  colog  3  =  9.5229  -  10 

•.  log  ^  =  9.4559  -  10  ...  log  J  =  0.3680 

log  I  =s  log  3  +  colog  5. 

Iog3  =  0.4771  1^-    logi  =  log7  +  colog2. 

colog  5  =  9.3010 -10  log  7  =  0.8451 

^  colog  2  =  9.6990 -10 


6. 


log} -9.7781 -10 


log  J  =  0.5441 


log  f  =  log  3  +  colog  7. 

log  3  =  0.4771  11.    log  I  =  log  3  + colog  2. 
colog  7  =  9.1549-10  j^g  3  _  o.4771 

•.  log  f  =  9.6320  -  10  colog  2  =  9.6990-10 

.-.  log  i  =  0.1761 
log  J  =  log  5  +  colog  7. 

log  5  =  0.6990 
colog  7  =  9.1549 -10  12.     log  ^  =  log  7  +  colog 


•.  log  f  =  9.8539-10 


{ 


<=>.S 


0.5 

log  7  =  0.8451 

I      »     ,      f^         ,     r       '   '           C0I02  8  =  0.3010 
log  {  =  log  7  +  colog  5.  ^        

log  7  =  0.8451  ^  ...  iog--7_  ^  1  1461 

colog  5  =  9.3010 -10        '■  ^-^ 

•.log  J  =  0.1461 

13.  log  ^^  =  log  0.05  +  colog  3. 

log  J  =  log  5  +  colog  3.   .  ^ 

log  5  =  0.6990  log  0.05  =  8.60f)0  -  10 

colog  3  =  9.5229  -  10  colog  3  =  9  5229-  10 

..log?  =02219  .-.  log  5|^=  8.2219 -10 


I 
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14.  log  5:525  =  log  0.005+colog2.  20.  log  ^i^^?  =  log  0.007 

2  0.02  +colog0.02. 

log  0.005  -  7.6990  -  10  log  0.007  =  7.8451  -  10 

colog        2  =  9.6990  - 10  colog  0.02=1.6990 

., log ^^=  7.3980 -  10  ,. log  0^  =  9.5441-10 

15.  log   5^  =  log0.07  +  colog5.  21.  log  -2:2?.  =  log 0.02 
logo.;  =  8.8451 -10  '-'''        '-^°^^^^- 

colog       5  =  9.3010-10  !^^  .Z'%'f'!o"'' 

nn7    colog  0.007  =  2.1519 

.•.iogO|7.8.H6i-io  ,.,,,om    r^r- 


0.007 


5 


16.  log   _  =  Iog5  +  colog0.07.  22           0_m^             , 

log        5  =  0.6990  '■''           +colog0.07. 

colog  0.07  =  1 .1549  log   00«5  =  '^•6990  "  10 

^      5       colog     0.07  =  1.1549 

...log    -^-=1.8539  0  005     

^   0.07  .-.log   5^:1^  =  8.8539-10 

^    0.07 

17.  log— ^  =  log3+coloe0.007.  nm 

^0.007        ^   ^       ^  J53.  log     2|3_iQg003^^olog7. 

I'^J^™  log     0.03  =  8.4771-10 

colog  0.007  =  2^9  ^^j^g          ^  ^  9.1549-10 

.-.log  ^-A-^=  2.6320  .j^g     0|3^^;^^^^-^ 

18.  Iog2:^  =  log0.003+colog7.  24.   log  2.0007  ^ ,     .^^^ 

^  ^    0.2           ^  +  colog  0.2. 

log  0.003  =  7.4771  -  10  j^g  o.0007  =  6.8451  -  10 

colog        7  =  9.1549-10  ^^j^g       o.  2  =  0.6990 

,.  log  2:^  =  6.6320  -  10  ,.  lo^  2:2007  ^  7,5441  _  ^o 


7 


0.2 


19.   Iog-2;2|  =  iog0.05  25.  log    2^  =  log0.02« 

0.003  +  colog  0.003.  ^33  ^    +  colog  3'. 

log   0.05  =  8.6990-10  log    0.02»  =  6.6020  -  10 

colog  0.003  =  2.5229  colog         3»  =  8.5687-10 

...log-0-:05  ^^2219  .-.log    2:2?!  ==5.1 707 -10 

^0.003   -  ^       3» 
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26.  log  ^  =  log3»  +  colog0.02». 

log        3»  =  1.4313 
colog  0.02«  =  3.3980 

.Mog^-4"I^ 


27.  log  -^  -  log  7»  +  colog  0.02«. 

log  7»  =  2.5353 

colog     0.02«  =  3.3980 

0.02 


log  -i-  =  5.9333 


28.  Iog^,-log0.07»xcolog0.003». 

log  0.07' =  6.5353  -  10 
colog  0.003»  =  7.5687 

...  log-^^  =4.1040 
^0.003» 


29.  log  ^^^'  =  log  0.005«  +  colog  7». 

log  0.0052  =  5.3980 -10 
colog        73  =  7.4647  -  10 

....  log5:55^  =  2.8627 -10 


30.  log  ——  =  log  7»  +  colog  0.005». 
^0.0052        ^  ^ 

log        7»  =  2.5353 
colog0.005'-«  =  4.6020 

.-.  log^^  =  7.1373 
^0.0052 
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£XERCISE    118. 

1.  log  999  =  2.9996. 

2.  log  9901  =  3.9956  +  j\  of  0.0005  =  3.9957. 

3.  log  5406  =  3.7324  +  ,%  of  0.0008  =  3.7329. 

4.  log  90801  =  4.9581  +  yj^j  of  0.0005  =  4.9581. 

5.  log  10001  =  4.0000  +  xJ^  of  0.0043  =  4.0000. 

6.  log  10010  =  4.0000  +  tVij  of  0-<^043  =  4.0004. 

7.  log  0.00987  =  7.9943 -10. 

8.  Iog0.87701  =  9.9430 -10. 

9.  log  1.0001  =  0.0000 +  yi^  of  0.0043  =  0.0000. 

10.  log  7.0699  =  0.8488  +  j%%  of  0.0006  =  0.8494. 

11.  log  0.0897  =  8.9528  -  10. 

12.  log  99.778  =  1.9987  +  ^%  of  0.0004  =  1.9990. 

13.  Antilogarithm  of  2.5310. 

Number  corresponding  to  0.5310  is  3390  +  j%  of  10  =  3396. 
.-.  number  required  is  339.6. 

14.  Antilogarithm  of  1.9484. 

Number  corresponding  to  0.9484  is  8880. 
.-.  number  required  is  88.8. 

15.  Antilogarithm  of  9.8800  -  10. 

Number  corresponding  to  0.8800  is  7580  +  |  of  10  =  7586. 
.".  number  required  is  0.7586. 

16.  Antilogarithm  of  0.2787. 

Number  corresponding  to  2787  is  1890  +  ||  of  10  =  1900. 
.".  number  required  is  1.9. 

17.  Antilogarithm  of  7.0216  -  10. 

Number  corresponding  to  0.0216  is  1050  -f  ^\  of  10  =  1051. 
.-.  number  required  is  0.001051. 

18.  Antilogarithm  of  8.6580-  10. 
Number  corresponding  to  0.6580  is  4550. 
.'.  number  required  is  0.0455. 
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Exercise  119. 


948.76  X  0.043875. 

log       948.76  =  2.9772 
log  0.043875  =  8.6423- 


10 


1.6195 
=  log  41.64. 


7564  X  (-  0.003764). 

log  7564  =  3.8787 

log(-  0.003764)  -  7.575t')«  -  10 

1.4513" 
=  log -28.47. 


2. 

3.4097  X  0.0087634. 

log       3.4097  =  0.5328 
log0.0087634  =  7.9427 -10 

8.4755  -  10 
=  log  0.02989. 


6. 

3.7648  X  (-  0.083497). 

log  3.7648-0.5757 

log(-  0.083497)  =  8.9217"  -  10 

9.4974"  -  10 
=.  log -0.3144. 


830.75  X  0.0003769. 

log       830.75  =  2.9195 
log  0.0003769  =  6.5762  -  10 

9.4957  -  10 
=  log  0.3131. 


7. 

-  5.840359  x(- 0.00178). 

log  (- 5.840359) -0.76(U" 
log   (- 0.00178)  =  7.2r>0l"- 10 

8.0168  -  10 
=  log  0.0104. 


4. 

8.4395  X  0.98274. 

log       8.4395  -  0.9263 
log     0.98274  =  9.9925-10 

0.9188 
=  log  8.294. 


8. 

-  8945.07  X  73.846. 

log   (-8945.07) -3.9515" 
log  73.846=  1.8683 


5.8198" 
=  log  -  660600. 
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70654 


9. 


log  70654 +  colog  64013. 
4.8491 


8.32165 


54013 

log     70654 

colog  54013  -  5.2675  -  10 

0.1106 
=  log  1.308. 


0.07891 

log     8.32165 

colog  0.07891 


11. 

log  8.32165 

-f  colog  0.07891. 
0.9202 
1.1028 


10. 

log  58706+ colog  93078. 


58706  _ 
93078 " 
log     58706  -  4.7686 
colog  93078  =  5.0312-10 
9.7998  -  10 
=  log  00307. 


65039 
90761 
log 
colog 


2.0230 
=  log  105.4. 

12. 

=  log  65039  +  colog  90761. 

65039  =  4.8132 
90761  =  5.0421  -  10 
9.8553  -  10 
=  log  a  7107. 


7.652 


13. 

=  log  7.652  +  colog  (-  0.06875). 
7.652=    0.8838 


-  0.00875 
log 

colog  (-  0.06875)  =  11.1027" 
2.0405" 
=  log -111.3. 


10 


0.07054 


83.947  X  0.8395 


14. 

=  log  0.07054  +  colog  83.947  +  colog  0.8395. 


log  0.07054  =  8.8839  -  10 

colog  .'>3.917  =  8.0700 -10 

colog  0.8395  =  0.0759 


7.0358  -  10 
=  log  0.001080. 


16. 

7504  X  0.07043 

S093X  0.0981 7 

log  7504  =  3.8787 

log     0.07043  =  0.8832-10 

colog     .8093  =  0.0919-10 

colog  0.09817  =  1.0080 

9.8018  -  10 
=  log  0.7277. 


16. 

89  X  753  X  0.0097 
30709  X  0.08497  " 
log      89=1.9494 
log     753  =  2.8768 
log   0.0097  =  7.4352-10 
colog  30709  =  5.4352  -  10 
colog  0.08497  =  1.Q7Q8 

9.3190-10 
=  log  0.2084. 
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17.  22. 

413  X  8.17  X  3182  log  1.3178   =0.1198 

915  X  728  X  2.315*  10 

log        413  =  2.6160  log  1.317810=  1.1980 

log       8.17  =  0.9122  =  log  15.78. 

loe      3182  =  3.6027 

coTog    915  =  7.0386  -  10  23 

colog    728  =  7.1379  -  10  ,      .  ^  .  . 

colog  2.315  =  9.6354  -  10  log  0.78766  =  9.8963  -  10 

?'®1?L.  log  0.78765»  =  9.3778  -  10 

=  l^g^-^^^-  -logO.2387. 

18.  24. 

212  x(- 6.12)  x(- 2008)  log  0.691  =9.8395-10 

365  X  (-  531)  x  2.576  9 

log             212  =  2.3263  log  0.691»  =  8.5655  - 10 

log      (-  6.12)  =  0.7868*  =  W  0.03693. 

log     (-2008)  =  3.3028«  ^ 

colog          365  =  7.4377  -10  9i; 

colog   (-531)  =  7.2749»-10  ^' 

colog       2.576  =  9.6891   -  10  log  ( J})^^  =  1 1  (log  73  -f  colog  61) 

11  (1.8633+8.2147-10) 

0.7176-  =  0.8580 

=  log -6.219.  =  log  7.212. 

19.  26. 

log  6.05  =  0.7818  log  {\{f  =  7  (log  14  +  colog  51) 

3  =7(1.1461  +  8.2924-10) 

log  1.051  =  0.0216  i4;.^j!  ^  i'gg  32  +  colog  3) 

Z  =  4(1.6051  +  9.5229  - 10) 

log  l.OSr  =  0.1612  =  4.1120 

=  log  1.416.  =  log  12940. 


21. 


28. 


logl.1768  =.0.0707  log  f^!^  =  i^rg  16  +  colo.  9) 

logl.l768.  =  0:353i  I  &T' "^ '""^  " ''^ 

=  log  2.267.  -log  99.82 
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29.  log(Hi)« 

=  6(log951+colog823) 

=  6(2.9782  +  7.0846-10) 

=  0.3768 

-log  2.381. 

30.  (7Af  ^ 

^(8  3)0.38, 

log  (!!)••« 

=  0.38(]og83+cologll) 

=  0.38(1.9191  +  8.9586  -  10) 

=  0.3335 

=  log  2.155. 

31.  (3H)*-"        =(W)*''- 

log  (W)*-^^  =  4.l7(log  120  +  colog  31) 

=--  4.17(2.0792  +  8.5086  -  10) 
=  2.4511 
=  log  282.6. 


32.  {i^\r     -mn 

log  (iJy3-2      =  3.2(log  13  +  colog  11) 

=  3.2(1.1139  +  8.9586-10) 
=  0.2320 
-  log  1.706. 


3.  (8|)2-3  =(-Vp. 

log  (-V)^3      =  2.3  (log  35  +  colog  4) 

-2.3(1.5441  +9.3979-10) 
=  2.1666 
=  log  146.8. 


34.  (5|j)0-"*       =(Wf-'^'^- 

log  (WP^*  -  0.375  (log  216  +  colog  37) 

=  0.375(2.3345  +  8.4318  - 10) 
=  0.2874 
=  log  1.938. 
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36.   log  7  =  0.8451.  39.  log     906.80  =  2.9675. 
3)08451  4)2.9575 

log  7*  =  0.2817  log   906.80^  =  0.7394 

==  log  1.913.  =-- log  5.487. 

40.  log    8.1904  =  0.9133. 

36.  log  11  =  1.0414.  5)0.9133 

6)1.0414  log  8.1904*  =  0.1826 
.     log  11*  =  0.2083  =  log  1.523. 

=  log  1.616. 

41.  log  0.17643=  9.2466  -  10 

5 

37.  log  783  =  2.8938.  to^^^^IlO 

lo.783»^^fS  6J56.2330-60 

log783»  =  a9646  log  0.17643«= 9.3722 -10 

"^^^^•^^^-  =log0.2356. 

42.  log  2.5637    =0.4088 

38.  log    8379  =  3.9232.  3 

10)3.9232  lljr2264 

log  8379*  =  0.3923  log  2.6637^  =  0.1 115 

=  log  2.468  =  log  1.293. 

43.  log (ff J)4  =  l(log 431  +  colog  788). 

log     431  =  2.6345 

colog  788  =  7.1035  -  10 

9.7380  -  10 

10.         - 10 

2)19.7380-20 

9.8690 -10  =  log  0.7397. 

44.  log  (lAW)*  =  *  (log  71  +  colog  43406). 


log  71  =  1.8513 

col( 


log  43406  =  5.3624  -  10 
7.2137-10 

4 

28.8548  -  40 

30.         -  30 

7)58.8548-70 

8.4078 -10  =  log  0.02558. 
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46.  (9I#  =  (W)*- 


log  (W)*  =  i  Gog  408  +  colog  43). 
log     408  =  2.6107 


-10 


5)0.9772 
0.1954  =  log  1.568. 


46.  (11H)*  =  (W)*. 


log  (W)*  =  i  (log  802  +  colog  71). 
log     802  =  2.9042 
colog    71  =  8.1487-10 

1.0529 
I  (1.0529)  =  0.8423  =  log  6.955. 


47.  5*  =  20. 


a;  log    5  =  log  20 
^     log  20 
log  5 
1.3010 


0.6990 


=  1.861. 


48.  (1.3)«  =  2.1. 


a;logl.3  =  log2.1 

:,  =  12£21 
log  1.3 

^  0.3222  _ 
0.1139  ^ 


2.829. 
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49.  (0.9)»  =  i. 


0.0075433'  X  78.343  x  8172.4^  x  0.00052 

64285*  X  154.27*  X  0.001  X  586.79* 

log  0.0075433»  =  5.7552  -  10 
log  78.343  =  1.8940 

log        8172.4*  =  1.3041 
log        0.00052  =  6.7160-10 

colog  64285*  =  8.3973  -  10 
colog  15427*  «  1.2468  -  10 
colog        0.001  =  3.0000 

colog    586.79*  =  8.0158  -  10 


-  0.  Oti-f 


5)36.9292-50 

7.3858 -10  =  log  0.002431 


51. 


15.832»  +  5793.6*  X  0.78426 

0.000327*  X  768.94«  X  3015.3  X  0.007* 

log         15.832"  =  3.5988 

log        5793.6*  =  1.2543 

log        0.78426  =  9.8445  -  10 

colog0.000327*  =  1.1618 
colog      768.94«  =  4.2282  -  10 
colog      3015.3  =  6.5207  -  10 

colog      0.007*  =  1.0774 

27.7357  -  30 
20.         -  20 


5)47.7357-50 

9.5471 -10  =  log  0.3525. 
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52. 


53. 


54. 


55. 


5 17.1895  X  47G4.22  x  0.00326'* 


5 17.; 


.00048953  X  457»  X  5764.4' 

log  7.1895  =  0.8566 

log  4764.2«  =  7.3558 

log         0.00326*  =  7.5660  -  20 
colog  0.00048953  =  3.3102 
colog  457»  =  2.0203  -  10 

colog  5764.4-'  =  2.1780  -  10 
23.5«75-40 
10.         - 10 


5)33.5875-50 

6.7175  -  10  =  log  0.0005218. 
&/3.14U  X  4771.21  X2.7183V 
^30.103*  X  0.4343*  x  69.897* 

log     3.1416  =  0.4971 
log    4771.21  =  3.67S6 
log    2.71834  =  0.2172 
colog  30.103*  =  4.0856  -  10 
colog0.4343*=  0.1811 
colog  69.897*  =  2.6220-10 
11.2816-20 
30.         -  30 
5)41.2816-50 

8.2563 -10  =  log  0.01804. 

7  /0.03271''  X  53.429  x  0.77542» 
\         32.769x0.000371* 

log      0.0327P=    7.0292-10 
log  53.429=    1.7278 

log       0.77542»=    9.6688-10 
colog      32.769=    8.4845-10 
colog  0.000371*  =  13.7224 
7)  10.6327 

1.5190  =  log  33.04. 
3/732.056^  X  0.0003572*  x  89793 
\  42.27983  X  3.4574  x  0.002651 8** 

log         732.0562=    5.7290 
log     0.0003572*=   6.2116-20 
log  89793=    4.9533 

colog     42.2798»=   5.1217-10 
colog        3.4574=   9.4612-10 
colog  0.0026518<^  =  12.8825 
3)4.3593 

1.4531  =  log  28.39. 
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gg     » 17932  X  0.00657  X  0.804G4 
\         0.03274x0.6428 

log         7932  -  3.8994 
log     0.00657  =  7.8176-10 
log     0.80464  =  9.9056  -  10 
colog  0.03274  =  1.4849  -  10 
colog   0.6428  =  0.1919 
3)3.2994 

1.0998=  log  12.58. 


g^     »/     7.1206  XV0.13274X  0.057389 


^     »/    7.1206x^/0.132' 
A'a/0'434(W  V  n.SSrj 


58. 


\/0.434G8  X  17.385  xV0.0()96372 

log  7.1206  =  0.8525 

log         V0.13274=- 9.5615 -10 
log  0.0573S9  =  8.7588  -  10 

colog      >/0.4:U68'=  0.1809 
colog  17.385  =  8.7599  -  10 

colog  V0.()09G372  ^1.0080 

3)29.1216-30 

9.7072- 10  =  log0.5096. 

3.075526-  X  5771. 2*  X  0.0036984*  x  7.74  )  * 


72258  X  327.93»  x  86.97* 

J 

log   3.075526-^  =  0.9758 

log       5771.2*  =  1.8806 

log0.0036984*  =  9.5136- 

-10 

log             7.74  =  0.8887 

colog      72258  =  5.1412- 

-10 

colog   327.93»  =  2.4526  - 

-10 

colog     86.97*  =  0.3030 - 

-10 

1.1555  -  20 

3_ 

3.4665-  60 
40    -  40 


5)43.4665-100 
8.6933-  20 
« log  0.000000000004936. 
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Exercise  120. 

1.   In  how  many  years  will  $  100  amount  to  $  1050,  at  5  per  cent  coin- 
pound  interest ! 

Put  ^=1060 

P=100 

12=1.06 
Then  1050  =  100  x  1.06» 

Take  the  logarithms  of  both  sides  of  the  equation, 
n  log  1.05  =  log  1060  -  log  100 
^^  log  1050 -log  100 
log  1.05 
3.0212-2      1.0212 


0.0212         0.0212 


log  1.0212  =  0.0091 
colog  0.0212  =1.6737 


.'.  log  n  =  1 

n  =  48.18 
.-.  It  will  take  48.18  years. 

2.  In  how  many  years  will  ^A  amount  to  $^  (1)  at  simple  interest, 
(2)  at  compound  interest,  r  and  B  being  used  in  their  usual  sense  ? 

(1)  B=A{l  +  nr)  (2)  B=AB^ 

B-A  iy^_B 


n  -- 


-AT  ^  =  5 


B-A    ^^j.^  «  log  iJ  =  log  5  -  log  ^ 

Ar  *  ^^logP-log^ 

log /J 
log^-log^ 
logl? 

8.  Find  the  difference  (to  five  places  of  decimals)  between  the 
amount  of  $1  in  2  years,  at  6  per  cent  compound  interest,  according  as 
the  interest  is  due  yearly  or  monthly. 
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(1)    Let  the  interest   be   due         (2)    I^t  the.  interest   be    tlue 
yearly.  monthly. 


-(-rj 


P=l 

5=1.06  P  =  l 

n  =  2  r^  0.06 

.•.^=  IX  (1.06)^  1  +  ^.1.005 

=  1.1236  ^  12 

12n  =  24 

.-.  ^=lXl.005« 
log  ^  =  24  log  1.005 

=  0.0628  y^         N 

^  =  1.1292*        /    3     J) 

« 1.1292^  -  « 1.1236  =  »0.003fi«— ^         ^V_,--^ 

The  difference  is  $O.OO00gi     V  3"  < 


■ii~^ 


4.  At  5  per  cent,  find  the  amount  of  an  annuity  of  $^  which  has 
been  left  unpaid  for  4  years. 

A.^sCRn^l)  .;^^(1.05*->1) 

r  0.06 

«  =  ^  _   .0.2165 

5=1.05  ~       0.06 

r  =  0.05  =^X4.31 
n  =  4 

The  amount  is  4.31  X  A  dollars. 

5.  Find  the  present  value  of  an  annuity  of  1$  100  for  5  years,  reckon- 
ing interest  at  4  per  cent. 

P_  S  y5"-l 

5-5-1 
5=100 
5=1.04 
n  =  5 
.   p^  100      1.04<^-1 

1.046      1.04-1 

By  logarithms,  p^JOOx^'^^^ 


1.216      0.04 
P=444 


The  present  value  is  $444. 
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6.  A  perpetual  annuity  of  $  1000  is  to  be  purchased,  to  begin  at  the 
end  of  10  years.  If  interest  is  reckoned  at  3|  per  cent,  what  should 
be  paid  for  it? 

Let  P—  present  value. 

Then  PB}^  =  value  at  end  of  10  years. 

a 

But  —  =  value  of  perpetual  annuity. 

r 


P2?i^  = 

,8 

r 

Pr. 

8 

B^^r 

8  = 

.1000 

E  = 

=  1.036 

r  = 

:  0.036 

.'.  P  = 

1000 

1.03510x0.036 

P  = 

=  20270 

By  logarithms, 
$20,270  should  be  paid. 

7.  A  debt  of  $  1860  is  discharged  by  two  payments  of  $  1000  each, 
at  the  end  of  one  and  two  years.    Find  the  rate  of  interest  paid. 

Let  r  =  rate  of  interest. 

Then  1860(1  +  0  =  amount  of  debt  at  end  of  first  year. 

1860(1  +  0  —  1000  =  amount  of  debt  after  first  payment. 
[1850(1  +  r)  — 1000]  (1  +  r)  =  amount  of  debt  at  end  of  second  year. 
.-.  [1860(1  +  r)  - 1000]  (1  +  r)  =  1000 
860  +  2700r  +  1860ra  =  1000 
1860r2  +  2700r=160 
37r2  +  64r  =  3 

.  -27±2V2lO 

37 
By  logarithms,  r  =  0.06361 

The  rate  of  interest  is  0.06361. 

8.  Reckoning  interest  at  4  per  cent,  what  annual  premium  should  be 
paid  for  30  years,  in  order  to  secure  $2000  to  be  paid  at  the  end  of 
that  time,  the  premium  being  due  at  the  beginning  of  each  year  ? 

p_         Ar 

E(Ii^  - 1) 
^  =  2000 
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r=0.04 
n  =  30 


\ 


.   p^     2000X0.04  [      ^        ) 

1.04(1.04'^- 1)  \  'y 

By  logarithms,  P=  34.40        i^ 

.'.  The  annual  premium  is  $34.40. 

9.  An  annual  premium  of  $  150  is  paid  to  a  life-insurance  company 
for  insuring  $5000.  If  money  is  worth  4  per  cent,  for  how  many  years 
must  the  premium  be  paid  in  order  that  the  company  may  sustain  no 
loss? 

p_    At 

P(i^-l)  =  -4r 

n\ogB  =  log  (Ar  +  /")  -  log P 
.    -^log(^r+P)-logP 
log/; 
P=150 
^=5000 
i2  =  1.04 
r=0.04 

^^  log 350 -log  150 
log  1.04 

_  0^3680  ^21.65 
0.0170 

.'.  The  premium  must  be  paid  21.65  years. 

10.  What  may  be  paid  for  bonds  due  in  10  years,  and  bearing  semi- 
annual coupons  of  4  per  cent  each,  in  order  to  realize  3  }>er  cent  senii- 
annually,  if  money  is  worth  3  per  cent  semi-annually? 

P(l  ^j,Y^SQ-^Sr(l-^qY--8r 
9 

9(1  +  ^)" 
^=100 
9  =  0.03 
r  =  0.04 
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x  =  0.03 
n  =  20 
.    p^8-f  4C1.03«>^1) 
0.03(1.03)20 

By  logarithm.,  P=_||g_=U4.8 

The  bonds  must  be  bought  at  114.80. 

i 
11.   When  money  is  worth  2  per  cent  semi-annually,  if  bonds  haying 
12  years  to  run,  and  bearing  semi-annual  coupons  of  3}  per  cent  each, 
are  bought  at  114},  what  per  cent  is  realized  on  the  investment  ? 

Let  X  =  rate  of  interest  receiyed  on  the  inyestment. 

Then  i  +  ,=  (^!LLM^5}:i:z^y, 

5=100 
9  =  0.02 
r  =  0.036 
n  =  24 
P=  114.126 


.   1  .  ,^/24-3.6xl.02«-3.6\A 
"  V       114.126X0.02      J 

=  fJiL\A=  1.026. 
^2.2826/ 


x  =  0.026 
.'.  2}  per  cent  semi-annually  is  realized  on  the  inyestment;  that  is  5 
per  cent  per  annum. 

12.  If  $126  is  paid  for  bonds  due  in  12  years,  and  yielding  3|  per 
cent  semi-annually,  what  per  cent  is  realized  on  the  inyestment,  pro- 
yided  money  is  worth  2  per  cent  semi-annually  ? 

Let  X  =  rate  of  interest  receiyed  on  the  investment. 

Then  l^:c  =  fSq^Sr(l+q)n^SrY 

5=100 
9  =  0.02 
r  =  0.036 
n  =  24 
P=126 
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.    1  i^^/2  +  3.6xl.02-"-3.6\A 
■  \  126x0.02  ) 


x=  0.021 


(1 


.*.  4^  per  cent  per  annum  is  made  on  the  inyestment. 

13.  A  person  borrows  ^600.25.  How  much  must  he  paj  annually 
that  the  whole  debt  may  be  discharged  in  35  years,  interest  being 
reckoned  at  4  per  cent  simple  interest? 


P 


Let  ^r=  amount  of  debt. 

•^^'-^=  annual  payment.  ^  , 

Then  .^"^'^  PR-  =  ^(-^"'-'^) 

r 

PrR^ 


S 


^  P=  600.26 


r=0.04 
R=IM 
n  =  36 

o^  600.25  X  0.04  X1.04M 
1.0486-1 

=  .?M=32.3 
2.935 

.*.  He  must  pay  932.30  per  year. 

14.  A  perpetual  annuity  of  $100  a  year  is  sold  for  92500.    At  what 
rate  is  the  interest  reckoned  ? 

r 

P 
P=2500 
S=100 

r=0.04 
.*.  The  interest  is  reckoned  at  4  per  cent. 
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16.  A  perpetual  nnnuity  of  $320,  to  begin  10  years  hence,  is  to  be 
purchased.  If  interest  is  reckoned  at  3^  per  cent,  what  should  be  paid 
for  it? 

Let  P  =  present  value  of  the  annuity. 

Then  P(1.032)io  =  its  value  10  years  hence. 

320 
But  -^^^^  =  its  value  10  years  hence. 

0.032 


%' 


P  (1.032)10  :=  J^  =  10000 
^         ^        0.032 


p^    10000 


(1.032)1 
$fBW  should  be  paid  for  the  annuity. 


-j"^  ^^  / 


16.  A  sum  of  $  10,000  is  loaned  at  4  per  cent.    At  the  end  of  the 
first  year  a  payment  of  $  400  is  made ;  and  at  the  end  of  each  following 
year  a  payment  is  made  greater  by  30  per  cent  than  the  preceding 
payment.    Find  in  how  many  years  the  debt  will  be  paid. 
Let  n  =  number  of  years  in  which  the  debt  will  be  paid. 

Then 

10000(1.04)"  =  sum  to  which  10,000  dollars  will  amount  at  the  end 
of  that  time. 
400  (1.04)»-i  +  400  X  1.30  (1.04)»-«  +  400  (1 .30)2(1. 04) "-«  +  etc. 

=  sum  to  which  the  payments  would  amount  at  the  end 
of  that  time. 
.-.  10000  (1.04)»  =  400  (1.04)«-i  +  400  X  1.30  (1.04)»-« 

+  400  (1.30)2(1.04)«-«  +  etc. 
=  400  [1.04«-i  +  1.30(1 .04)»-2  +  (1.30)2(1.04)«-«  +  etc.] 
But  1.04«-i  +  1.30(1.04)*»-2  +  (1.30)2a.04)«-8  ^  etc.  is  a  geometrical 

1  30 
progression  of  which  the  ratio  is  -^^j  and  the  sum 

1.04 

1.04n-irf  1:22V- ll 
LA1.04J         J      1.30«-1.04* 


.♦.  10000(1.04)"  =  400 


1.30      .  1.30-1.04 

1.04 
1.30" -1.04" 
1.30-1.04 

1.30" -1.04" 


26(1.30-1.04)  =  - 

^  ^  1.04" 

26X0.26=  (i^V-l 


/1.30\n    . 

\im} 
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U.04; 


7.5 


«loglg  =  log7.6 


log  7.5 


log  1.30 -log  1.04 
0.8761 


0.0969 
The  debt  will  be  paid  in  9.032  years. 


:  9.032 


17.  A  man  with  a  capital  of  $  100,000  spends  every  year  $9000.  If 
the  current  rate  of  interest  is  5  per  cent,  in  how  many  years  will  he  be 
ruined  ? 

Let  n  =  number  of  years  in  which  he  will  be  ruined. 

Then 
100000(1.05)**  =  sum  to  which  his  capital  will  amount  in  n  years. 

9000(1.05)»-i  +  Q000(1.05)»-2  +  etc. 

=  sum  to  wliich  his  expenditure  will  amount  in  n  years. 
.-.  9000(1.05)"^!  +  9000(1.05)«-2  +  etc.  =  100000(1.05)» 

1.05»-i(-i--l^ 

gooo ii£2!! — L = iooooo{i.05)« 

-i--l 
1.05 

9000 /P"""/     ^100000 
(-^ 1)1.06 

1.05*        _  100 
1-1.05  ~    9 

1     _^      5_4 
1.06-  9     9 

1.05"  =1 
n  log  1.05  =  log  9  —  log  4 
•   „_logQ  — log4 

log  1.05  , 

0.3621      -«aft ^  ^ 

.*.  He  will  be  ruined  in  16.23  years. 


476  ALGEBRA. 


18.  Find  the  amount  of  $365  at  compound  interest  for  20 
years,  at  5  per  cent. 

il  =  365(1.05)»  =  969. 

.'.  1 969  is  the  amount. 

Exercise  121. 

1.  How  many  different  permutations  can  be  made  of  the  letters 
in  the  word  Ecclesiastical,  taken  all  together  ? 

There  are  14  letters.     There  are  2  as,  2  es,  2  t s,  2  Va,  2  8*8,  and 
3c'8. 
Hence  the  number  of  permutations  possible  is 
[14 


[2x[2xL2x|2x[2xl3 


=  454,053,600. 


2.  Of  all  the  numbers  that  can  be  formed  with  four  of  the 
digits  5,  6,  7,  8,  9,  how  many  will  begin  with  56  ? 

The  first  two  places  can  be  filled  in  only  1  way. 
The  third  place  can  be  filled  in  3  ways  (by  7,  8,  or  9). 
The  fourth  place  can  be  filled  in  2  ways. 
Hence,  the  whole  number  islx3x2  =  6. 

3.  If  the  number  of  permutations  of  n  things,  taken  4  together, 
be  equal  to  12  times  the  permutations  of  n  things,  taken  2 
together,  find  n. 

The  number  of  n  things  taken  4  together  is 

n(n-l){n-2)(n-3). 
The  number '  of  n  things  taken  2  together  is 
n(n-l). 
...  n{n  -  l)(n  -  2)(n  -  3)  =  12(n)(n  -  1). 
...(n-2)(n-3)  =  12, 
or  n«-5n  +  6  =  12. 

Solving  this  equation,        n  =  6. 

4.  With  3  consonants  and  2  vowels,  how  many  words  of  3  let- 
ters can  be  formed,  beginning  and  ending  with  a  consonant,  and 
having  a  vowel  for  the  middle  letter  ? 
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The  first  place  can  be  filled  in  3  ways. 

The  second  place  can  be  filled  in  2  ways. 

The  third  place  can  be  filled  in  2  ways. 

Hence,  whole  number  of  words  =  3x2x2  =  12  words. 

5.  Out  of  20  men,  in  how  many  different  ways  can  4  be  chosen 
to  be  on  guard  ?  In  how  many  of  these  would  one  particular 
man  be  taken,  and  from  how  many  would  he  be  left  out  ? 

The  number  of  ways  in  which  we  can  select  4  men  out  of  20  is 

20  X  19  X  18  X  17  =  116,280  ways. 
The  4  men  on  guard  may  be  arranged  in  [4  =  24  ways. 

1 1fi98ft 

Hence,  number  of  relations  is =  4846. 

24 

Since  in  20  men  there  are  5  groups  of  4  each,  one  man  would  ap- 
pear in  every  fifth  group. 

Hence,  one  man  would  be  taken  in =  969  ways. 

5 

*     4845  -  969  =  3876  ways  from  which  he  is  left  out. 

6.  Of  12  books  of  the  same  size,  a  shelf  will  hold  5.  How 
many  different  arrangements  on  the  shelf  may  be  made  ? 

The  first  place  can  be  filled  in  12  ways. 
The  second  place  can  be  filled  in  1 1  ways. 
The  third  place  can  be  filled  in  10  ways. 
The  fourth  place  can  be  filled  in  9  ways. 
The  fifth  place  can  be  filled  in  8  ways. 
Hence,  whole  number  of  ways  =  12xllX  10x9x8 

=  95,010  ways. 

7.  Of  8  men  forming  a  boat's  crew,  one  is  selected  as  stroke. 
How  many  arrangements  of  the  rest  are  possible  ?  When  the 
4  who  row  on  each  side  are  decided  on,  how  many  arrangements 
are  still  possible  ? 

When  one  man  is  chosen  for  stroke,  the  number  of  arrangements 
of  the  seven  men  left  is 

[7  =  7x6x5x4x3x2x1=  5040. 
The  number  of  arrangements  of  the  three  men  on  the  side  with  the 
stroke  is  1 3  ;  on  the  other  side  is  [4.     Hence,  the  whole  number  is 
[3x[4  =  3x2x4x3x2  =  144. 
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8.  How  many  si|;;nal8  may  be  made  with  6  flags  of  difterent 
colors  which  can  be  hoisted  either  singly,  or  any  number  at  a 
time? 

The  number  of  ways,  when  all  are  taken,  would  be 
6x5x4x3x2x1  =  720 


five. 

6x5x4x3x 

2 

=  720 

four, 

6x5x4x3 

=  360 

three, 

6x5x4 

=  120 

two. 

6x5 

=   30 

one. 

6 

=     6 

1,  in  all 

1956 

9.  How  many  signals  may  be  made  with  8  flags  of  different 
colors  which  can  be  hoisted  either  singly,  or  any  number  at  a 
time,  one  above  another  ? 

The  number  of  signals,  when  all  arc  used,  would  be 

8x7x6x5x4x3x2x1=  40.320 


When  seven, 

8x7x6x5x4x 

3x2 

=  40,320 

six. 

8x7x6x5x4x 

3 

=  20,160 

five, 

8x7x6x5x4 

=   6,720 

four, 

8x7x6x5 

=    1,680 

three. 

8x7x6 

=      336 

two, 

8x7 

56 

one, 

8 

8 

109,600 
Hence,  109,600  =  number  of  signals  in  all. 

10.  How  many  different  signals  can  be  made  with  10  flags,  of 
which  3  are  white,  2  red,  and  the  rest  blue,  always  hoisted  all 
together  and  one  above  another  ? 

Since        3  are  white, 
2         red, 
and  5  blue, 

there  are    10  in  all. 

110 
Hence,  whole  numbers  of  signals  is      —     =  2520. 
^  151^15 
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11.  How  many  signals  can  be  made  with  7  flags,  of  which 
2  are  red,  1  white,  3  blue,  and  1  yellow,  always  displayed  all 
together  and  one  above  another  ? 

\1  7x6x5x4x3x2x1 


|2[1[3[1  2x3x2 


-  =  420. 


12.  In  how  many  different  ways  may  the  8  men  serving  a 
field-gun  be  arranged  so  that  the  same  man  may  always  lay  the 
gun  ? 

8-1  =  7. 

[7=7x6x5x4x3x2x1  =  5040  ways. 

13.  Find  the  number  of  signals  which  can  be  made  with  4 
lights  of  different  colors,  when  displayed  any  nuni])cr  at  a  time, 
arranged  above  one  another,  side  by  side,  or  diagonally. 

Number  of  ways,  when  four  are  taken,  is 

4x3x2x1  =  24 

When  three,  4x3x2        =24 

two,  4x3  =12 

60 
Then  60  arrangements  can  be  made  in  four  ways :  either  side  by 
side,  diagonally  in  two  ways,  or  one  above  another. 
.-.  60  X  4  =  240. 
And  when  one  light  is  taken,  it  can  be  displayed  in  one  way  only. 
Hence,  4  different  signals  can  be  made  with  the  4  lights  of  different 
colors,  1  at  a  time. 
Therefore  the  whole  number  of  ways  is  240  +  4  =  244. 

14.  From  10  soldiers  and  8  saflors,  how  many  different  parties 
of  3  soldiers  and  3  sailors  can  be  formed  ? 

^^^^^^  =    120,  number  of  selections  of  3  out  of  10, 
1x2x3 

8  y  7  V  6 
and  =      56,  number  of  selections  of  3  out  of  8. 

1x2x3 

.*.  120  X  56  =  6720,  number  of  parties  that  can  be  formed. 

15.  How  many  signals  can  be  made  with  3  blue  and  2  white 
flags,  which  can  be  displayed  either  singly,  or  any  number  at  a 
time,  one  above  another  ? 
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The  Dumber  of  ways  in  which  all  can  be  arranged  is 

r=—  =10  ways. 
[3t2  y 

They  can  be  arranged  singly  in  2  ways, 

2  and  2  in  4  ways, 

3  and  3  in  7  ways, 

4aad4in^  +  ^  =  10way8. 
Hence,  whole  number  of  ways  is  33. 

16.  In  how  many  ways  can  a  party  of  6  take  their  places  at  a 
round  table  ? 

If  places  are  not  relative,  |^  =  720  =  number  of  ways. 
If  relative,  [5  =  120  =  number  of  ways. 

17.  Out  of  12  Democrats  and  16  Republicans,  how  many  dif- 
ferent committees  can  be  formed,  each  consisting  of  3  Demo- 
crats and  4  liepublicans  ? 

The  Democrats  can  be  selected  in  l^X  ^^  X  ^Q  _  220  ways. 

1x2x3  ^ 

The  Republicans  in  16xi|2<ii2^  =  1820  ways, 
i  X  ^  X  o  X  4 

Hence,  the  whole  committee  can  be  appointed  in 

220  X  1820  =  400,400  ways. 

18.  From  12  soldiers  and  8  sailors,  how' many  different  parties 
of  3  soldiers  and  2  sailors  can  be  formed  ? 

The  soldiers  can  be  arranged  in  ^^xllx  10  _  220  ways. 
^  1x2x3  ^ 

8x7 
The  sailors  can  be  appointed  in  =  28  ways. 

Hence,  whole  number  of  ways  is  220  x  28  =  6160  ways. 

19.  Find  the  number  of  combinations  of  100  things,  97 
together. 
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The  number  is  the  same  as  the  number  of  selections  of  3  things 
from  100  things. 

Hence,  the  number  of  ways  in  which  they  can  be  selected  is 
100  X  99  X  I 


[3. 


-  =  161,700. 


20.  With  20  consonants  and  5  vowels,  how  many  different 
words  can  be  formed  consisting  of  3  different  consonants  and  2 
different  vowels,  any  arrangement  of  letters  being  considered  a 
word? 


Three  consonants  can  be  selected  in 
20  X  19  X  18 


1x2x3 


1140  ways, 


5x4 
and  two  vowels  in  =»  10  ways. 

1x2  ^ 

When  they  have  been  selected  they  can  be  arranged  in 

[5  =  120  diflferent  orders. 

.-.  1140  X  10  X  120  -  1,368,000. 

21.  Of  30  things,  how  many  must  be  taken  together  in  order 
that,  liaving  that  number  for  selection,  there  may  be  the  great- 
est possible  variety  of  choice  ? 

Here  n  \s  even,  and      r  =  -  =  —  =  15. 
2      2 

22.  There  are  m  things  of  one  kind  and  n  of  another;  how 
many  different  sets  can  be  made  containing  r  tilings  of  the  first 
and  s  of  the  second  ? 

Let        X  =  number  of  ways  r  elements  can  be  selected  from  m 
elements, 
and  y  =  number  of  ways  s  elements  can  be  selected  from  n  ele- 

ments. 
number  of  arrangements 
[r 

^  m(m  -  l)(m  -  2) \m-(r-  1)1 

r 
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Multiply  both  terms  of  the  fraction  by  \m  —  r. 

\m 
x  =  — == — 
\r\m  —  r 

_  number  of  arrangementa 
n(n-iyn-2) [n-(»-l)1 


(1) 


Multiply  both  terms  by  |n  — s, 

y- 

Multiply  (1)  and  (2), 


y  =  -i?_.  (2) 


\mx\n 
xy^  —     ^ 


(|r|m-r)(h|n-s) 

23.  The  number  of  combinations  of  n  things,  taken  r  together, 
is  3  times  the  number  taken  r  —  1  together,  and  half  the  number 
taken  r  +  1  together.    Find  n  and  r. 


3[n 


[r|n  — r     \r—  i|n  — r  -f  1 


(1) 


2|n  \n 

and  5=:—  = ^ (2) 

\r\n-r     \r  -f  l[n-r-l 


1  In  q  In 


Divide  by 


r     [r  ~  1  |n  -  r     n  — r+1     |r  —  1  |n  — r 

l:g  1_       3 

\r—  l|n  — r     r     n  — r  +  1 
n-r  +  l  =  3r, 

n  =  4r-]. 


(2)=-^X.-J^=-L,X  l^ 


Divide  by 


n  —  r     |r|n  — r  +  1      r  +  1     |r|n  -r  —  1 
[n  2  1 


[L  |yt  — y  +  1    n  —  r     r  +  1 
2r +  2  =  n-r, 

n  =  3r  +  2, 
3r  +  2  =  4r-h 
.-.  r  =  3. 
and  n  =  ll. 
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24.  In  how  many  ways  may  12  things  be  divided  into  3  sets 
of  4? 

Here  the  sets  are  indifferent,  and  the  answer  is 

[12 


^[4  [4  [4 


=  5775. 


25.  How  many  words  of  6  letters  may  be  formed  of  3  vowels 
and  3  consonants,  the  vowels  always  having  the  even  places  ? 

The  vowels  may  be  arranged  in  [3,  and  the  consonants  in  [3,  ways. 
[3x[3  =  6x6  =  36  ways. 

26.  From  a  company  of  90  men,  20  are  detached  for  mounting 
guard  each  day.  How  long  will  it  be  before  the  same  20  men 
are  on  guard  together,  supposing  they  were  to  be  clanged  as 
much  as  possible ;  and  how  many  times  will  each  man  have  been 
on  guard  ? 

The  90  men  can  be  arranged  in  [90  ways. 
The  20  detached  in  [20  ways. 
The  70  remaining  in  [70  ways. 

•*•    * —    =»  whole  number  of  ways. 

[20[70  •  ^ 

One  man  will  be  on  guard  all  the  time,  leaving  89  men  who  can 
be  arranged  in  [89  ways. 

That  one  will  be  one  of  the  20  detached,  leaving  19  who  can  be 
arranged  in  [19^  ways. 

The  remaining  70  can  be  arranged  in  [70  ways.  ^  -^  ^ 

,-.  =  whole  number  of  times.  -  '  -  '  * 

[19  [70 

27.  Supposing  that  a  man  can  place  himself  in  3  distinct  atti- 
tudes, how  many  signals  can  be  made  by  4  men  placed  side  by 
side? 

The  first  can  be  placed  in  3  attitudes. 

The  second  can  be  placed  in  3  attitudes. 

The  third  can  be  placed  in  3  attitudes. 

The  fourth  can  be  placed  in  3  attitudes. 

Hence,  all  can  be  placed  in  3^  attitudes. 

But  as  one  is  the  attitude  of  rest,  therefore,  3*  —  1  =  80  signals. 
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28.  How  many  diflferent  arrangements  may  be  made  of  11 
cricketers,  supposing  the  same  2  always  to  bowl  ? 

Puttmg  aside  the  2  bowlers,  9  are   left,  and   they  can   be   ar- 
ranged m  |9  ways,  and  the  bowlers  in  [2  ways. 
.-.[219  =  725,760  ways. 

29.  Five  flags  of  diflferent  colors  can  be  hoisted  either  singly, 
or  any  number  at  a  time,  one  above  another.  How  many  dif- 
ferent signals  can  be  made  with  them  ? 

When  they  are  all  displayed,  they  can  be  arranged  in 

6x4x3x2x1  =  120 
When  four,  5x4x3x2        =120 

ihree,  5x4x3  =60 

two,  5x4  =20 

one,  5  =5 

.  .  whole  number  of  signals  =  325 

30.  How  many  signals  can  be  made  with  5  lights  of  different 
colors,  which  can  be  displayed  either  singly  or  any  number  at  a 
time  side  by  side,  or  one  above  another  ? 

When  they  are  all  displayed,  they  can  be  arranged  in 

5x4x3x2x1  =  120 
When  four,  5x4x3x2        =120 

three,  5x4x3  =60 

two,  5x4  =20 

.-.  whole  number  of  arrangements         =  320 

Since  they  can  be  displayed  as  many  ways  side  by  side  as  one 
above  the  other,  multiply  by  2, 

320  X  2  =  640. 
Since  5  lights  of  different  colors,  displayed  singly,  give  5  different ' 
signals,  the  whole  number  of  signals  will  be 
640  -f  5  =  645. 

31.  The  number  of  permutations  of  n  things,  3  at  a  time,  is 
6  times  the  number  of  combinations,  4  at  a  time.    Find  n. 
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nin  -  l)(n  -  2)  =  6  ^Mn  -  DJn- 2){n -3)^ 


Divide  by  n(n  -  l)(n  -  2).  1  =  ^ZLni?. 

II 
24  =  6n-  18. 
6n  =  42. 
.-.  n  =  7. 


Exercise  122. 

1.  The  chance  of  an  event  happening  is  ^.  What  are  the  odds 
in  favor  of  the  event  ? 

The  charce  of  its  not  happening  is  1  —  f  =  f . 
The  odds  in  its  favor  are  therefore  4  to  3. 

2.  If  the  odds  are  10  to  1  against  an  event,  what  is  the  chance 
of  its  happening? 

There  is  1  chance  out  of  11  that  the  event  will  happen. 
Hence  the  chance  of  its  happening  is  ^j. 

3.  In  one  throw  with  a  pair  of  dice  what  number  is  most  likely 
to  be  thrown?    Find  the  odds  against  throwing  that  number. 

12  can  be  thrown  in  1  way,  ' 
1 1  can  be  thrown  in  2  ways, 
10  can  be  thrown  in  3  ways, 

9  can  be  thrown  in  4  ways, 

8  can  be  thrown  in  5  ways, 

7  can  be  thrown  in  6  ways, 

6  can  be  thrown  in  5  ways, 

5  can  be  thrown  in  4  ways, 

4  can  be  thrown  in  3  ways, 

3  can  be  thrown  in  2  ways, 

2  can  be  thrown  in  1  way 

In  all,  36  ways. 

7  can  be  thrown  in  6  ways,  and  is  therefore  most  likely  to  be 
thrown.  There  are  30  chances  that  it  will  not  be  thrown.  Hence 
the  odds  against  it  are  30  to  6. 


G,  6. 

6.5. 

6,  4,  or  5.  5. 

6,  3,  or  5,  4. 

6,  2,       5,  3,  or  4,  4. 

6.  1,       5,  2.  or  4.  3. 

5,  I.       4,  2.  or  3.  3. 

4,  1,  or  3,  2. 

3,1, 

or  2.  2. 

2.1. 

1.1 
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4.  Find  the  chance  of  throwing  doublets  in  one  throw  with  a 
pair  of  dice. 

There  are  36  throws,  6  of  which  are  doublets. 
Hence,  the  chance  of  throwing  doublets  is  ^  =  J. 

6.  If  10  persons  stand  in  a  line,  what  is  the  chance  that  2 
assigned  persons  will  stand  together? 

If  we  call  the  two  persons  A  and  B,  the  chance  that  A  will  stand 
at  the  beginning  of  the  line  is  ^,  and  if  A  stands  at  the  beginning 
of  the  line,  the  chance  that  B  will  have  the  second  place  is  }. 

Hence  the  chance  that  A  and  B  occupy  these  two  positions  together 
18  A  X  i  =  A- 

Also  the  chance  that  A  and  B  will  occupy  the  tenth  and  ninth 
places  is  ^. 

If  A  occupies  any  of  the  8  remaining  positions,  B  may  stand  on 
either  side  of  him. 

The  chance  that  A  occupies  one  of  these  8  positions  is  ^. 

The  chance  in  such  case  that  B  occupies  one  of  the  two  places 
beside  A  is  j. 

Hence,  the  chance  that  both  events  occur  together  is  A  X  f  =  JJ. 

Hence,  the  chance  that  A  and  B  stand  together  is  ^j  +  if  =  H  =1- 

6.  If  10  persons  form  a  ring,  what  is  the  chance  that  2  as- 
signed persons  will  stand  together? 

Call  the  2  assigned  persons  A  and  B. 

Then  if  A  occupies  any  position,  B  may  stand  on  either  side  of 
him. 

The  chance  that  B  does  stand  in  one  of  these  two  positions  is  f . 
Hence,  the  chance  that  A  and  B  stand  together  is  f . 

7.  Three  balls  are  to  be  drawn  from  an  urn  containing  5  black, 
3  red,  and  2  white  balls.  What  is  the  chance  of  drawing  1  red 
and  2  blacls  balls? 

There  are  10  balls  in  the  urn. 

1 10 
3  balls  can  bo  selected  from  these  in  ^=-  =  120  ways. 

1  red  ball  can  be  selected  in  3  ways. 

2  black  balls  can  be  selected  from  5  m  -^  =  10  ways. 
Hence,  the  required  chance  is  ffj^  =  J. 
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8.  In  a  bag  are  5  white  and  4  black  balls.  If  4  balls  are  drawn 
ont|  what  is  the  chance  that  they  will  be  all  of  the  same  color? 

There  are  9  balls  in  the  bag. 

^  |9 

4  balls  can  be  selected  from  these  in  -'^-  =126  ways. 

|5|4 

4  white  balls  can  be  selected  from  5  in  5  ways. 

4  black  balls  can  be  selected  in  1  way. 

Hence  4  balls  all  of  the  same  color  can  be  selected  in  6  ways. 

Hence,  the  required  chance  is  jjg  =  ^. 

9.  If  2  tickets  are  drawn  from  a  package  of  20  tickets  marked 

1,  2,  3, ,  what  ts  the  chance  that  both  will  be  marked  with 

odd  numbers  ? 

There  are  10  odd  and  10  even  numbers. 

The  chance  that  the  first  ticket  is  marked  with  an  odd  number  is  }. 
If  the  first  ticket  is  odd,  there  remain  10  even  and  9  odd  numbers 
in  the  package. 

Hence,  the  chance  that  the  second  ticket  is  odd  is  f^. 
And  the  chance  that  both  are  odd  is  ^  x  ^g  =  ^g. 

10.  A  bag  contains  3  white,  4  black,  and  5  red  balls;  3  balls 
are  drawn.  Find  the  odds  against  the  3  being  of  three  different 
colors. 

The  bag  contains  12  balls. 

3  balls  can  be  selected  from  them  in  -~~-  =  220  ways. 

|913 
1  white  ball  can  be  selected  in  3  ways. 
1  black  ball  can  be  selected  in  4  ways. 
1  red  ball  can  be  selected  in  5  ways. 
Hence,  3  balls  of  3  different  colors  can  be  selected  in 

3  X  4  X  5  =  60  ways. 
And  the  odds  against  the  3  balls  being  of  3  different  colors  is  1(>0 
to  60,  or  8  to  3. 

11.  There  are  10  tickets  numbered  1,2, 9, 0.    Three  tickets 

are  drawn  at  random.    Find  the  chance  of  drawing  a  total  of  22. 

110 
Three  tickets  can  be  selected  from  the  10  in  -^-^  =  120  ways. 

[7|_3  ^ 

Of  these  pets  of  3,  only  9,  8,  5,  and  9,  7,  6  will  give  22. 

Hence,  the  chance  of  drawing  a  total  of  22  ia  j Jj  =  ^. 
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Exercise  123. 

1.  Find  continued  fractions  for  jff;   V?^;    V5;    VTI;   4V6; 
and  And  the  fourth  convergent  to  each. 

123^1      1      1      1      1      1      1      1      1 
157      1+3  +  1  +  1  +  1  +  1+1  +  1  +  2* 
Quotients    .  =1,3,  1,  1,  1. 
Convergents  =  f ,  i,  J,  J,  J. 
Fourth  convergent  is  J. 
159^3      1      11111 
47  2  +  1  +  1  +  1  +  1  +  3  ♦ 

Quotients       =  2,  1,  1.  1. 
Convergents  =  f  },  |,  f,  f 
.-.  Fourth  convergent  =  3 J  =  -*/. 


Let 


V5-2  + 


1 


V5-2 
=  V5  +  2 
=  4+1. 

X 

.:  V5  =  2  +  i 

Quotients     =  4,  4,  4,  4. 

Convergente  =  f  i,TV,H.irW 
.-.  Fourth  con vergent=2^^=|Jf. 

Let            VTI  =  3  +  1. 

a; 

1 

...   Vll  =  3+1      i. 
3  +  6 
Quotients    =  3,  6,  3,  6. 
Convergents  =  ?,  J.  T^.Jf,  120, 

.-.  Fourth  convergent=3  Jf  §=-y^y-. 
Let  4V6  =  9+i. 

X 

...  ^  -     1 

4\/6-9 
_4V6+9 
15 

Let    i^^l±i  =  l  +  l. 
15  y 

.■.y=     '' 


vn-3 

VTl  +  3 


4v^-6 
2VG  +  3 


Let     -^ii+3-3  I  ^ 


Let     2vi+3^3^ 


Vll-  3 
=  VTI  +  3 

=  6  +  i. 


2\/6  -  3 
_4V6  +  6 


Let  4^^±e  =  r+ 

15 
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15 


4>/6-9 
=  4\/6  +  9 
- 18  +  -. 


2.  Find  continued  fractions 
the  third  convergent  to  each. 

47^     1     1     1     1 

257  =  5  +  2  +  7  + 3' 

Quotients      =  5,  2,  7. 

Convergents  =  f  J,  ^\,  J}. 
.•.  Tliird  convergent  is  |J. 

20G5      1      1      1      1     i. 

4626  =  2  +  4  +  6  +  8  +  10' 

Quotients      =  2,  4,  6,  8. 

Convergents  =  f ,  J.  f.  ff . 
.*.  Third  convergent  is  |J. 

3.  Find  continued  fractions 
Let  \/2l  =  4  +  i- 


1 


.,4V6  =  9  +  1     1     I     1. 
^1+3  +  1  + IB 

Quotients      =  1,  3,  1,  18. 

Convergents  -  ?.  J,  f ,  f ,  Jf. 

.-.  Fourth  convergent  =  94|=V.^. 

for  jVt;  m;  iMt;  VsV-;  and  find 


1    1 


=  2  +  1 

4  +  6  +  8 


Let 


V^  +  4 


Let 


V2T+I 


V2r-4 
\/2T  +  4 


1+i 

y 
5 

V2I-1 
V21  +  1 


a+I 


457 
204' 

Quotients      =  4,  6,  8. 
Convergents  =  ?,  J.  ,<t.  ^Vi- 

.-.  Third  convergent  =  2^,  =  }J  J. 
2991_g     1      1111 
568  3  +  1+3+5  +  7' 

Quotients      =  3,  1,  3,  5. 
Convergents  =  f  J,  },  ^. 

.*.  Third  convergent  =  5^  =  J|. 

forVIi;   v^;   V33;   V55. 

3 
.'.  u  = 

\/2l-3 
V2I  +  3 


Let 


V2I  +  3 


Let   ^  +  1  =  1+1. 
5  w 

5 


Let 


V2T  +  3 
3 


>/2l-3 

\/2l  +  3 

3 

=2+1 

16 


V2I-4 
=  V2I  +  4 


a? 


1      1 

1  +  1  +  2+1  +  1  +  8' 


.•.V2l  =  4  +  1      1      1      1 


'    Mi 


C--r 
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Let 

V22-4  +  i. 

X 

.•.V22- 
Let 

Let 

Let 

Let 

.-.  V 
Let 

,4+i  1  1  1  1  i. 

1+2+4+2+1+8 
> —            1 

V22-4 
V22  +  4 
6 
V22  +  4^,^l. 

6             y 

'    V             ^ 

V33  =  5+i. 

X 

Let 

V33-5 

v^+5 

8 

""      V22-2 
\/22  +  2 
3 

%/22  +  2_o  ,  1 
3                   2 

\/33  +  5_^  1  1 
8                  y 

•    1/            ^ 

Let 

■"      V33-3 
\/33+3 
3 

V22-4 

V22  +  4 

2 

V22  +  4_4^t 

2                  u 

2 

V33  +  3  _  0  ,  1 

3                  z 

3 

Let 

V33-3 

v^  +  3 

8 

••~=V22-4 

V22  +  4 

3 

V22  f4_o  ,  1 

3                    V 

3 

V33  +  3      ^  1  1 
8                  u 

Let 

V33-5 
=  V33  +  5 

=  10  +  1. 

1 

53  =  5  +  1     1     1     JL. 
1+2+1  +  10 

V55  =  7  + 1. 

X 

i 
Let 

••^=^22-2 
V22  +  2 
6 
>/22  +  2_j  1   1 
6                   w 

Vi->2  -  4 
=  V22  +  4 
=  8+1. 

X 

•    X-        ^ 

V55--7 

\/55  +  7 
6 
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Let 


Let 


6 


•••  y  = 


V55-5 
V55  +  5 


V55  +  6 


=  2  + 


6 


Let 


V55 


6                 u 

•   XI-        « 

>/55-7 

=  >/55  +  7 

.14  +  1. 

5  =  7  +  1      1     1     -1. 
2  +  2  +  2  +  14 

4.  Obtain  convergents,  with  only  two  figures  in  the  denomi- 
nator, that  approach  nearest  to  the  values  of  VlO ;  VlS ;  Vl? ; 

VIS;   v^. 


VlO  =  3+-. 
6 

Quotients      =  6,  6,  6. 

Convergents  =  J,  J,  ^j. 

.  3-fj  is  the  required  convergent. 

Vl5  =  3  +  ij. 

Quotients      =  1,  B,  1.  6,  1,  6. 

Convergent^  =  ?.  I  f  f  if.  tf • 

.  3|J  is  the  required  convergent. 


VT7  =  4  + 


8 


Quotients      =  8,  8,  8. 
Convergente  =  f ,  J,  ,»y. 
.'.  4g*5  is  the  required  convergent. 

^=4+ij. 

Quotients      =  4,  8,  4. 
Convergents  =  f ,  J,  /y. 
.*.  4j®y  is  the  required  convergent. 


V^  =  4  +  1J. 

Quotients      =  2,  8,  2.  8. 
Convergents  =  J,  J,  ^^y,  H- 
.'.  4^  is  the  required  convergent. 


5.  Find  the  proper  fraction  which,  if  converted  into  a  con- 
tinued fraction,  will  have  quotients  1,  7,  6,  2. 

Quotients      =1,  7,  5,  2. 
Convergents  =  f ,  {,  J.  ff .  U- 
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6.  Fln(^  the  next  convergent  when  the  two  p^^ding  conver- 
and  ^{,  and  the  next  quotient  is  5/ 


Put 
Then 


m,  =  5,  tti  =  3,  «i 
5  X  19  +  3_  98 


7.  Find  a  series  of  fractions  to  the  ratio  of  a  yard  to  a  meter, 
if  a  meter  is  equal  to  1.0936  yards. 

Quotients      =  10,  1,  2,  6,  6. 
Convergents  =  f ,  ^.  ^,  A.  jVj.  ^Jh- 
Adding  1  to  each  of  these  fractions  we  have  the  required  fractions 

ih  \l  ii.  HI  mi 

8.  If  the  pound  troy  is  the  weight  of  22.8167  cubic  inches  of 
water,  and  the  pound  avoirdupois  of  27.7274  cubic  inches  of 
water,  find  a  fraction  with  denominator  less  than  100  which  shall 
differ  from  their  ratio  by  less  than  0.0001. 

228157  ^  1     lllllllJLlll 
277274     1+4  +  1  +  1  +  1+4  +  1  +  1+82  +  1  +  5  +  3' 
Quotients      =  1.  4,  1.  1,  1,  4.  1,  1,  82. 
Convergents  -  f .  |.  f,  f.  ^\,  Jf.  «|.  Jf.  {H- 
If  we  stop  with  J|,  the  error  is  <  Jf  -  Jff 

.*.  Jl  is  the  required  fraction. 

9.  The  ratio  of  the  diagonal  to  a  side  of  a  square  being  V2, 
find  a  fraction  with  denominator  less  than  100  wliich  shall  diflTer 
from  their  ratio  by  less  than  0.0001. 


V2 
Quotients 


■4' 


-  2,  2,  2,  2,  2,  2,  2. 


^.^uoiienis      =  z,  z,  z,  z,  z,  z,  z. 

Convergents  =  -?-,  }.  f ,  t\,  \\,  f  J.  y%. 

If  we  stop  with  f  §,  the  error  is  <  f  J  -  ^^ 

or  <  tt-Jy^. 
.'.  1  J§  is  the  fraction  required. 
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10.  The  ratio  of  the  circumference  of  a  circle  to  its  diameter 
being  approximately  the  ratio  of  3.14159265:1,  find  the  first 
three  convergents  to  this  ratio,  and  determine  to  how  many 
decimal  places  each  may  be  depended  upon  as  agreeing  with  the 
true  value. 

314159265  _  3  .  1     JL     1 

100000000        ^  7  +  15  +  1  + 
First  convergent     =   V  =  3.142+ 
Second  convergent  =  fJJ  =  3.14150+ 
Third  convergent    =  }f }  =  3.1415920+ 

11.  In  two  scales  of  which  the  zero-points  coincide  the  dis- 
tances between  consecutive  divisions  of  the  one  are  to  the  corre- 
sponding distances  of  the  other  as  1 : 1.06577.  Find  what  division 
points  most  nearly  coincide. 

Let  n  diviBions  of  the  first  scale  equal  as  nearly  as  possible  m 

divisions  of  the  other.    Then  —  is  a  convergent  of  — — — -• 
n  ^  1.06577 

100000^1    JLlllJ,!!!! 

106577      1  +  15  +  4  +  1+8  +  11  +  2  +  1  +  1+2 
Quotients      =  1,  15,  4,  1,  8,  11. 

Convergente-f  f  H.e.H.Wf 

If  we  stop  with  Jf,  the  error  is  <  f }|  —  Jf 

or  <  ^jhi- 
That  is,  division  76  of  the  second  scale  nearly  coincides  in  the 
division  81  of  the  first  scale,  the  distance  between  them  being  less 
than  jY^Ti  of  one  division  of  the  first  scale. 

12.  Find  the  surd  values  of 

3.  i    i.    i    1    i.    J.  i    1    i 

1  +  6'    3+1  +  6'       ■*"2  +  3  +  4* 

1      i  .•.«»  + 6a; -6  =  0, 

^'^                 *  =  l+6  ^     -6±V6b 

1  2 

••* ~  .-.  a;  =  -3  + Vl5. 

6  +  a;  •*•  The  required  value 

6  +  .T  -3-3  +  V15 

'  7  +  »  =  Vl5. 
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Let  x  =  i     i     1  Let  x  =  l     I     ] 

3+1+6  2+3+4 


3+— i— ■  2  +  . 


1+— !-  3  + 


6  +  a:  4  +  a; 

=    7  +  a?  ^  13  + 3a; 

27  + 4a;  30  +  7x* 

.-.  4x«  +  26x- 7  -  0,  ...  7a;»  +  27a; -  13  =  0, 


-26±2>A97 


VI093-27 
.  a;  = j^^ 

.*.  The  required  value  is 
VT093-27 


14 


f 


13.  Show  that  the  ratio  of  the  diagonal  of  a  cube  to  its  edg^ 
may  be  nearly  expressed  by  97  :  66.  Find  the  greatest  possible 
valae  of  the  error  made  in  taking  this  ratio  for  the  true  ratio. 

The  ratio  is  V3  :  1. 

Quotients      =  1,  2,  1,  2, 1.  2, 1,  2,  1. 
Convergente  =  ?.  h  I  f,  A,  H.  }?.  H  HI 
If  we  stop  with  ^J,  the  error  is  <  y^^y. 
Hence  JJ  differs  from  V3  by  an  amount  <  j^^j. 


14.  Find  a  series  of  fractions  converging  to  the  ratio  of  5 
hours  48  minutes  51  seconds  to  24  hours. 

5  hours  48  minutes  51  seconds  =  20931  seconds., 
24  hours  =  8640Q  seconds. 
20931  ^  1     11111111111 
86400°°  4  +  7  +  1  +  4  +  1  +  1  +  1  +  1+3  +  2  +  1  +  2 
Quotients      =  4,  7,  1.  4.  1,  1,  1,  1,  3,  2.  1.  2. 
Convergente  =  f  },  A.  A.  AV.  t^.  At.  Hi  ttl  iWr.  «H. 
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•  16.  Find  a  series  of  fractions  converging  to  the  ratio  of  a 
cubic  yard  to  a  cubic  meter,  if  a  cubie  yard  is  i^oVVv  ^^  ^  cubic 
meter. 

76453      111      1      1111111 


100000     1+3+4  +  19  +  2  +  3  +  1  +  1+5  +  1+2 

Quotients      =  1.  3,  4,  19.  2,  3,  1,  1,  5,  1,  2.  - 

Convergents  =  }.   }.   }.   }f   «?.   Uf.   Mh  Wf   IJH.  «!«. 

Exercise  124, 

1.  If  6,  7,  8,  3,  2  are  the  digits  (#  a  number  in  the  scale  of  r, 
beginning  from  the  right,  write  the  number. 

2r*  +  3r'  +  8r»  +  7r  +  6. 

2.  Find  the  product  of  234  and  125  when  r  is  the  base. 

234  =  2r»  +  3r  +  4, 

125  =  r»  +  2r  +  5. 
.-.  234xl25  =  (2r»  +  3r  +  4)(r»4  2r  +  5) 
=  2r*  +  7r»  +  20r»  +  23r  +  20 
=  27  (20)  (23)  (20)  in  the  scale  of  r. 

3.  In  what  scale  will  766  be  expressed  by  630? 

Let  r  be  the  radix  of  the  required  scale. 

Then  756  =  5r»  +  3r. 

5r«  +  3r-756  =  0. 

.-.  r  =  12.  or-i^. 
.-.  The  required  scale  is  that  of  12. 

4.  In  what  scale  will  640  be  the  square  of  23? 

Let  r  be  the  radix  of  the  required  scale. 
Then  540  =  5r*  +  4r, 

23  =  2r  +  3. 
.-.  5r2  +  4r  =(2r  +  3)«,  * 

5r»  +  4r  =  4r»  +  12r  +  9, 
r«_8r-9  =  0. 

.-.  r  =  -l,  or9. 
.*.  The  required  scale  is  that  of  9. 
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5.  In  what  scale  are  212, 1101, 1220  in  arithmetical  progression? 

Let  X  =»  the  radix. 

Then        2a^+a-  +  2  +  x"  +  2x«  +  2a:  =  2(x»  +  a»+l), 

x"-2a»-3a;  =  0. 

«»-2a:-3  =  0, 

(»-3)(a;  +  l)  =  0. 

.-.  a;  =  3. 

6.  Multiply  31.24  by  0.31  (scale  of  Ave). 

31.24 
0.31 

0    3124 
14432 


20.2444 


Exercise  125. 

Find  the  least  number  by  which  each  of  the  following  numbers 
must  be  multiplied  in  order  that  the  product  may  be  a  square 
number : 

1.  2625=126X21  =  5»X7X3. 

Hence  the  required  multiplier  is  5  x  7  X  3,  or  105. 

2.  3675  =  25x147  =  62x3x72. 

Hence  the  required  multiplier  is  3. 

3.  4374  =  2X9X243  =  2X37. 

Hence  the  required  multiplier  is  2  x  3,  or  6. 

4.  74088  =  8x27x343  =  2»x3»x78. 

Hence  the  required  multiplier  is  2  X  3  x  7,  or  42. 

5.  If  m  and  n  are  positive  integers,  both  odd  or  both  even, 
show  that  w2  —  n2  is  divisible  by  4. 

m'  —  n^  =  (m  +  n)(rn  —  n). 
If  m  and  n  are  both  odd  or  both  even, 
m  +  n  and  m  —  n  are  both  even. 
.*.  (m  +  n){m  —  n)  is  divisible  by  4. 
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6.  Show  that  n^  —  n  is  always  even. 

If  n  is  even,  «'  and  n  are  both  even. 
If  n  is  odd,  v?  and  n  are  both  odd. 
In  both  cases  their  difference  is  even. 

7.  Show  that  n^  —  n  is  divisible  by  6  if  n  is  even ;  and  by  24 
if  n  is  odd. 

r?  —  n=^n{n-^  IXn  —  1)  =  (»  +  l)n(n  -  1). 

One  of  the  three  factors  must  be  divisible  by  3. 

If  n  is  even,  it  is  the  only  even  factor.     . 

But  if  n  is  odd,  n  +  1  and  n  —  1  are  both  even ;  and  since  they  are 
successive  even  numbers,  one  of  them  is  divisible  by  4,  so  that  their 
product  is  divisible  by  8. 

Hence,  if  n  is  even,  2  x  3,  or  6,  is  a  factor ;  and  if  n  is  odd,  8x3, 
or  24,  is  a  factor. 

Exercise  126. 

Find  the  limiting  values  of : 

^    (4a:g-3)(l-2x)  ^^^^  ^  becomes  infinitesimal. 
7ic'-6a:  +  4 

(4a;»  -  3)(1  -  2a;)  _  -  8a'»  4-  4ar«  +  6a;  -  3 
7ar»-6a;  +  4  7x»-6x  +  4 

Put  a;  =  0  ;  the  fraction  becomes  —  f . 

2.   (^-^)(^+7)  ^^^^  ^  becomes  infinite. 
ar*4-36 


(3^3  -  5)(a:'  +  7) 


(■-!)(- J) 


x*  +  35  J  ^  35 

a;* 
Put  a;  =  00 ;  the  fraction  becomes  1. 

3.  (^"^  ^)    when  x  becomes  infinitesimal 

Put  a;  =  0 ;  the  fraction  becomes  f ,  or  2. 

4.  ^^-8^+^^  when  x  approaches  3. 
ar2-7ar+12 

a;»-8a;-t-15_(a;-  3)(a;  -  5)  _  a;  -  5 

a;2-7a;  +  12     (a;-3)(a;-4)     a;-4' 

—  2 
As  »  approaches  3,  the  fraction  approaches  — -,  or  2, 
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-2 9 

5. z —  when  x  approaches  —  3. 

x^  4-  9  X  +  18 

a;«-9       _ (g  +  3Xa?-3) _  x-Z 

x»  +  9a;  +  18     (a?  +  3Xa;  +  6)     a;  +  6* 

Ab  a;  approaches  —  3,  the  fraction  approaches  ^,  or  —  2. 

6.     f(^"^/'^;^^)^  when  x  approaches  - 1. 
x8+3a:a+5a:  +  3 

g(a:«-f  4a;  +  3)     ^      a;(g  +  iya  +  3)  a;(g  +  3) 

a^  +  3x»  +  5x  +  3"°(a;  +  l)(x2  +  2a;.  +  3)     ar*  +  2a;  +  3 

—  2 
As  X  approaches  —  1,  the  fraction  approaches  — ,  or  —  1. 

•^  "*■     "■  when  X  approaches  1. 


x»  +  2x2-.2x-l 

gs  -f  x«  -  2        _  (x  -  l)(x'  +  2x  +  2)  _  x«  4-  2g  -f  2 
x»  +  2x«-2x-l      (x-l)(x«  + 3x4-1)     x»  +  3x  +  l' 
As  X  approaches  1,  the  fraction  approaches  f ,  or  1. 

8.     J^+  wx—_i  ^Ylqh  X  approaches  1. 

2x-Vx+l 
Put  X  =  1 ;  the  fraction  becomes  ,  or  2(2  +  V2). 


Vx* -  1  +  Vx -  1      Vx -l(Vx  4-1+1) 


Put  X  =  1 ;  the  fraction  becomes  .  or  0. 


Vx  4- 1  4- 1 
0 

V2T1' 


~2 4 

10.  — -—zz=L  when  x  approaches  2. 

Vx  +  2->/3x-2 


x«  -  4  ^  (a;'  -  4)(  V7+^  +  \/3 X  -  2) 

V^7^_V3x-2  x4-2-(3x-2) 


(x  4-  2)(\/^T2  4-  V3x -  2) 
2 
Put  X  =  2 ;  the  fraction  becomes  ~ — '         \  or  —  8, 
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.  when  X  approaches  a. 

y/x  —  a-\-y/x-  Va  __       1  Vx—  Va 

Vx^  -  a'  VxTa      Vx'^  -  a« 

Vx  -^a       Vx^  -a^{Vx  +  Va) 
1         ,  Vx  —  a 


y/x  -{-a      Vx  +  a{y/x  +  y/a) 

Put  x  =  a;  the  fraction  becomes 

V2^ 

12.  If  X  approaches  a  as  a  limit,  and  n  is  a  positive  integer, 
show  that  the  limit  of  x"  is  a»». 

Since  the  limit  of  a;  is  a,  a?  =  a  +  x^,  where  x^  is  a  variable  which 
can  be  made  less  than  any  assigned  number. 

And  xl^  =  {a  +  x^Y  =  ««  +  7ia»»-^a;^  +  ^(^~-^)  a«-2.t;^  + +  x'". 

But  as  a;'  approaches  0,  each  term  on  the  right  except  a"  also  ap- 
proaches 0;  hence  the  sum  approaches  0,  as  nearly  as  we  please, 
since  the  limit  of  the  sum  is  the  sum  of  the  limits.  Hence,  as  x 
approaches  a,  a;**  approaches  a*»  as  nearly  as  we  please.  Hence  a**  is 
the  limit  of  a;**. 

13.  If  x  approaches  a  as  a  limit,  and  a  is  not  0,  show  that  the 
limit  of  a:"  is  a",  where  n  is  a  negative  integer. 

Let  n  =  —  m,  where  m  is  a  positive  integer. 

Since  the  limit  of  a:  is  a,x~a-\-  x'  where  x'  is  a  variable  which 
can  be  made  less  than  any  assigned  number. 

And  a:-«  =  J-  =  ; — ^ 

tS^     (a  +  x'y* 
1 

a*  +  maP'-'^x'  +  ^^^"""^^  a»- V*  + +  a;^» 

But  as  x'  approaches  0,  all  the  terms  of  the  denominator  except  a"» 
also  approach  0,  as  nearly  as  we  please;  hence  their  sum  approaches 
0,  as  nearly  as  we  please.     Hence,  as  x  approaches  a,  a^  approaches 

— ,  or  a". 
a"» 
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Exercise  127. 

1.  Find  the  fiftieth  term  of  1,  3,  8,  20,  43, 

The  series  is  1  3  8  20  43        . 

First  differences,  2  5  12  23 

Second  differences,  3  7  11 

Third  differences,  4  4 

Fourth  differences,  0 

a=l,  6  =  2,  c  =  3,  c?=4,  c  =  0. 
a^  =  a  +  idb  +49x21c  +  49x47x8d 
=  1  +  98  +  49  X  72  +  49  X  47  X  32 
=  77323. 

2.  Find  the  sum  of  the  series  4,  12,  29,  65, to  20  terms. 

The  series  is  4  12  29  55 

First  differences,  8  17  26 

Second  differences.  9  9 

Third  differences,  0 

a  =  4,  6  =  8,  c  =  9,  cZ=0. 
Sao  =  20a  -}-  1906  +  20  X  19  X  3c 
=  80  +  1520  +  10260 
=  11860. 

3.  Find  the  twelfth  term  of  4,  11,  28,  56,  92, 

The  series  is  4  11  28  55  92 

First  differences,  7  17  27  37 

Second  differences,  10  10  10 

Third  differences,  0  0 

a  =  4,6  =  7,c=10,rf  =  0. 
ajj  =  a  +  116  +  55  c 
=  4  +  77  +  550 
=  631. 


4.  Find  the  sum  of  the  series  43,  27,  14,  4,  —  3, to  12  tenns. 

The  series  is  43  27  14  4  -3 

First  differences,  -16        -13        -10       -7 

Second  differences,  3  3  3 

Third  differences,  0  0 

o  =  43,  6  =  -16,  c  =  3,  c?  =  0. 
Si2  =  12a +  666  + 220c 
=  516  -  1056  +  660 
=  120. 


teachers'  edition.  501 


5.  Find  the  seventh  term  of  1,  1.236,  1.471, 1.708, 

The  series  is  1  1.235  1.471  1.708 

First  differences,         0.235  0.236  0.237 

Second  differences,  0.001  0.001 

Third  differences,  0        

a  =  l.  6  =  0.235,  c- 0.001,  d-0. 
0^  =  0  +  66  + 15  c 
=  1  +  1.41  +  0.015 
=  2.425. 


6.  Find  the  sum  of  the  series  70,  G6,  62.3,  58.9 to  15  terms. 

The  series  is  70  66  62.3  58.9 

First  differences,  -4         -3.7  -3.4 

Second  differences,  0.3  0.3 

Third  differences,  0 

a  =  70,  6 --4,  c  =  0.3,  d=^0, 
8i5  =  15  a  +  105  6  +  455  c 
=  1050  -  420  +  136.5 
=  766.5. 

7.  Find  the  eleventh  term  of  343,  337,  326,  310, 

The  series  is  343  337  326  310 

First  differences,  -6  -11  -16 

Second  differences,  —  5  —  5 

Third  differences,  0 

a  =  343,  6  = -6,  c  =  -5,  c?  =  0. 
a,i  =  a  +  \0b  +  45c 
=  343-60-225 
=  58. 

8.  Find  the  sum  of  the  series  7  X 13,  6  x  11,  5  x  9, to  9  terms. 

The  series  is  91  66  45  28 

First  differences,  -25         -21        -17 

Second  differences,  4  4 

Third  differences,  0 

a  =  91,  6  = -25,  c  =  4,  c?=0. 
89  =  9a +  366  + 84c 
=  819-900  +  336 
=-255. 


502  ALGEBRA. 


9.  Find  the  sum  of  n  terms  of  the  series 

3x8,  6X11,  9X14,  12X17,  

The  series  is  24  66  126  204 

First  differences,  42  60  78 

Second  differences,  18  18 

Third  differences,  0 

a  =  24,  A  =  42.  c  =  18,  d=0. 

2  6 

=  24 ?i  +  21  n{n  -  1)  +  3n(ri  -  l)(n  -  2) 
=  3n8-|-12n'  +  97i 
=  3n(n  +  l)(rH-3). 


10.  Find  the  sum  of  n  terms  of  the  series  1,  6,  15,  28,  45 

The  series  is  1  6  15  28  45 

First  differences,  5  9  13  17 

Second  differences,  4  4  4 

Third  differences,  0  0 

a  =  l,  6  =  5,  c  =  4,  <i  =  0. 

_         5n(n-l)     27i(n-l)(n-2) 

2  3 

_4n^  + 371^  —  71 

6 
_n(n  +  l)(4n-l) 
6 

11.  Determine  the  number  of  shot  in  the  side  of  the  base  of  a 
triangular  pile  which  contains  286  shot. 

n(n+iX!L±^  =  286 
6 

n(n  +  l)(n  +  2)  =  1716  =  11  x  12  X  13. 
.-.  n  =  11  is  one  solution. 
The  other  solutions  are  imaginary. 
Hence  there  are  11  shot  in  the  side  of  the  base. 

12.  The  number  of  shot  in  the  upper  course  of  a  square  pile  is 
169,  and  in  the  lower  course  1089.  How  many  shot  are  there  in 
the  pile? 
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The  lower  coarse  has  V1089,  or  33  shot  on  a  side. 
If  the  pile  were  full,  it  would  contain 

n(n  +  l)(2n  -H  1)  ^  33  x  34  X  67  ^  -^ogog 
6  "    '      6 

The  tipper  course  has  VT69,  or  13,  shot  on  a  side. 
The  next  course  above  would  have  12  shot  on  a  side. 
The  number  of  shot  lacking  from  the  whole  pile  is 

n(n.HX2n  +  l)  ^  12 .Xi3_X  25  ^  ^  ^^^^ 
6  6 

Hence  there  are  12529  —  650,  or  11879,  shot  in  the  pile. 

13.  Find  the  number  of  shot  in  a  rectangular  pile  having  17 
shot  in  one  side  of  the  base  and  42  in  the  other. 

«-^(n+lX3n^-n  +  l). 
o 

n  =  17,  n^-42. 

.-.  «  =  VX  18x110  =  5610. 

14.  Find  the  number  of  shot  in  the  five  lower  courses  of  a  tri- 
angular pile  which  has  15  in  one  side  of  the  base. 

If  the  pile  were  complete,  the  number  of  shot  would  be 
n(n  +  IXn  +  2)  ^  15  X  16  X  17  _  ggQ 
6  ""  6 

The  number  of  shot  in  one  side  of  the  sixth  course  from  the  bottom 
would  be  10.     Hence  the  number  in  the  ten  upper  courses  is 
10  X  11  X  12  _^  ooQ 
6 
Hence  there  are  680  —  220,  or  460,  shot  in  the  five  lower  courses. 

15.  The  number  of  shot  in  a  triangular  pile  is  to  the  number 
in  a  square  pile,  of  the  same  number  of  courses,  as  22 :  41.  Find 
the  number  of  shot  in  each  pile. 

n(n  +  lXn  +  2)  .  n(n  +  lX2n  +  1)  ^22-41 
6  6  ^      '     ' 

.'.  n  +  2:  2n  + 1  =  22:41. 
.-.  n  =  20, 

nl!L±lX!L±2)=.i54o. 
6 

!L(!L±i)(2«±ll  =  2870 
6 

There  are  1540  shot  in  the  triangular  pile,  and  2870  in  the  square 

pile. 
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16.  Find  the  number  of  shot  required  to  complete  a  rectangular 
pile  having  15  and  6  shot,  respectiyely,  In  the  sides  of  its  upper 
course. 

The  next  coarse  above  would  have  14  and  5  shot  in  its  sides. 
Hence  the  nnmber  of  shot  required  to  complete  the  pile  is: 

«  =  ?(n  +  l)(3n'-n  +  l) 
6 

=  JX6X38  =  190. 

17.  How  many  shot  must  there  be  in  the  lowest  course  of  a 
triangular  pile  that  10  courses  of  the  pile,  beginning  at  the  base, 
may  contidn  37,020  shot  ? 

Let  n  =»  the  number  of  shot  in  one  side  of  the  lowest  course. 

Then  n  — 10  » the  number  of  shot  in  one  side  of  the  eleventh  course. 
The  number  of  shot  in  the  complete  pile  is 
n(n  +  l)(n  +  2) 
6 
The  number  in  the  courses  above  the  tenth  is 
(n-10Xn-9Xn~8) 
6 
...  n(n-flXn  +  2)     (n  -  \0)(n  -  9)(n  ^  S)  ^^^^ 

30n«-240n^720^3^Q^ 
6 
n«-8n  +  24  =  7404, 
n«- 871  =  7380. 
.-.  71  =  90. 
Hence  there  are  90  shot  on  a  side  in  the  lowest  course,  and 
jy^(90  +  1),  or  4095,  shot  in  the  lowest  course. 

18.  Find  the  number  of  shot  in  a  complete  retangular  pile  of 
15  courses  which  lias  20  shot  in  the  longest  side  of  its  base. 

«  =  |(n  +  l)(3n/-n  +  l), 

n=15,  n^  =  20. 

.-.  «  =  Jjf  xl6x46=1840. 
There  are  1840  shot  in  the  pile. 

19.  Find  the  number  of  shot  in  the  bottom  of  a  square  pile 
which  contains  2600  more  shot  than  a  triangular  pile  of  the  same 
number  of  courses. 
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Let  n  »  number  of  courses  in  each  pile. 

Then     ^(^  +  ^^  +  2)  _  ^^^^Qj,  q£  gjjQt  iQ  triangular  pile. 

— i ^- ^  =  number  of  shot  in  square  pile. 

.    n(n.+  l)(2n  +  1)      n(n  +  l)(n  +  2)      q^qq 

"6  6  ' 

.-.  (n-l)n(n  +  l)  =  15600, 

(n-l)n(n  +  l)  =  24x25x26. 
.'.  n  =  25  is  one  solution. 

The  other  two  solutions  are  imaginary. 

.'.  The  number  of  shot  in  the  bottom  row  of  the  square  pile  is  25. 

20.  Find  the  number  of  shot  in  a  complete  square  pile  in  which 
the  number  of  shot  in  the  base  and  the  number  in  the  fifth  course 
above  dlflTer  by  226. 

Let         n  =  number  of  shot  in  the  side  of  the  bottom  course. 
Then  n— 5  =»  number  of  shot  in  the  side  of  the  fifth  course  above, 
n'  =  number  of  shot  in  bottom  course, 
(n  —  5)'  =  number  of  shot  in  fifth  course  above. 
...  n2-(n- 5)2  =  225, 
10n-25  =  225, 
71  =  25. 
Also  ^^n(n^l)(2n  +  l) 

6 
25  X  26  X  51 
6 
=  5525. 
There  are  5525  shot  in  the  pile. 

21.  Find  the  number  of  shot  in  a  rectangular  pile  which  has 
600  in  the  lowest  course  and  11  in  the  top  row. 

nn^  =  600. 
n^  — n  +  1  =j3=  11. 
.-.  n  =  20, 
n^  =  30. 

Also  8  =  ^(n  +  lX3n'-n  +  l) 

6 

=  Y  X  21  X  71  =  4970. 

There  are  4970  shot  in  the  pile. 
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EXEBCISE    128. 

Sum  to  n  terms,  and  to  infinity,  the  following  series : 
1  1  1 


^'   1X4'  2X5*  3X6' 


The  general  term  is       ,       ^  =  z  f ^:  V 

^  n(n  +  3)     3\n     n  + 3/ 

Hence  the  series  may  be  written 
3\       4/'    3\2     5/     3\3      6^     3\4     7/  '6\n     n  +  s) 


3 
The  sum  to  n  terms  is  therefore 


3\       2     3/     3U  +  1     n  +  2     n  +  3/ 


and  the  snm  to  infinity  is 

J(i+J  +  i)  =  H. 

2.  1  ^  1 


1X3X5'  2X4X6'  3x6x7* 

The  general  term  is  — i; =  If  i ^  +  ^-:V 

^  n(n  +  2)(7i  +  4)     8\n     n  +  2     n  +  4/ 

Hence  the  series  may  be  written 

i(i-i  +  4).  i(i-l  +  i).  *(*-«  +  *).  i(l-i  +  t) 

_V^_-2  +  ^.  If-J 2_^_!_y 

8\n-2  n  n  +  2/  8Vn-l   n  +  1   n  +  3/ 

(k—^  +  -L.\ 

\n     n  +  2  n  +  4/ 


1/1 

8 
The  sum  to  n  terms  is 


8V       2     3     4/     S\     n  +  1     n  +  2     7i  +  3     n  +  4y 
and  the  sum  to  infinity  is 

3     1       1        1 

2x4x6'  4x6x8'  6x8xl0' 

The  general  term  is =  ~(- —  +  — i^^. 

2n(2n  +  2)(2n  +  4)      16\n     n  +  1      n  +  2/ 
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Hence  the  series  may  be  written 

Aa-!  +  i).  A(i-?  +  t).  Mi-i  +  i).  Mi-i  +  i) 

16U-2     n-1     n)     16\n-l     n     n+l) 

16'  -  .  -r         ., 

The  snm  to  n  termiig 


i6\n     n  +  1     n  +  2J 


ICV        2     2^      16\     n  +  1      n  +  2) 


and  the  sam  to  infinity  is 

4        7       10 


*  2X3X4'  3X4X5'  4x5x6' 

The  general  term  is ?^i±i L_  +  _5 4_ 

^  .  (n  +  l)(n  +  2Xn  +  3)         n  +  1     7i  +  2     n  +  3 

Hence  the  series  may  be  written 

-i  +  f-i.  -i  +  J-i  -i  +  f-f,  -i  +  «-t. 

1      ^5        -4  1_^     5  4 

-1  -, r  - 


n  —  1      71     n  +  1'       n     n  +  1      n  +  2' 
1^5  4 


n+1      n  +  2     n  +  3' 
The  sum  to  n  t^rms  is 


2     3      n  +  2     n  +  3' 
and  the  snm  to  infinity  is 

6.         1  1  1 


1X2X3    2x3x4    3x4x5 
The  general  term  is 

1 l(l-^-+-J-]. 

n(n  +  l)(n  +  2)     2Vn     n -{•  I     n  +  2/ 

Hence  the  series  may  be  written 

i(i-f +  i).  J(J-?  +  «.  i(J-}  +  i).  i(i-l  +  i). 

2U-2     n-1     n)     2\n-l     n     n  +  l) 

i7i-^_  +  _l_) 

2\n     n  +  1      n  +  2/ 
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The  sum  to  n  terms  is 

2\        2     2)     2\     n  +  l     n  +  2y 
and  the  sum  to  infinity  is    i  (1  —  I  +  i)  =  i- 

^  Exercise  129. 

Revert : 

Here                      a  =  l,   6  =  -2,   c  =  3,   d=-^. 
.'.  A  =  l,B  =  -2,  0=5,  Z)  =  14. 
.-.    a;  =  y  +  2y* +5^8  +  143^  + 

2.   «  =  a:-^  +  ^-^'  + 

■^  3^6       7  ^ 

Here  a=l,   6=0,   c  =  -J,  J  =  0,   e  =  i. 

.-.  il-1,  5  =  0,  C=i,      i)  =  0,  ^=tV. 

•••  -^-^¥- 


Here  a=l,   6  =  .},       c  =  J,  <^  =  A- 

.-.  ii  =  i,5  =  -j.  a=iZ)  =  -2V. 

^23       24 


Exercise  130. 

Find  the  identical  relation  and  generating  function  of : 
1.   l  +  2a:  +  7a:2  +  23aJ»  +  76a:*  + 

Notice  that  7  =  3x2  +  1, 

23  =  3  X  7  +  2, 
76  =  3  X  23  +  7. 
.*.  The  identical  relation  is  itn  =  3  xun-i  +  a^Un-i- 
Bat  8  =  1  +  2a;  +  7a;«  +  23aj»  +  76a;*  +  .... 

-3x8=    -3a;-6a;2-21a;»-69a;* 

-xh=  -    x^-   23?-   7a;*- 


.-.  (l-3a;-ar»)s  =  l-a; 

l-3x-il!» 
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3.  3  +  2ar  +  3ara+7z»+18x*+ 

Notice  that  3  =  3x2—3 

7=3x3-2 
18  =  3x7-3 
.*.  The  identical  relation  is  u»  =  Zxun-i  —  xhin-f' 

But  «  =  3  +  2  X  +  3  x2  +  7  aH»  +  18  X*  + 

-3xs=     -9x-6x2  — 9x»-21x*- 

x^s=  3x2  +  2z«+    3j^+ ^ 

/.  (l-3x  +  x2)s  =  3-7a- 

...=      «-7x 

l_3ar  +  x3 

Find  the  generating  function  and  the  general  term  of : 
8.   2  +  3x  +  6xa+9x«+17x*  +  33x*+ 

Suppose  Un  =  pxUn^l-\-qX^Un    2- 

Then  6  =  3/)  +  2g 

9  =  6p-^Sg 
r.p  =  S,q  =  -2 
/.  The  identical  relation  is  Un  =  3xun-i  —  2x2un-8. 

»  =  2  +  3x  +  5x2+    9x»+17x*  +  33x*+. 

-3x5=    -6x-9xa-15x«-27x*-61x*-. 

2x2«=  4x2+    6x8 +10x*  + 18x6 -f  . 


/.  (l-3x  +  2x2)«  =  2-3x 

.   s=       2-3x 

l_3x  +  2xa 

l-2x      1-x 

— - —  =  l  +  2x  +  22x2+ +  2»»x»+. 

l-2x 

-^=1  +  X+  X2+ +  X«+ 

1  — X 

/.  5=  l  +  (2+  l)x+  (22+  l)x2+ +  (2»+  l)x»+  ... 

/.  The  general  term  is  (2*  +  l)x». 

4.  7-6x  +  9x2  +  27x»  +  64x*  +  189x*+ 

Suppose  Un  =  pXUn^i  +  qx^^-y  +  rx«lia-« 

Then  27=    9p-   6q-\-7r 

64  =  27/1+    99-6r 

189  =  64p  +  277  +  ^f^^^--^ f  Pj  / 

/.p^2,  9  =  2,  r  =  3  tf  -^^z 
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.'.  The  identical  relation  is 

«  =  7-   6x+    9ar2  +  27z»+64a^+189aHi+ 

-2x5=    -Ux  +  12x3-18x«-54x*-108a^- 

-2x2«=  -14xa+12x«-18x*-    54x5- 

-3x»*=  -21x»  +  18x*-   27xS- 

(l-.2x-2xa-3x»)«  =  7-20x+    7x2 

.   ^^      7-20x4-7x2 
l-2x-2x2-3x8 
7-20x4-7x2      ^       7-20x4-7x2 
l-.2x-2x2-3x«      (l-3x)(l4-x4-ar2) 

^  10  27(3-x) 

13(l-3x)      13(l4-x4-x2) 

But         — - —  =14-3x4-  32x2  4-  3«x»  4- 4-  3'»x»  4- 

1 -3x 

3-x      ^       (1-x) (3-x) ^  3-4x4- x2 

l4-*4-a;''*      (1  4- a:  + x2)(l  — x)  l-x« 

and  — ^=l4-aJ»4-a*4-a:»4- +  x***  4- 

1  — x* 

.-.  ^-=^  =  3-4x4-ar«  +  3x»-4x*4-x*4-3x«-4x7  4.x«4- 

1  — x* 

•••i-^lil/b=^»(^+'^+'^^+''^+ > 

+  |j(3-4x4-x2  4-3x«-4x4  4-:«:*+ ) 

.-.  Mft.     =  iS3*-i  4.  ij  =  ij  (10  X  33«-4  4- 1) 

«8»+i  =  i§3*»     4-fJX3         =H(10x33-*4-l) 
««3«+2=  iJ3*-H4-  }}  X  (-4)  =  il  (10x3»»-|-4) 

6.   14-6x4-9x24-13x84- 17x*4- 21x64- V^   ^-^     '^ 

Suppose  Un  =  pxnn-\  +  qx^n-2  17*        / 

Then  9=bp-{-q  \       I      y^ 

l3  =  9/?4-6/?  ^" 

.-.  p  =  2,  9--=-l 
.*.  The  identical  relation  is  u^  =  2u„.i  —  Un-s. 

«=l4-5x4-    9x2  4-13x»4-17x*4- 

-.2x5=     -2x-10x2-18x«-26x*4- 

x2s=  X24.    6x«4-    9x*4- 

(1-2x4- *2)«=l4-3x 
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l-2x  +  ara       (1-^)^ 

Also  l  +  5ar  +  9a:a+13a:«+ 

=  l+(4  +  l)x  +  (2x4+l)xa+(3x4  +  l)x8+ +(4n  +  l)x»+. 

/.  The  general  term  is  (4n+  l)a 


.^- 


6.   l  +  x-7aH»  +  33a:*-130xfi  +  499x«+. 

Suppose  «»  =  />«n-l  +  5'"n-2+»*Mii-8.  /  //''<-' 

Then  -.7  =  9  +  r 

33  =  -  7;j  +  r 
-130  =  33/? -77 
/.;?  =  —  5,  7  =  —  6,  r  =  —  2 
The  identical  relation  is   m»  =  —  6  xun^i  —  6  x^tt^.j  —  2  A«-3. 

a=l+    a;            -7aH»  +  33a^-130xfi  +  499x«+ • 
6xs=         6x  +  6a«  -35x*+165a:6-660x»-. 
6a-2s=                  6a«+5a:«  -  36 ar^  +  166 x«  +  • 
2jr8s=            23:3+   2x*  —    14x« 

(l  +  5x  +  6a;a  +  2x»)a=l  +  6a:+10xa 

.    ._       l  +  6ar+10a:2 


l  +  5z  +  6z2  +  2x8 

7.  3+6x+14z2  +  36x«4.98x*  +  276xfi+ 

Suppose  «„  =  p«„_i  +  7!in_2  +  ra»-8 

Then  36=14/?+    69+    3r 

98  =  36/?+147+    6r 

276  =  98/?  +  369+14r 

.-. /?  =  6,  r  =  -ll,  7  =  6 
.*.  The  identical  relation  is 

ttn  =  6  Mn-l  —  11  Mn-2  +  6Mn-8 

«=3+    6ar+14a:2  +  36j:«+    98z*  +  276x*+. 
-   6x8  =     -18x-36ar2_84a:3_216«*-688a:6_. 
+  llar2f=                     33x2 +  66z«  + 164a:* +  396a:6  +  . 
-   6x^8= -18a-8-   36a:*-   84 j5 

(l-6x+lla:2_6a:3^»  =  3-.12ar+llxa 

.    ^_      3-12x  +  llja      ^  3-12ar+llar2 

l-6x+llx3-6aH»      (l-ar)(l-2ar)(l-3a:) 

=~i-+-J-  +  -L_ 

1-x      l-2x      l-3a: 
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But  _l_  =  l  +  x  +  x2  +  aH»+ -{-3*  + 

1  — X 

— I —  =  1  +  2  X  +  2*^x2  +  2^x*  + +  2^3f*  +  • 

l-2x 

—^ —  =  1  +  3x  +  3-^x2  +  38x8  + +  3.jf  +  ., 

1  — 3x 

/.  «  =  3+(l  +  2  +  3)x+(l  +  22  +  32)x2+.. 
+  (l  +  2"  +  3»)x«  +  . 
/.  The  general  term  is  (1  +  2»  +  3»)  x». 

Find  the  sum  of  n  terms  of : 

8.  2  +  5+10  +  17  +  26  +  37  +  50+ 

First  differences  3  5  7  9  11 

Second  differences,  2  2  2  2 

Third  differences,  0  0  0  

.-.  a  =  2,  6  =  3,  c  =  2,  d  =  0 

n  (n  -  1)  .    ,  n  (n-l)(n-2) 
.*.  »«  =  na  +  -^ — -^  +  -'^ ^ ^ 

~       ^         2         ^  3 

_2n8  +  3n2+7n 
6 


9.  l«  +  2«  +  3«  +  4«  +  5»+ 

=  1  +  8  +  27  +  64  +  125  + 

First  differences,  7  19         37  61  91 

Second  differences,  12  18  29  30 

Third  differences,  6  6  6 

Fourth  differences,  0  0 

.-.  a  =  l,  6  =  7,  c  =  12,  d  =  6,  6=0 
...  ^»_n  I  7n(>*--l)   I  12n(n-l)(n-2) 
2  6 


6nCii->l)(n-2)(n-3) 
^  24 


_6n*+12n«+6n« 
.  24 

4 
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Exercise  131. 

Detennine  whether  the  following  infinite  series  are  conver- 
gent or  divergent : 


1.  1  +  1  +  1  +  1  + 

2     3*     4» 

The  sum  of  all  terms  after  the  second  is    —  +  tt  +  —  +  • 

3'     4'     5* 

But  this  is  less  than     ^  +  -  +  ^  + 

3'     4'     5« 

But  this  has  been  shown  to  be  a  convergent  series. 
Hence  the  given  series  is  convergent. 

2.  i  +  l!  +  2»  +  3^  + 

I?     [8     II 


"•^ 


(n-l)«^n-l(n-l)''-' 


But  (n- !)"-'> |n-l. 

For  (n  -  1)"- '  =  (n  -  l)(n  -  1 ) (»t  -  1  factors), 

and  |n-_l=(n-lXn-2) 1. 

Hence  <»-^)""'>l. 

1"-^ 

Also  !Lzii  =  i_I 

n  n 

As  n  is  indefinitely  increased,  1  —  approaches  1  as  a  limit. 

Hence  the  limit  of  n«,  as  n  is  indefinitely  increased,  is  not  0,  but  is 
greater  than  1.    Therefore  the  given  series  is  divergent. 

3     2.346      

•   ia'^2a     3*     4* 

^1+2      3      4      .1.1.1.1.1.  

But  1  +  1  +  1+1  + =  1+1  +  1  +  1  + 

1«^2«3«4»  23     4 

And  this  has  been  shown  to  be  a  divergent  series. 
Hence  the  given  series  is  also  divergent. 

4.  Jl  +  1!^  +  2!:  +  3^+ 

1«  ^  2"*     3"»     4"» 

-=("-^r=('4r 

.*.  The  limit  of  n,»  is  1.    Hence  the  series  is  divergent. 
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6.  Show  that  the  infinite  series 

-J L_+^^ L__+, 

1X2     2X2«     3X2»     4X2* 
is  conyergent,  and  find  its  sum. 
The  series  may  be  obtained  from  the  series 


by  putting  y  =  J 

*         1X2     2.2«^3X2»     4X2*^ 
The  series  is  conyergent.    For  the  terms  are  alternately  positive  and 
negative  and  are  continually  decreasing,  and  the  limit  of  the  nth  term 
isO. 

6.  Find  the  limit  which  VI  +  nor  approaches  as  n  approaches  0  as  a 
limit. 

Let  m^l 

n 


Then  vT+nx  =  (1  +  nx)» 


-(-I)" 


As  n  approaches  0,  m  increases  indefinitely, 
infinite  (l  + I)  =•' 


But  "™' 


limit 


7.Pn..eth.tl  =  2(i  +  i  +  i+ ) 


Consider  the  series 


'•=^+'+|+^+- 


put  x  =  —  1 

12     13 


«-l=l-l  +  .^-;^  +  ' 
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1  =  1-14- 1-1  + 1-14. 

•      13    Li    L§    15    II    II 

=2+4+6 

L§    11    II 

^"(4^^^ ) 


8.  Calculate  to  four  places,  log,  4,  log,  6,  log,  6,  log,  7. 
loge4  =  21og.2  =  1.3863 

log.6=log.4+|  +  jA_+_A_  + 

=  1.6094 

=  1.7918  =  loge2  +  loga3 

l0ge7  =  l0ge6  +  ^  +  -?— +        2 


13     3  X  13»     6  X  13* 
=  1.9459 


9.  Find  to  four  places  the  moduli  of  the  systems  of  which  the  bases 
are :  2,  3,  4,  5,  6,  7. 


l0g,«: 

log«2 

0.693147 

=  1.4427 

log,e: 

1 

l0ge3 

1 

=  0.9102 

1.098612 

log^e: 

1 
l0ge4 

1 

=  0.7213 

21og.2 

logs* 

1 

log.  6 

1 

=  0.6213 

1.609432 

logce: 

1 

10ge6 

1 

—  nf>iwi 

1.791769 

log^e 

1 

log.  7 

1 

—  0  5139 

1.9459 
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10.    Show  that 


loc  /8\^        5                  7                  9 
^"\e)      1X2X3"*"3X4X5"^6X6X7      


1X2x3  3x4x6   6x6x7 


3  +  2   ^   6  +  2   ^   74-2   ^  , 


1X2X3   3X4X6   6x6x7 

:-^+-^+^-+. 

1X2^3x4^6x6 


. o/  1  .  1  .  1  .  \ 

\1X2X3     3x4x6'^5x6x7"^     "/ 

=(i-i)+a-i)+(i-i)+ 

\1X2X3^3X4X6'^6X6X7"^      '  ) 

^    ^    VlX2x3^3x4x5^6x6x7^         7 

=  log2  +  2f-i— +  -^+-^—  4- \ 

^  V1X2^3X4^6X6^         ) 

"■^iu<3'*'3x^"^63a"*" j 

^        VlX3^3x6^6x7^         ; 

=  log8-[(l-i)  +  (J-t)  +  a-«  + ] 

=  log8-l 
=  log  8  —  log  e 

"-0 


11.    Show  that 


'»— '-'=°-f^+i("-f^)'-i(^T-- 

log.a-log,6=  log^  =  _log^  =  -logfl  _  (l  _|\"] 
=  -log(l  +  ^«) 

But  .og(x.*^«)=^«-i(L^y;|(*^)V 
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12.  Show  that,  if  x  is  positire, 

=  log(r+l)  +  log^l  +  lj 
Butlog(l  +  ir)  =  x-|  +  g-^+ 

and      ,„g(l  +  l)  =  !-l,+    1    -^+ 

\        x]      X      2^-*      djH*      4x* 

The  series  is,  however,  conrergent  only  when  a:  =  1. 

o8     .Qs     43 

13.  Show  that    1  +  ^  +  ^  +  ,^ =  5e. 

[2     [3     [4 

'         L2    L5    li    II 

^  ,,,  q  ■  8+1  ,  15+1  ,  24  +  1  ■  35+1  , 
=  1  +  1  +  3  +  —+-^+-^  +  -^+ 

^„^  8^15  ,24,  35, 

=  ^  +  '  +  |2  +  [3  +  [i+[5  + 

=  ^■^^^^^1+1^5" 

=  .  +  3.+  l  +  |+|+i+ 

=  4.  +  H-l  +  i  +  i+ 

=  5« 
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Exercise  132, 

Find  the  quotient  and  remainder  obtained  by  dividing  each  of 
the  following  expressions  by  the  divisor  opposite  it : 


1.  :t«+5:t«-7a:-3  x-2. 

l  +  5_   7_   3^2 
2  +  14  +  14 


1  +  7+   7  +  11 

.'.  The  quotient  is  «*  +  7  a;  +  7,  and  the  remainder  is  11. 

2.  x*-7x»  +  5x2-10x+12  a:-3. 

1_7+   5-10  +  12[3 
3-12-21-93 

1-4-   7-31-81 
.-.  The  quotient  is  ar*  —  4a^  -  7a;  -  31,  and  the  remainder  is  —  81. 

3.  2x*4-3a:8-6x2-4x--24  x-2. 

2  +  3-   6-   4-24[2^ 

4  +  14  +  16  +  24 

2  +  7  +  -8  +  12+   0 

.'.  The  quotient  is  2  ar*  +  73;*  +  8  a;  +  12,  and  the  remainder  is  0. 

4.  aHi-32r8  +  2ar2-6  j:-4. 

1+0-    3+    2+      0-     5[4 
4  +  16  +  52  +  216  +  864 

1  +  4  +  13  +  54  +  216  +  859 
.-.  The  quotient  isa;*  +  4ar*  +  13a;*  +  54a;  +  216,  and  the  remainder 
is  859. 

5.  3ar*-6x24.7x— 10  x  +  3. 

3  +  0-   6+    7-   101-3 
-9  +  27-63  +  168 

3  -  9  +  21  -  56  +  158 
.-.  The  quotient  is  3  a;*  -  9 a;^  +  21  a;  -  56,  and  the  remainder  is  158. 
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6.  x8  +  3a:2  +  x  +  4  x  +  V^. 

1+3  +1  +4|--v^ 

-V^  _l_3\/ri-3 

l  +  (3-V^)-        3V^  +  1 
.•.  The  quotient  is  a^  +  (3  —  V^)ic— 3\/^,  and  the  remainder  is  1. 
Are  the  following  nnmbers  roots  of  the  equations  opposite  them  ? 

7.  (2)  x»-.3x24.4ar  +  4  =  0. 

l_3+4  +  4[2 
2-2  +  4 

1-1+2+8 

.'.  2  is  not  a  root. 

8.  (-3)  ar*-3x»  +  7««-92:  +  84  =  0. 

1^3+   7_   9+    841-3 
-3  +  18-75  +  252 

1^6  +  25-84  +  336 

.".  —  3  is  not  a  root. 

9.  (-5)  x*  +  6x*  +  7t«  +  9j:2-5  =  0. 

1  +  6  +  7+   9  +  0-  5|-5 
_5_5_10  +  5-25 

1  +  1+2-    1  +  5-30 

.*.  -  5  is  not  a  root. 

10.  (0.2)  a«-2.2a:a  +  3.4j:-0.6  =  0. 

1-2.2  +  3.4-0.610.2 
+  0.2-0.4  +  0.6 

1-2.0  +  3.0  +  0 

.'.  0.2  is  a  root. 
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Find  the  valnes  of  the  following  expressions,  when  for  x  we 
pat  the  numbers  opposite  the  expressions. 


11.  2i«  +  3««+5x-10  (2). 

2  +  3+   5-10|2 
4  +  14  +  38 


2  +  7  +  19  +  28 
.'.  The  required  value  is  28. 

12.  3x6-5j*  +  2:t«  +  3x-15  (3). 

3-5+    2+    3-   15|3 
9  +  12  +  42  +  135 

3  +  4  +  14  +  45  +  120 
.-.  The  required  value  is  120. 

13.  x*-4i«  +  7a^  +  9x  +  12  (-3). 

1-4+   7+    9+    121-3 
-3  +  21-84  +  225 

1-7  +  28-75  +  237 

.-.  The  required  value  is  237. 

Exercise  133. 

Solve  the  equations : 

1.   x»-3ar4-2  =  0. 

1  is  obviously  a  root.     Dividing  by  aj  —  1,  we  have 

1+0-3  +  21+1 
1  +  1-2 

l+l_2+0 

The  reduced  equation  is  a:*  +  a:  -  2  =  0,  of  which  the  roots  are  1 
and  -  2. 
.'.  The  roots  of  the  given  equation  are  1,  1,  —  2. 
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+ 1  and  —  1  are  not  roots.    Try  +  2. 
1  +  1 -16  + 20  [2 
2+    6-20 


1+3-10+   0 


.'.  +2  is  a  root.    The  reduced  equation   is  x*  +  3a:  — 10  =  0,  of 
which  the  roots  are  2  and  —  5. 

.*.  The  roots  of  the  given  equation  are  2,  2,  —  5. 

3.  x»-8xa  +  21a:-18  =  0. 
+  1  and  —  1  are  not  roots.    Try  +  2. 
1_8  +  21-18[2 
2-12  +  18 


1_6+   9+   0 

.-.  +  2  is  a  root.     The  reduced  equation   is  «'-6aj  +  9  =  0,  of 
which  the  roots  are  3  and  3. 

.-.  The  roots  of  the  given  equation  are  2,  3,  3. 

4.  aJ»-xa-8a:+12  =  0. 

+  1  and  —  1  are  not  roots.    Try  +  2. 
1_1_8  +  12[2 
2  +  2-12 

1+1_6+   0 

.*.  +  2  is  a  root.    The  reduced  equation  is  x'  +-a;  —  6  =  0,  of  which 
the  roots  are  2  and  —  3. 
.-.  The  roots  of  the  given  equation  are  2,  2,  —  3. 

5.  a:«  +  3xa-4  =  0. 

+  1  is  a  root.     Divide  by  oj  —  1. 
1  +  3+0-4U. 

1  +  4  +  4 


1+4+4+0 
.*.  + 1  is  a  root.      The  reduced  equation  is  x'  +  4a;  +  4  =  0,   of 
which  the  roots  are  —  2  and  —  2. 
.-.  The  roots  of  the  given  equations  are  1,  -  2,  -  2. 
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6.  Jt*  +  2x»-ll««-12a:  +  36  =  0. 

+  1  and  —  1  are  not  roots.    Try  +  2. 

1  +  2-11-12  +  36  [+2 
2+    8-   6-36 

l+4_   3-18+   0 

.*.  +  2  is  a  root.     The  reduced  equation  is  a:*  +  4a:'-3a;  —  18  =  0. 
Try  2  again.' 

l+4_   3-18[2 

2  +  12+18 

1+6+9+0 

.".  +  2  is  again  a  root.    The  reduced  equation  is  x'  +  6a:  +  9  =  0, 
of  which  the  roots  are  —  3  and  —  3. 

.-.  The  roots  of  the  given  equation  are  2,  2,  —  3,  —  3. 

7.  jt*-aJ»-10r9  +  4x  +  24  =  0. 
+  1  and  —  1  are  not  roots.    Try  2. 

1_1_10+   4  +  24|2 
2+    2-16-24 


14.1_   8-12+   0 


.-.  +  2  is  a  root.    The  reduced  equation  is  I'  +  x'  —  8a;— 12  =  0. 
Try  3. 

1  +  1«   8-12|3 

3  +  12  +  12 

1+4+    4+    0 

.*.  +  3  is  a  root.     The  reduced  equation  is  «*  +  4a;  +  4  =  0,  of 
which  the  roots  are  —  2  and  —  2. 
.-.  The  roots  of  the  given  equation  are  2,  3,  —  2,  —  2. 

8.  ar*  - 4i« -  18x2 +108x- 135  =  0. 

+  1  and  —  1  are  not  roots.     Try  3. 

1^4_18  +  108-135[3 
3-   3_   63  +  135 

1_1_21+   46+     0 


teachers'  edition.  523 

.*.  +  3  is  a  root.    The  reduced  equation  is  «"  —  «*  —  21  a:  +  45  =  0. 
Try  3  again. 

1_1_21+45|3 
3+   6-45 

1+2-15+   0 

.-.  +  3  is  again  a  root.     The  reduced  equation  is  x*  +  2  a;  —  15  =  0, 
of  which  the  roots  are  3  and  —  5. 

.-.  The  roots  of  the  given  equation  are  3,  3,  3,  -  5. 

9.  a:«-40aJ»+ 160x2 -240x4-128  =  0. 
+  1  and  —  1  are  not  roots.    Try  2. 

1  +  0-40  + 160-240 +  128  [2 
2+4-   72  +  176-128 

l_|.2-36+    88-   64+     0 
.*.  +  2  is  a  root.   The  reduced  equation  is 

X*  +  2ar»  -  36 x*  +  88a;  +  64  =  0. 

Try  2  again.  1  +  2  -  36  +  88  -  64  [2 

2+   8-56  +  64 

l4.4_28  +  32+    0 
.'.  +  2  is  again  a  root.    The  reduced  equation  is 
ar»  +  4a:»- 28a; +  32  =  0. 

Try  2  again.  1+4-28  + 32[2 

2  +  12-32 

1+6-16+   0 

.*.  +  2  is  again  a  root.     The  reduced  equation  is  a;'  +  6  a;  —  16  ==  0, 
of  which  the  roots  are  2  and  —  8. 
.*.  The  roots  of  the  given  equation  are  2,  2,  2,  2,  —  8. 

10.  x«-4x*-13x8+52x2  +  36x- 144  =  0. 
+  1  and  —  1  are  not  roots.    Try  2. 

l_4_13  +  52  +  36-144|2 
2-   4-34  +  36  +  144 

1-2-17  +  18  +  72+     0 


524  ALGEBRA. 

.-.  +  2 18  a  root    The  reduced  equation  is  aj*-2a^-17«*+18x+72=0. 
Try  3. 

1.2- 17 +  18 +  72  [3 
3+   3-42-24 

l4.1_14_24+   0 

.*.  +  3  is  a  root.    The  reduced  equation  is  x"  +  x*  —  14  a;  —  24  =  0. 
Try  4. 

1  +  1_14_24[4 
4  +  20  +  24 

1+5+   6+   0 

.*.  +  4  is  a  root.     The  reduced  equation  is  «*  +  5aj  +  6  =  0,  of  which 
the  roots  are  —  2  and  -  3. 
.-.  The  roots  of  the  given  equations  are  2,  3,  4,  —  2,  -  3. 

11.  jt*  +  2a^-5x2-12x-4  =  0. 

+  1  and  -  1  are  not  roots.    Try  —  2. 

1+2-5-12-41-2 
-2  +  0  +  10  +  4 

1 +0-5-   2+0 

.-.  —  2  is  a  root.    The  reduced  equation  isx"-  5ar  —  2  =  0.    Try  —  2 
again. 

l+0_5-2|-2 

-2+4+2 

l_2-l+0 

.*.  —  2  is  again  a  root.    The  reduced  equation  is  «*  —  2aj  —  1  =»  0,  of 
which  the  roots  are  1  +  V2  and  1  -  V2. 

.-.  The  roots  of  the  given  equation  are  —  2,  -  2,  1  +  ■n/2,  1  —  \/2. 
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Exercise  134. 
Form  the  equations  of  which  the  roots  are : 

1.  2,3,-6.  4.  3,4,-6. 

(x  -  2){x  -  S)(x  +  5)  =  0,  (x-  3)(aj  -  4)(a;  +  6)  =  0, 

or  0^- 19a; +  30  =  0.  or      x»-x»  -  30a;  +  72  =  0. 

2.  3,1,-2.  5.  3,0,-4. 

(.^.  _  3)(a;  _  i)(a;  +  2)  =  0,  (a;  -  3)a;(a;  +  4)  =  0. 

or    a;3_2a;»-5x  +  6=-0.  or  a;*  +  a;«  -  12a;  =  0. 

3.  2,-3,-2.  6.  2,3,  J. 

(x  -  2){x  +  3)(a;  +  2)  =  0,  (x-  2Xx  -  3Xa;  -  })  =  0. 

orar»  +  3a;*-4a;-12  =  0.  or    a:»- V x»  +  V-x- 3  -  0, 

or2a^-nx'  +  l1x-6  =  0. 

7.  3+  \/2,  3- V2,  -6. 

(a;_3_  V2)(a;--3+  V2)(a;  +  6)  =  0, 
or  a;'-29aj  +  42  =  0. 

8.  1  +  V3,  1  -  V3,  }. 

(x-l-  V3)(a;  -  1  +  V3){x  -  J)  =  0, 
or  a:*- f  a^-a  + 1  =0, 

or  2x»-5a;«-2a;  +  2  =  0. 

9.  1,3,-2,-4. 

(a;  -  l)(a;  -  3)(a;  +  2)(a;  +  4)  =  0, 
or  X*  +  2ar»  -  13a;«  -  14a-  +  24  =  0. 

10.  2,  J, -2, -J. 

(a;-2)(x-})(a;  +  2)(a;  +  i)  =  0. 
or  (a;»-4)(x«-i)  =  0. 

a:*_Yx»  +  l  =  0, 
or  4a;*-17a^  +  4  =  0. 

11.  hhh-h 

{X'i){x^i){x-i){x  +  i)^0, 
or  ^-^^^^-ix^  +  iwx-ij  =  0, 

or  48  ic*  -  28  ar»  --  8  x2  +  7  x  -  1  =  0. 
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12.  I  +  V2,  I-V2,  V3+1,  -V3  +  1. 

(x-  1  -  V2){x-  1  +  V2){x-y/3-\){x  +  \/3  -  1)  =  0, 
or  a;*-4a;»  +  a^  +  6a:  +  2  =  0. 

13.  2  +  >/:^,  2-\/:^,  14.2V'=^,  l-2\/=l. 

(x  _  2  -  V^l  )(x  -  2  +  V^X«  -  1  -  2  V^TXa:  -1  +  2  V^)  =  0, 
or  a*  -  6a;»  +  18a^  -  30a;  +  25  =  0. 

14.  1,  -2,  3,  -4,  5. 

(x  - 1)(«  +  2)(aj  -  3)(x  +  4Xx  -  5)  =  0. 
or  a*-3a;*-23a:»  +  51a^  +  94aj-120  =  0. 

16.   },  J,  4,2,3. 

{x^i)(x-i)(x-i)(x-2)(x-S)^0, 
or  a:5_6a.*  +  ^V«'-¥a^  +  H»-i  =  0. 


Exercise  135. 

Construct  the  graphs  of  the  following  functions  : 
1.   x2  +  3ar-10. 


Put  y  = 

=  a:«  +  3a;- 

-10. 

x  = 

y  = 

a  = 

y* 

0 

-10 

-J 

-lit 

-8i 

-1 

-12 

1 

-6 

-f 

-12t 

i 

-31 

-2 

-12 

2 

0 

-i 

-lit 

i 

3} 

-3 

-10 

3 

8 

~i 

-8t 

-4 

-6 

-f 

-3t 

-5 

0 

-¥ 

3} 

-6 

8 

-«i 


*' 
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The  curve  crosses  the  axis  X'Xat  the  points  for  which 
x2  +  3a:-10  =  0 
or  (x+5)(x-2)  =  0 

/.  a:  =  2,  or  — 5 


8.  x3- 

.2xi 

'+1. 

Put  ^  = 

=  0^ 

-2x3 

+  1. 

x  = 

y= 

x  = 

y  = 

0 

1 

-i 

t 

i 

« 

-1 

-2 

1 

0 

-i 

-61 

i 

-* 

-2 

-17 

2 

1 

i 

4i 

3 

10 

-JT' 


The  curve  crosses  the  axis  X'Xat  the  points  for  which 
j:8-2a?a+l  =  0 
or  (j:-.l)(z2-ar-l)  =  0 

.li\/6 


X  =  1,  or  - 


3.  x*- 20x9 +  64. 
Put  3(  =  x*-20xa  +  64. 
ar  = 
0 

±i 
dtl 

±f 
±2 

±3 

dt4 

±f 

±5 


2 


y  = 

64 

46 

24tV 
0 

-41H 
-35 

-30B 
0 

69A 
189 

The  curve  cuts  the  axis  X^X  in  the  points  for  which 
ar*-20x24.64  =  0 
or  (xa-16)(x2-4)  =  0 

.'.  X  =  ±  2,  or  ±  4 
The  curve  is  evidently  symmetrical  with  respect  to  the  axis  YT. 
In  the  figure  the  curve  has  been  shortened  vertically.    Each  division 
on  the  r'Faxis  represents  10  units. 


r 

\  1 

\  I 

V       ; 

Y 

■X~ 

U- 

r' 
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4.    J-2-4a-+10. 


Let 


^  =  ir2-4x+10 


x  = 

y  = 

x  = 

0 

10 

-1 

1 

7 

-2 

2 

6 

3 

7 

4 

10 

6 

15 

15 


•J['- 


'X- 


The  curye  does  not  cut  the  axis  X'X. 
For      ir2-4a:+10=(z-2)2  +  6, 
and  this  is  nerer  negative. 


5.   x4-6a:2^4. 

Let  ^  =  a:*  — 5x^  +  4 

x=  y  = 

0  4 

*i  m 

±1  0 

it  -2A 

±2  0 

±1  iiH 

The  curve  cuts  the  axis  X'X  in  the  points 
for  which 

or  (t2-1)(t2-4)=0 

.-.    X  =  i:  1,  or  i:  4 

The  curve  is  evidently  symmetrical  with  respect  to  the  axis  F'  T, 
In  the  figure  the  curve  has  been  magnified  horizontally  and  shortened 

vertically. 
Thus  4  divisions  of  the  X^X  axis  represent  1  unit,  while  1  division 

of  the  r'Faxis  represents  10  units. 


V^^ 


-X- 


6.   x8-4x2  +  x-l. 
Let 


y  =  x*  —  4x*  +  x  —  1 


= 

y  = 

X  — 

y= 

0 

-1 

-\ 

-2f 

i 

-li 

-1 

-7 

1 

-3 

-f 

-14i 
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x  = 

I 

2 

i 

3 


y  = 

-5J 
-7 

-7 


-3t 
3 
13t 


The  curve  cuts  the  axis  X^X  in  tihe  -x^- 
points  for  which 

From  the  figure  it  appears  that  two  of  — 
these  points  are  imaginary,  while  the 
third  lies  between  }  and  4. 

The  figure  is  magnified  horizontally. 
Two  divisions  of  the  X^X  axis  represent 
1  unit. 

Exercise  136. 
Find  the  derivatives  with  respect  to  x  of : 


/\/ 


V 


y' 


2x. 


2.   aJ». 
3x». 


.    X*. 

4a;». 


4.   3x6. 

15  a:*. 


•2a;- 


6 


7.  x»+2x. 
3a;«  +  2. 

10.   (x  +  3)a. 
2(0? +  3). 


8.  a^»  +  3x  +  4. 

2a; +  3. 


9.   3x*  +  2ar8  4-5a:«  +  6z  +  4. 
12ar»  +  6a;2  +  10x  +  6. 

11.    (x  +  a)8. 
3(aj  +  a)». 


12.    (or+l)"^. 

I  1 1      \.^     (a..M)»-(a,  +  A  +  iy 

V(a;  +  A  +  1)'     (»  +  1)V  *  A(a;  +  A  +  l)»(a;  -f  If 

-2^(a;  +  l)-A* 
A(a;  +  ;i  +  l)«(a;  +  l)» 

-2(a;  +  l)  +  A 
(a;  +  A  +  l)«(a;  +  1)«* 
Put  ^  =  0. 

Then  the  derivative  -  - 1^^^  =  - ,    ^' 
(x  +  1)*         (a;  4-  Vf 
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13. 


-l-(x 

-1        X2 

-1 
1 

h[{x  +  hf- 

.l]{x«- 

1) 

h[(x^hr- 

2x- 

-1](^- 
A 

■1) 

[(x  +  A)«-l](^-l) 

2.r 
(x«-l)«' 


Exercise  137. 

The  following  equations  have  multiple  roots.    Find  all  the 
roots  of  each  equation. 

1.   T»-5a:34.7ar-.3  =  0. 

f{x)  =  3^-53^-^7x^S, 
f{x)^3x^-lOx  +  7. 
Find  the  H.  C.  F. 

1-  5+   7-   3 


3-10  +  7 
3-   3 

-  7  +  7 

-  7  +  7 


3 
3 

-  15  +  21  - 
-10+7 

9 

-   5  +  14- 

9 
3 

-  15  +  42  - 
_  15  +  50- 

27 
35 

-8)-    8  + 

8 

1-  1 


1 


-5 


3-7 


.-.  jT-listheH.  C.  F. 

We  find  jB»-5x»  +  7a;-3  =  (a!-l)«(a:-3). 

.-.  The  three  roots  are  1, 1,  3. 

2.   ar8-3a:«  +  4  =  0. 

f(x)  =  a:»  -  3a:«  +  4,  f{x)  =  3a^  -  6a;  =  3a;(a; -  2), 
If  there  is  a  H.  0.  F.,  it  must  be  a;  -  2. 
We  find  ar»  -  3a;=»  +  4  =  (x  -  2)»(a;  +  1), 

.-.  The  roots  are  2,  2,  -  1. 
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3.   x*-2aH»-7ar24.20a:-12  =  0. 

f(x)  =  x*  -  2x3  -  7a;«  +  20.r  -  12,  y/^^;)  =  4a;»  -  6a^  -  14a:  +  20. 
Find  the  H.  C.  F. 


2)4-      6- 


14+    20 


2-      3-      7+10 

17 

34-    51-119  +  170 
.  34-106+    76 

5)55-195  +  170 
11-   39+    34 

17 

187-663  +578 
187-583+418 
80)-    80+  160 


1-2-  7  +  20- 

-12 
2 

2-4-14  +  40- 
2-3-  7  +  10 

-24 

-1-  7  +  30- 

-24 
2 

-  2  -  14  +  60  - 
-2+  3+  7- 

-48 
-10 

-  17  +  53  - 
-17  +  34 

-38 

19- 
19- 

-38 
-38 

-1 

-2-11 
-17  +  19 


1-     2 

.-.  The  H.  C.  F.  is  a;  -  2. 

We  find        a;*-  2ar»-  7a:»  +  20.r  -  12  =  (x-  2)«(x»  +  2x  -  3). 

The  roots  of  a:*  +  2a;  -  3  =  0  are  1  and  -  3. 

.-.  The  roots  of  the  given  equation  are  1,  2,  2,  —  3. 

4.   a:*-2«»-llar24.12x  +  86  =  0. 

fix)  =  x*  -  2ar»  -  11  x»  +  12a;  +  36.  f{x)  =  4ar^  -  6a;»-  22a;  +  12. 
Find  the  H.  C.  F. 

2)4-6-22  +  12 


2- 

-3 

-11  + 

6 

2- 

-2 

-12 

- 

-1 

+  1  + 

6 

-1 

+  1  + 

6 

1 

-2- 

-11  +  12  + 

36 
2 

2 
2 

-4- 
-3- 

-  22  +  24  + 
-11+6 

72 

-1- 

-11  +  18  + 

72 
2 

-2- 

-24 

-  22  +  36  +  144 
■3  +  11-  6 

- 

251- 

-  25  +  25  + 

150 

1-    1-     6 


-1 


2-1 


.-.  TheH.C.F.  is  a;*  -  a;  -  6  =  (a;  +  2)(a;  -  3). 

Therefore     a;*  -  2ar»  -  11  x«  +  12a;  +  36  =  (a;  +  2f{x  -  3)». 

.'.  The  roots  of  the  given  equation  are  —  2,-2,  3,  3. 
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6.  x*-24jea  +  64x-48  =  0. 

/(x)  =  aj*  -  24a;»  +  64aj -  48,    f{x)  =  4r»  -  48x  +  64. 
Find  the  H.  C.  F. 


4)4  +  0,48  +  64 


1+0- 
1-4  + 

12  f 
4 

16 

4- 
4- 

16+  16 
16  +  16 

1+0-24  +  64-48 
1.4.0-12  +  16 
-  12)-  12  +  48-48 
1-    4+    4 


1+4 


.-.  The  H.  C.  F.  is  a;"  -  4a;  +  4  =  (a;  -  2)^. 

We  find  a;*  -  24x»  +  64a;  -  48  =  (a;  -  2f{x  +  6). 

.'.  The  roots  of  the  given  equation  are  2,  2,  2,  -  6. 


6.   aJi  +  r* -  17 aJ»- 21x2 +72X+ 108  =  0. 

f{x)  -  a.-6  +  a;*  -  17a:*  -  21  x*  +  72a;  +  108, 
fix)  =  5a:*  +  4ar»  -  51x2  -  42x  +  72. 
Find  the  H.  C.  F. 


5+    4-    51-    42+      72 

1+1- 

17-21+    72+  108 

29 

5 

145+116-1479-1218+  2088 

5+5- 

■  85-105+  360+  540 

1 

145+220-1235-2190 

5+4- 

51-  42+     72 

.4)_104-  244+  972+  2088 

1- 

34-  63+  288+  540 

26+     Hi-  243-     522 

5 

29 

5- 

5+ 

170-315+1440+2700 
4-  51-    42+     72 

1 

754+1769-7047-15138 

754+1144-6422-11388 

-6)- 

174-264+1482+2628 

625)625-  625-  3750 

29+  44-  247-  438 

1+26 

1-      1-        6 

29-  29-  174 
73)73-    73-  438 

29 

1-      1-      6 

1 

1-      1-      6 

.-.  The  H.  C.  F.  i8x*-x-6  =  (x-3)(x  +  2). 
We  find 

a*  +  X*-  17x»  -  21  x»  +  72x  +  108  =  (x  -  Zf{x  +  2)«(x  +  3). 
.-.  The  roots  of  the  given  equation  are  3,  3,  —  2,  —  2,  —  3. 
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/(a)  =  a;«  -  5x» -f  6x*  +  9ar»  -  14a;«  -  4ic  +  8, 
fix)  =  6a^  -  25ar*  +  20  a-"  +  27  x»  -  28a: -4. 
Find  the  H.C.F. 


6-    25+     20+     27-    28-      4 
65 

1-  5+    5+     9-  14-    4+    8 
6 

390-1625+1300+1755-1820-  260 
390-1572+1206+1560-1608 

6-30+  30+  54-  84-  24+  48 
6-25+  20+  27-  28-    4 

1 

-  53+     94+  195-  212-  260 

-  53+  742-1749-  212+2332 

-  5+  10+  27-  56-  20+  48 
6 

-648)-  648+1944+       0-2592 
1-      3+      0+       4 

-30+  60+162-336-120+288 
-30+125-100-135+1^0+  20 

-  65-h2<)0-201-2()0-r2b8 

-  53+  94  +  195-212-260 

-5 

-6 
1 

-12)-  12+168-396-  48+528 

1-  14+  33+     4-  44 
1-    3+     0+    4 

-53 

1 

-  11+  33+     0-  44 

-  11+  33+    0-  44 

-11 

.-.  The  H.  C.  F.  is  r»  -  3a;H  4  =  (x  +  \){x  -  2)«. 

We  find  a;«-5x5  +  5a;*  +  9ar»-14a;»-4a;  +  8  =  (a:  +  l)Xx-2)3(a;-l). 

.*.  The  roots  of  the  given  equation  are  —  1,  —  1,  2,  2,  2,  1. 

Exercise  138. 

Multiply  the  roots  of  each  of  the  following  equations  by  the 
number  placed  opposite  the  equation. 

1.  a:8__5a.2^2x-3  =  0  (-1) 
jc8  +  5ar2  +  2a;  +  3  =  0. 

2.  a:*  +  4x2+3ar  +  5  =  0  (2). 
a;*  +  4  (2)V  +  3  (2)'  x  +  5  (2)*  -  0, 

or  a;*  +  16a;*^  +  24ai  +  80  =  0. 

3.  2aH»-3x2  +  5j--7  =  0  (-2). 
2a;8  _  3  (_  2)a;2  ^  5(_  2fx  -  7(-  2)», 

or  23?  +  6a:2  +  20x  +  56  =  0. 
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4.  5x*-8x»  +  2x-6  =  0  (6). 

5a?* -  3(5)0^'  +  2{bfx  -  6(5)*  =  0, 
or  5x*-15x»  +  250x- 3150  =  0. 

Write  the  equations  which  have  for  their  roots  the  reciprocals 
of  the  roots  of  the  following  equations : 

6.  2aH»+3x2-a;-2  =  0.        6.   3a^  + 6a:«-a:2+- 2x+- 3  =  0. 

2  +  3a;  -  X*  -  2x«  =  0,  3  +  5a:  -  x»  +  2ar»  +  3a:*  =  0. 

or        2a:'  +  x»-3x-2  =  0.        or    3x*  +  2ar' -  .t«  +  5x  +  3  =  0. 

7.  2x«  +  3x*-6x»  +  6t2-3x-2  =  0. 
2  +  3i  -  6a:«  +  6a:»  -  3x*  -  2a:5  =.  0, 

or  2a:*  +  3a:*-6a:»  +  6a:*-3.T-2  =  0. 

Diminish  the  roots  of  each  of  the  following  equations  by  the 
number  opposite  the  equation : 

8.  x«  +  4x2- 12x- 17  =  0         (2). 
1+   4-12~17[2^ 


2  +  12  + 

0 

1  + 

6+0- 
2  +  16 

17 

1  + 

8  +  16 
2 

1  +  10 

x»  +  10x»  + 16x^17  =  0. 

9.  3x*-10x»+2x2-5x  +  6  =  0        (3). 
3-10+    2-    5+    6[3 
9-   3-   3-24 


3- 

1-   1- 

9  +  24  + 

8- 
69 

-18 

3  + 

8  +  23-r 

9  +  51 

61 

3  + 

17  +  74 
9 

3  +  26 

3  X*  +  26x»  +  74  X*  +  6l'x  -  18  =  0. 
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10.  a:6-5x«-4xa+8r+10  =  0        (-2). 

1+   0-   5-   4+   8  +  10[--_2     • 

-2+4+2+4-24 


1_   2-    1-    2  +  12-14 
-   2+    8-14  +  32 

1-   4+    7-16  +  44 
-    2  +  12-38 

1_   6  +  19-54 
-    2  +  16 

1-    8  +  35 
-    2 

a*- 

1-iO 
-  10a:*  +  35 a;»  -  54  X*  +  44 X  -  14  =  0. 

Exercise  139. 

All  the  roots  of  the  equations  given  below  are  real ;  determine 
their  signs. 

1.  r4  +  4aH»-43ar2-58a:-|-240  =  0. 

The  order  of  signs  is        +     +    —    —+. 

There  are  two  variations  and  two  permanences. 

.-.  There  are  two  positive  roots  and  two  negative  roots. 

2.  x»-22x2+l66a:-360=0. 

The  order  of  signs  is        +        —        +        — 

There  are  3  variations.        .*.  There  are  3  positive  roots. 

3.  x*+-4a:«-35j«-78a:  +  360  =  0. 

The  order  of  signs  is        +     +     —    —     + 

There  are  two  variations  and  two  permanences. 

.'.  There  are  two  positive  roots  and  two  negative  roots. 

4.  x«-12x2-43ar-30  =  0. 

The  order  of  signs  is        -(.     —     —    — 

There  are  one  variation  and  two  permanences. 

.'.  There  are  one  positive  root  and  two  negative  roots. 


536  ALGEBRA.. 

6.  x*-3a^-5x«+15a:2^4ar_12=r0. 

The  order  of  signs  is        +    —    —     +    +    — 

There  are  three  variations  and  two  permanences. 

.-.  There  are  three  positive  roots  and  two  negative  roots. 

6.  :c»-12a:a  +  47a:-60  =  0. 

The  order  of  signs  is        +    —    -f    — 

There  are  three  variations.        /.  There  are  three  positive  roots. 

7.  Show  that  the  equation 

has  at  least  two  imaginary  roots. 

The  order  of  signs  is        +000    —    —    + 

If  we  take  the  0  terms  as  all  positive,  we  have 

+     +     +     +    —    —     +        two  variations, 
so  that  there  are  not  more  than  two  positive  roots }  and  if  we  take 
the  first  two  negative  and  the  third  positive,  we  have 

4.    _    _    ^    —    __    4-        two  permanences, 
80  that  there  are  not  more  than  two  negative  roots. 

.-.  There  are  then  not  more  than  two  positive  roots,  and  not  more 
than  two  negative  roots. 

.'.  There  are  at  least  two  imaginary  roots. 

8.  Show  that  the  equation 

ar*  +  15x2+ 7t- 11  =  0 
has  two  imaginary  roots,  and  determine  the  signs  of  the  real  roots. 

The  order  of  signs  is 

+    0    +     +    - 

We  may  write  the  signs 
either  +    +     +     +    —    one  variation, 

or  +    —    +     +    —    one  permanence. 

.-.  There  is  not  more  than  one  positive  root,  and  not  more  than  one 
negative  root. 

.-.  There  are  at  least  two  imaginary  roots. 

There  cannot  be  four  imaginary  roots.  For  if  o  +  iSi,  a  —  /8i,  7  +  8i, 
and  y  —  Si  are  roots,  their  product  is  (a'  +  0^){y^  +  8^)1  which  is  posi- 
tive, whereas  —  11  is  negative. 

.*.  There  is  one  positive  root,  one  negative  root,  and  two  imaginary 
roots. 
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9.  Show  that  the  equation  2r*»  —  1  =  0  has  but  two  real  roots, 
+  1  and  —  1,  when  n  is  even ;  and  but  one  real  root,  +  1,  when  n 
is  odd. 

The  order  of  signs  is 

+    00    - 

If  we  take  the  zeros  all  positive,  we  have 

+    +     +    +    - 

This  gives  only  one  variation,  and  consequently  only  one  positive 
root,  namely  -f  1. 

If  n  is  even,  the  equation  is  unchanged  when  we  put  ~  x  for  x. 

There  will  therefore  be  only  one  negative  root,  namely  —  1. 

But  if  n  is  odd,  the  sign  of  a;"  is  changed  when  we  put  —  x  for  x, 
and  the  order  of  signs  becomes 

_000---- 
which  we  may  take 

Here  there  is  no  variation,  and  consequently  the  equation  a;**-  1  =  0 
has  no  negative  root  in  this  case. 

10.  Show  that  the  equation  r**  -f  1  =  0  has  no  real  root  when  n 
is  even ;  and  but  one  real  root,  —  1 ,  when  n  is  odd. 

The  order  of  signs  is       +00     + 

This  may  be  taken  as     +     +     +    +     + 

There  is  then  no  variation,  and  therefore  no  positive  root. 
Or,  if  n  is  even,  we  may  take 

+    -     +     -     +     -     -     + 

There  is  then  no  permanence,  and  consequently  no  negative  root. 
But  if  n  is  odd,  we  have 

+    -     +    -     +     -    -     +     + 

Tliere  is  only  one  permanence,  and  therefore  only  the  one  negative 
root,  —  1.  ' 
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Exercise  140. 

Find  the  commensurable  roots  and,  if  possible,  all  the  roots 
of  the  following  equations : 

1.  aH»  +  2a:»-40x  +  64  =  0. 

The  factors  of  6 1  are  ±  1,  db  2,  ±  4,  i  8,  i  16,  ±  32,  ±  64. 
ir  1  are  not  roots.     Try  2. 

1  +  2-40 +  64  [2 

2+    8-61 
1+4-32+    0 
2  is  a  root    The  reduced  equation  is  a;*  +  4  a;  —  32  =  0,  of  which 
the  roots  are  4  and  -  8. 
.'.  The  roots  of  Ihe  given  equation  are  2,  4,  —  8. 

2.  .r»-3x2-10x  +  24  =  0. 

The  factors  of  21  are  i  1,  ±  2,  ±  3,  i  4,  ±  6,  i  8,  ±  12,  ±  24. 
±  1  are  not  roots.    Try  2. 

1-3-10  +  2412 
2-   2-24 


1_  1-12+   0 
2  is  a  root.    The  reduced  equation  is  aj*  —  a;  —  12  =  0,  of  which  the 
roots  are  4  and  —  3. 
.".  The  roots  of  the  given  equation  are  2,  —  3,  4. 

3.  jr4  +  r8_36T2-24x-72  =  0. 

The  factors  of  72  are  ±1,  ±2,  ±3,  ±4,  ±6,  +8,  ±12,  ±24,  ±36,  ±72. 
±  1  are  not  roots.    Try  6. 

1  +l-36-24-72[6 
6  +  42  +  36  +  72 

1  +  7+    6  +  12+    0 
6  is  a  root.     The  other  roots  are  incommensurable. 

4.  x*-7x8-6ar2-18a;+16  =  0. 

The  factors  of  16  are  ±  1,  ±  2,  ±  4,  ±  8,  ±  16. 
±  1  are  not  roots.     Try  8. 

1_7_6-18  +  16|8 
8  +  8  +  16-16 


1+1+2-    2+    0 
8  is  a  root.     The  other  roots  are  incommensurable. 
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6.  j:*-9x»+17x2  +  27.r-60  =  0. 

The  factors  of  60  are  ±1,  ±2,  ±3,  ±4,  ±  5,  ±  6,  ±  10,  ±  12,  ±  15, 
±  20,  ±  30,  ±  60. 
±  1  are  not  roots.     Try  4. 

l-9  +  17  +  27-60|4 
4-20-12  +  60 

1-5-    3  +  15+   0 
4  is  a  root.    Try  5. 

1_5_34.15|5^ 
5  +  0-15 


1+0-3+    0 


5  is  a  root.     The  reduced  equation  is  a;^  —  3  =  0,  of  which  the  roots 
are  +  y/S  and  —  y/S. 

.'.  The  roots  of  the  given  equation  are  4,  5,  +  V3,  -  V3. 

6.   18x*-33x8-13a:2^.i2ar  +  4  =  0. 

Multiply  the  roots  by  6.     The  reuulting  equation  is 

18aj*  -  33  •  6jr»  -  13  •  30 a:»  +  12  •  21G.c  +  4  •  1296  =  0, 
or  aj*  -  11  ar»  -  26a;«  +  144x  +  288  =  0. 

The  factors  of  288  are  ±1,  ±2,  ±3,  ±4,  ±  6,  a  8,  ±  9,  ±  12,  ±  16, 
±  18,  ±  24,  ±  32,  ±  48,  ±  72,  ±  96,  ±  144,  ±  288. 
±  1  are  not  roots.    Try  4. 

1_  11-26  + 144  +  288(4 
4-28-216-288 


1_    7-54-72+     0 
4  is  a  root.     Try  12. 

1_    7-54-72|12 
12  +  60  +  72 

1+5+6+0 

12  is  a  root. 

The  reduced  equation  is  a;'  +  5a;  +  6  =  0,  of  which  the  roots  are  -  2 
and  -  3. 

.-.  The  roots  of  the  given  equation  are  f ,  V» "~  f »  —  h  ^^  h  ^»  —  i* 
-i. 
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7.  27r*-72aH»  +  33a:a  +  8x-4  =  0. 

Multiply  the  roots  by  3.    The  resulting  equation  is 
27  a*  -  72.3  a^"  +  33.9  a?  +  8.27  a;  -  4.81  =  0, 
or  a^-8ar»  +  ll««  +  8a;-12  =  0. 

The  factors  of  12  are  ±  1,  i:  2,  ±  3.  Jr  4,  ±  6,  ±  12. 
+  1  is  a  root.    —  1  is  a  root. 

1-8  +  11+   8-12[l 

1-   7+   4-H2 
1_7+   4  +  12+   0|-1 

-1+    8-12 
1-8  +  12+   0 
The  reduced  equation  is  x*  —  8aj  +  12  =  0,  of  which  the  roots  are 
2  and  6. 
.'.  The  roots  of  the  given  equation  are  J,  —  J,  §,  f ,  or  J,  —  J,  f ,  2. 

8.  36x»-60r*-167jJ»  +  62a^+-67a:-18  =  0. 
Multiply  the  roots  by  6.    The  resulting  equation  is 

36x»-60-6a^-167-36aJ»  +  52-216x«  +  571276a;- 18-7776  =  0, 
or     I* -10a:*-167x»  +  312a;«  + 2052a: -3888. 

The  simplest  factors  of  3888  are  db  1,  ±  2,  ±  3,  ±4,  ±  6,  i  8,  ±  12, 
±  16,  ±  18. 
±  1  are  not  roots.     Try  2. 

1  _  10  -  167  +  312  +  2052  -  3888 1 2^ 

2~    16-366-    108-3888 
1_   8-183-   54  +  1944+       0 
2  is  a  root.    Try  3. 

1_8-183-   54  +  1944[3 
3_    15-594-1944 


1  _  5  -  198  -  648 
3  is  a  root.    Try  18. 

1_   5-198-648Q8 

18  +  234  +  648 
1  +  13+36 

18  is  a  root.    The  reduced  equation  is  «*  +  13aj  +  36  =  0,  of  which 
the  roots  are  —  4  and  —  9. 

.*.  The  roots  of  the  given  equation  are  J,  f ,  W  —  f.  —  Ji  or  J,  },  3, 
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Exercise  141. 

Determine  the  first  significant  figure  of  each  real  root  of  the  follow- 
ing equations : 

1.  a4»-ar2-2a:+l  =  0. 

There  are  not  more  than  two  positive  roots  and  not  more  than  one 
negatiye  root. 

AO)      =  1 

f(p.i)     =  0.104  .-.  one  root  U  +  0.4  + 

yXO.6)     =  0.126 

/(I)        =-1 

f(2)        =  +  1  .-.  one  root  is  +  1-  + 

A-1)    =1 

Jl—  2)    =  —  7  .'.  one  root  is  —  1.  + 

2.  j:8-6a:-3  =  0. 

There  are  not  more  than  two  negative  roots  and  not  more  than  one 
positive  root. 

AO)       =-3 

/CI)        =-7 

/(2)        =-6 

yX3)        =  9  •••  one  root  is  +  2.  + 

^-0.6)  =  -0.216 

y(_0.7)  =  0.157  .-.  one  root  is  -  0.8  + 

A-1)    =1 

/(— 2)    =  —  1  .*.  one  root  is  —  1. + 

8.   jr8-5ar2+7  =  0. 

There  are  not  more  than  two  positive  roots  and  not  more  than  one 
negative  root. 

AO)      =^ 
Ai)      =3 

JX^)       =  —  6  .*.  one  root  is  +  1.  + 

A3)      =-n 
A4)      =-e 

JXS)       =  7  .•.  one  root  is  +  4.  -t- 

A-1)    =1 

Jl—  2)    =  —  21  .-.  one  root  is  —  1.  + 
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4.  x»  +  2x2-30x  +  39=-0. 

There  are  not  more  than  two  positive  roots  and  not  more  than  one 
negative  root. 


yxo) 

=  39 

Ai) 

=  12 

A2) 

=  -6 

/.  one  root  is  +  1.  + 

A^) 

=  -0 

fw 

=  16 

.-.  one  root  is  +  3.  + 

A-i) 

=  70 

/(-'^) 

=  99 

yx-3) 

=  120 

A'^) 

=  127 

/(-6) 

=  114 

A-6) 

=  75 

/C-7) 

=  4 

yx-8) 

=  -106 

.'.  one  root  is  —  7.  + 

5.  jJ»-6ia  +  3r+6  =  0. 

There  are  not  more  than  two  positive  roots  and  not  more  than  one 
negative  root. 


one  root  is  +  1.  + 


/(O) 

=  6 

/(I) 

=  3 

/(2) 

=  -5 

/(3) 

=  -13 

/W 

=  -16 

/(6) 

=  -6 

/(6) 

=  23 

/(-I) 

=  -6 

/(-0.7) 

=  -0.383 

/(-0.6) 

=  +  0.824 

one  root  is  -f  5.  + 


one  root  is  —  0.6  + 


6.   a:»  +  9a:*  +  24x+17  =  0. 
There  is  no  positive  root. 

/(O)        =  17 

/(-I)     =1 

/(-  2)    =  —  3  .-.  one  root  is  —  1.  + 
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/(-3) 

=  1 

/(-6) 

=  -3 

7.   x«-15r2  +  63i:- 

60  =  0. 

Thore  is  no  negp.tiye  root. 

/(O) 
/(I) 
/(2) 

=  -60 
=  -1 
=  24 

/(3) 
/(4) 
/(5) 
/(6) 
/(7) 

=  31 
=  26 
=  16 
=  4 
=  -1 

.*.  one  root  is  —  8.  + 
.'.  one  root  U  —  4.  -f 


one  root  is  +  1.  + 


.*.  one  root  is  +  6.  + 
/(8)        =  6  .-.  one  root  is  +  7.  + 


8.   r*-8x»+14xa  +  4a:-8  =  0. 

There  are  not  more  than  three  positive  roots  and  not  more  than  one 
negative  root. 

/(O) 

/(0.7) 

/(0.8) 

=  -8 

=  -0.8439 

=  +  0.4736 

.'.  one  root  is  +  0.7  + 

/(I) 
/(2) 
/(3) 

=  3 
=  8 
=  -6 

.-.  one  root  is  +  2.  + 

/(4) 
/(6) 
/(6) 

=  -24 
=  -13 
=  88 

.-.  one  root  is  +  6.  + 

/(- 0.7)  =  -.9669 

/(-  0.8)  =  +  2.2666  .-.  one  root  is  -  0.7  + 


544 


ALGEBRA. 


Exercise  142. 


Ck)mpate  for  each  of  the  following  equations  the  root  of  which  the 
first  figure  is  the  number  in  parenthesis  opposite  the  equation.  Carry 
out  the  work  to  three  places  of  decimals : 


I.  x»  +  3x-5  =  0 


(1). 


+   0                       +3 
+    1                        +1 

-5  1  1.154  + 

+  4 

+    1 
+    1 

+  4 
+  2 

-1000 
+    631 

+   2 
+    1 

+  000 
+   31 

-369000 
+  339875 

+  30 
+    1 

+  631 
+   32 

-29126000 
+  27925264 

+  31 
+    1 
+  32 
+    1 

+  66300 
+    1675 
+  67975 
+    1700 

-    1199736 

+  330 
+     6 
+  336 
+     6 

+  6967600 
+      13816 
+  6981316 
+      13832 

+  340 
+     5 

6995148 

+  3460 
+       4 
+  3454 
+       4 
+  3458 
+       4 

+  3462 
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2.    aH»-6a:-12  =  0 


(3). 


+  0          -  6 
+  3          +0 

- 12  1  3.134  + 

+  o' 

+  3 
+  3 

+  3 
+  18 

-3000 
+  2101 

+  6 
+  3 

+  2100 
+  01 

-800000 
+  603207 

+  00 
+  1 

+  2101 
+  02 

- 116703000 
+  03713104 

+  01 

+  1 
+  02 

+  1 

+  228300 
+  2709 
+  231099 
+   2808 

-  21080896 

+  030 
+  3 
+  033 
+  3 

+  23300700 
+   37676 
+  23428276 
+   37602 

+  036 
+  3 

+  23465868 

+  0300 
+   4 
+  0304 
+   4 
+  0308 
+   4 

+  9402 
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a.  x»+a:«+x-100  =  0 

1+1  +    1 

±i  ±20 

+  6  +21 

+i      +36^ 

+  9 
+  4 


(4). 


+  190 
+  2 
+  132 
+  2 
+  134 
+     2 


+  1360 

+ 6 

+  1366 

+ 6 

+  1372 
+ 6 


+  13780 

+ 4 

+  13784 

+ 4 

+  13788 

± 4_ 

+  13792 


+  6700 
+  264 
+  5964 
+   268 


+  623200 
+  8196 
+  631396 

+ 


+  63962800 
+  66136 
+  64017936 
+       66162 


+  64073088 


-100 

+   84 


4.264  + 


-16000 
+  11928 


-4072000 
+  3788376 


-283624000 
+  266071744 


-27652266 
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4.  x«+10ara  +  6x-120  =  0 


(52). 


+  10 
4-  2 
+  12 
+  2 
+  14 
+    2 


+  160 
+  8 
+  168 
+  8 
+  176 
+     8 


+  1840 

± 3 

+  1843 

+ 3 

+  1846 
+       3 


+  18490 

+ 3 

+  18403 

± 3 

+  18496 

+ 3_ 

+  18499 


+    6 

+  24 

+  30 
+  28 


+  6800 
+  1344 
+  7144 
+  1408 


+  855200 
+  6629 
+  860729 
+     6538 


+  86626700 
+  66479 
+  86682179 
+       66488 


+  86737667 


- 120  I  2.883+ 
+    60  " 


-  60000 
+    67162 


-     2848000 
+     2582187 


-   265813000 
+    260046537 


-       6766463 
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5.   x»  +  9x2  +  24x+17  =  0  (-4). 

Change  the  sign  of  the  roots. 

The  resalting  equation  is  jr*  —  9  x^  +  24  a:  —  17  =  0. 


-9 

±i 
-5 
+  4 


+  4690 

± 2 

+  4692 

+ 2 

+  4694 

+ 2_ 

+  4696 


+  24 
-20 

+   4 
-   4 


-17  I  4.632+ 
+  16 


-   1000 

+     876 


-1 

+  4 

000 
+  176 

-126000 
+  116677 

+  30 
+  5 

+  176 
+  200 

-  8423000 
+   8063768 

+  35 
+  6 
+  40 
+  6 

+  37600 
+  1369 
+  38869 
+  1368 

-   369232 

+  460 
+  3 
+  463 
+  3 

+  4022700 
+   9184 
+  4031884 
+   9188 

+  466 
+   3 

+  4041072 

Root  is— 4.632+ 
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6.  a:4-12ar«+12x-3  =  0 
Change  the  sigu  of  the  roots. 
The  resulting  equation  is  x*  + 

1+12         +0 

+  1         4-13 

+  13         +13 

+  14 

+  27 

+  16 


+  1 
+  14 
+  1 
+  15 

+  1 


+  1600 

± 6 

+  1G06 

± 6 

+  1612 

+ 6 

+  1618 
+   6 


+  16240 

+ 4 

+  16244 

± 4 

+  16248 

+ 4 

+  16262 

+ 4_ 

+  16266 


(-1). 


12x8- 12x- 3  =  0. 

-12 
+  13 

+  1 
+  27 


+  420000 
+  0636 
+  429636 
+  9672 
+  439308 
+   9708 


+  44801600 

+ ^64976 

+  44866576 
+  64992 
+  44931668 
+   66008 


+  44996576 


-3  I  1.064+ 

+  1^ 


+  28000000 
+  2577816 
+  30577816 
+  2636848 


-200000000 
+  183466896 


-  165331040000 
+  133572526216 


+  33213664000 
+  179467304 
+  33393131304 
+   179726272 


-  31768614784 


+  33672857576 


Root  is -1.064+ 
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Change  the  sign  of  the  roots. 

The  resulting  equation  is 

r*  +  8x«+14.Ta 

+  1400 
+   609 


80 

_7 

87 

7 


94 

7 


+  101 
+     7 


+  1080 

+ 3 

+  1083 

+ 3 

+  1086 

± 3 

+  1089 
+       3 


+  10920 

± 2 

+  10922 

+ 2 

+  10924 

±__ 2 

+  10926 

± l_ 

+  10928 


+  2009 
+  658 
+  2667 
+    707 


(-0). 


-4x-8=r0. 

-  4000 
+  14063 
+  10063 
+  18669 


+  337400 
+  3249 
+  340649 
+  3258 
+  343907 
+  3267 


+  34717400 
+  21844 
+  34739244 
+  21848 
+  34761092 
+   21852 


+  34782944 


+  28732000 
+  1021947 
+  29753947 
+    1031721 


+  30785668000 
+  69478488 
+  30855146488 
+ 69522184 


+  30924668672 


-80000  I  0.732  + 
+  70441 


-95590000 
+  89261841 


-63281590000 
+  61710292976 
-    1571297024 


Root  is -0.732  + 
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Exercise  143. 

Calculate  to  six  places  of  decimals  the  positive  roots  of  the  following 
equations : 


1.  x«-3z-l  =  0. 


There  is  not  more 
The  positive  root 

1  +0 
±i 
+  1 
+  1 
+  2 
+  1 


than  one  positive  root 
lies  between  1  and  2. 

-3 

+  1   


+  30 
+  8 
+  38 
+  8 
+  46 
+  8 


+  540 

±_z 

+  647 
+  7 
+  664 
+   7 


+  6610 

± ? 

+  6619 
± ? 

+ 
+ 


9 


+  6637 
+  66 
+  1 


+  2 


000 
+  304 
+  304 
+  368 


+  67200 
+  3829 
+  71029 
+  3878 


+  7490700 
+  60671 
+  7541271 
+   60652 


+  7591923 
+  769192 
+   168 


+  769360 
+   168 


+  769628 
+  76963 
+         8 


+  76961 

± 8 

+  76969 
+  7697 


-1  11.879385  + 


-3000 
+  2432 


-668000 
+  497203 


-  70797000 
+  67871439 

-  2926661 
+  2278080 


-647481 
+  607688 

-  39793 
+   37986 

-  1808 
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9.  x»  +  2«a-4z-43  =  0. 

There  is  only  one  positiye  root.    It  lies  between  3  and  4. 


1 


+  2 

t? 
+  5 
+  8 


+  1178 
+  12 


-  4 
+  16 

+  11 

+  24 


+  4099 
+  410 
+  41 


-43 

+  33 


3.263389  + 


-10000 
+    7448 


+  8 
+  3 

+  3600 
+  224 

-  2662000 
+  2413176 

+  110 
+  2 

+  3724 
+  228 

- 138824 
+  122877 

+  112 
+  2 
+  114 
+  2 

+  396200 
+  6996 
+  402196 
+   7032 

-15947 

+  12297 

-3660 

+  3280 

+  1160 
+   6 
+  1166 

+  409228 
+  40923 
+   36 

-370 

+  369 

-1 

+   « 
+  1172 
+   6 

+  40959 
+   36  * 
+  40996 
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8.   3ar»  +  3ara+8x 

There  is  only  one  ] 

8            +3 

+  3 

+  6 

+  3 

-  32  =  0. 

x>8itiye  root.    It  lies  between  1  and  2. 

+    8                     -32    1    1.580947  + 

+    6                     +14    ' 

+  14 
+   9 

-18000 
+  14875 

+  9 
+  3 

+  2300 
+   675 

-3125000 
+  3087136 

+  120 
+    15 

+  2975 
+    750 

-37864 
+  35955 

+  135 
+    15 
+  160 
+    15 

+  372500 
+    13392 
+  385892 
+    13584 

-1909 

+  1596 

-313 

+  280 

+  1660 
+     24 
+  1674 
+     24 
+  1698 
+     24 

+  399476 
+  39948 
+  3995 
+  399 
+  40 

-33 

+  1722 
+      17 

4.  2x8-262^2  +  19 

There  is  only  one  i 

2            -26 

+    4 

-22 

+    4 

lr-202  =  0. 

positive  root.    It  lies  between  2  and  3. 

+  131                      -202    1    2.656116  + 

-   44                     +174 

+    87 
-   36 

-28000 
+  25992 

-18 

+    4 

+  5100 
-   768 

-2008000 
+  1792260 

-140 
+    12 

+  4332 
-   696 

-216760 
+  211650 

-128 
+    12 
-116 
+    12 

+  363000 

-  6150 
+  358450 

-  5100 

-4100 

+  3521 

-579 

+  352 

-1040 
+      10 
-  1030 

+  353360 
+  36335 
-       60 

-227 

+  210 

-17 

+      10 
- 1020 
+      10 

+  35275 
-       60 
+  35216 

-1010 
-10 

+  3521 
+  352 
+  36 
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6.  x*-12x+7  =  0. 

There  are  two  positive  roots,  one  between  0  and  1,  and  one  between 
2  and  8. 


+  00 
+  6 

+  000      -12000 
+  26      +   125 

+  70000  1  0.693686+ 
-  69376 

+  6 
+  5 

+  26 

+  60 

-  11876 
+   375 

+  106250000 
- 102132639 

+  10 
+  6 

+  75 
+  76 

-11500000 
+   151929 

+  4117361 
-3351663 

+  16 
+  6 

+  15000 
+  1881 

- 11348071 
+   169587 

+  766698 
-  669882 

+  200 
+  9 

+  16881 
+  10C2 
+  18843 
+  2043 

-11178484 
627 

-95816 
+  89304 

+  209 
+   9 

-  1117221 
627 

-6512 
+  5580 

+  218 
+   9 
+  227 
+   9 

+  20886     -1116594 
+  209           12 
+  2        -111647 

12 

- 111636 

+  0      -12 

+  4      +8 

-932 

+  2:]0 

1    +0 

+  2 

+  7  12.047275  + 

-8 

+  2 
+  2 

+  4 
+  8 

-  4 

+  24 

-100000000 
+  83891456 

+  4 
+  2 

+  12 
+  12 

+  20000 
+  972 

000 
864 

-  16108544 
+  15493758 

+  6 
+  2 

+  24000< 
+   321( 

} 
5 

+  20972864 
+  985792 

-  614786 
+  446296 

+  800 
+  4 
+  804 

+  243216 
+  3232 
+  246448 

+  21958656 
+  2195866 
+   17628 

-168490 

+  156206 

-  12286 

+  4 

+   3248 

+  2213394 

+  11155 

+ 
+ 
+ 

+ 

808 
4 

+  249696 
+  2497 

+   17577 
+  2230971 

-1130 

812 

1 

+   7     +  223098 
+  2504     +    60 
+   7     +  223148 
+  2611     +22315 
4.   7     +  2231 

+  2518 
+  25 
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6.  ar*-.5r«+2.Ta-13T  +  55  =  0. 

There  are  two  positiye  roots,  one  between  2  and  3,  and  one  between 
4  and  5. 


-6                      +2                      -13 
+2                      -6                      -   8 

+  66  1  2.381966+ 

-42 

-3                     -4 

+  2                      -2 

-21 
-12 

+  130000 
- 101709 

-1 

+  2 

-6 

+  2 

-33000 
-     903 

+  282910000 
-276123136 

+  1 

+  2 

-400 
+    99 

-33903 
-     679 

+  6786864 
-  3452069 

+  30 
+    3 
+  33 
+    3 

-301 
+  108 
-193 
+  117 

-34482000 

-  33392 

-  34616392 

6488 

+  ;i334805 

-  3106827 

+  227978 

-207120 

+  36 
+    3 
+  39 
+   3 

-7000 
+  3424 
-4174 
+  3488 

-34520880 
-3462088 
+           29 
-3462069 

+  20858 

-20712 

+  146 

+  420 
+      8 

-   680 
+  3662 

+           29 

-  3452030 

+  428 
+      8 
+  430 
+      8 
+  444 
+      8 

+  2866 
+  29 

-346203 

^34620 

-3462 

+  452 
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1-6         +2         -13 
+  4         -  4         -  8 

+  55  1  4.618035+ 

-84 

-1         -  2 

+  4         +12 

-21 
+  40 

-290000 
+  276856 

+  8 

+  4 

+  10 
+  28 

+  19000 
+  26976 

- 141440000 
+  77944941 

+  7 
+  4 

+  3800 
+  696 

+  45976 
+  31368 

-  63495069 
+  63216592 

+  110 
+  6 
+  116 
+  6 

+  4496 
+  732 

+  5228 
+  768 

+  77344000 
+  600941 
+  77944941 
+  602283 

-278467 
+  238524 
-  39943 
+  39755 

+  122 
+  6 

+  599600 
+   1341 

+  78547224 
+   47352 

-   188 

+  128 
+  6 

+  600941 
+   1342 

+  7902074 
+  48416 

+  1340 
+   1 

+  602283 
+   1343 

+  7950490 
+  79505 

+  1341 
+   1 

+  60362( 
+   8 

3 

+    3 

+  79508 

+  1342 
+   1 

+  6044 
+   8 

+    3 
+  79611 
+  7951 

+  1343 
+   1 

+  6052 
+   8 

+  1344 

1 

+  6060 
+  61 
+  1 
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7.   x«  =  36,499. 

There  is  only  one  real  root.    It  lies  between  30  and  40. 

1+0                            +0                            -36499  132.866383  + 
+  30                             +900                             +27000 

+  30 

+  30 

+    900 
+  1800 

-   8499 
+    6768 

+  60 
+  30 

+  2700 
+    184 

-   2731000 
+   2519562 

+  90 
+   2 

+  2884 
+    188 

-211448000 
+  194006666 

+  92 
+    2 
+  94 
+    2 

+  307200 
+     7744 
+  314944 
+      7808 

- 17442344 

+  16199170 

- 1243174 

+    972108 

+  960 
+     8 
+  968 
+  .8 

+  32276200 
+       69076 
+  8233427(5 
+       59112 

-271066 

+  269232 

-11834 

+   9720 

+  976 
+     8 

+  32393388 
+  8239339 

-   2114 

+  9840 

+         496 

+       6 
+  9846 

+  3239834 
+         496 

+       6 
+  9852 
+       6 

+  3240329 
+  324033 
+           3 

+  9858 
+  99 
+  1 

+  324036 
+           3 
+  324039 
+  32404 
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8.  x»  =  242,970,624. 

There  u  only  one  real  root.    It  lies  between  600  and  700. 

I  624 


+   0      +0 
+  600      +360000 

-242970624 
+  216000000 

+  600 
+  600 

+  360000 
+  720000 

-  26970624 
+  22328000 

+  1200 
+  600 

+  1080000 
+  36400 

-4642624 
+  4642624 

+  1800 
+  20 

+ 1116400 
+  36800 

0 

+  1820 
+  20 

+  1153200 
+   7456 

+  1840 
+  20 

+  1160656 

+  1860 
+   4 

+  1864 


9.  x*  =  707,281. 

There  is  only  one  positive  root.    It  lies  between  20  and  30. 

There  is  only  one  negative  root.    It  lies  between  —  20  and  —  30. 


+  0 
+  20 


+  80 
+  9 
+  89 


0 
400 


+ 
+ 


0 
8000 


-  707281 
+  160000 


+  20 
+  20 

+  400 
+  800 
+  1200 
+  1200 

+  8000 
+  24000 

-647281 
+  547281 

+  40 
+  20 

+  32000 
+  28809 

0 

+  60 
+  20 

+  2400 
+  801 

+  60809 

+  8201 


±  29  are  the  only  real  roots 


[29 
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10.  jc«  = 
There  is 


0 
40 


+ 
+ 


40 
40 


147,008,443. 

only  one  real  root.  It  lies  between  40  and  50. 

'^    +      0   - 147008443  |  43 
+  2560000    +102400000  — 


80 
40 


+  120 
+  40 
+  160 
+  40 


+  200 
+  3 
+  203 


+  0 
+  1600 
+  1600 
+  3200 
+  4800 
+  4800 
+  9600 
+  6400 


+  16000 
+  609 


+  16609 


+  0 
+  64000 
+  64000 
+  192000 
+  256000 
+  384000 


+  640000 
+  49827 


+ 

+  2560000 
+  10240000 


+  12800000 
+  2069481 


+  14869481 


-  44608443 
+  44608443 


11.  ar«  +  2x  +  20  =  0. 

There  is  only  one  real  root.    It  lies  between  —  2  and  —  3. 


1 


+  0 

+  2 


+  720 
+  6 
+  726 
+  6 
+  732 
+  6 


+  738 
+  7 


+  2 
+  4 


+  201548 
+  20155 
+   63 


+  20218 
+   63 


+  20281 
+  2028 
+  203 
+  20 


-20 

+  12 


2.469547+ 


+  2 
+  2 

+  6 
+  8 

-8000 
+  6624 

+  4 
+  2 

+  1400 
+  256 

-1376000 
+  1182936 

+  60 
+  4 
+  64 
+  4 
+  68 
+  4 

+  1656 
+  272 

-  193064 
+  181962 

+  192800 
+  4356 
+  197156 
+  4392 

- 11102 

+  10140 

-962 

+  812 

-150 
+  140 
-    10 


The  real  root  is  -  2.469547+ 
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19.  x»- 10x2 +  8x+ 120  =  0. 

There  is  only  one  real  root.    It  lies  between  —  2  and  ^  3. 


+  10         +8 
+  2         +24 

- 120  1  2.768345+ 
+  64 

+  12 
+  2 

+  32 

+  28 

-  66000 
+  60183 

+  14 
+  2 

+  6000 
+  1169 

-6817000 
+  6097576 

+  160 
+  7 

+  7169 
+  1218 

-  719424 
+  689676 

+  167 
+  7 
+  174 
+   7 

+  838700 
+  10896 
+  849596 
+  10932 

-29848 
+  26902 
-  3946 
+  3462 

+  1810 
+   6 
+  1816 

+  86052{ 
+  86063 
+   144 

J 

-494 
+  430 
-  64 

+   6 
+  1822 

+  86197 
+  144 

+   6 

+  86341 

+  1828 
+  18 

+  8634   The  real  root  is  -  2.7683^ 
+  863 
+  86 
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Exercise  144. 

Determine  by  Sturm's  Theorem  the  number  and  situation  of 
the  real  roots  of  the  following  equations : 


1.   aH^- 

.4x2-llx  +  43 

=  0. 

/(x)  =  aJ'-4«»-lla;  +  43, 

f(x)  =  3x'-Sx-U. 

3-   8-11 

1_   4-11+   43 

6-16-22 

3  _  12 -33 +  129 

1-4 

6-21 

3-   8-11 

5-22 

-   4-22  +  129 

10-44 

-12-66  +  387 

10-35 

-12  +  32+   44 
-  98  +  343 

-   9 

+    9 

2-     7 

3 

.•./(a?)  =  aJ'-4a:»-lla;  +  43, 

f(x)  =  3x^-8x^11, 

/,(.r)  =  2a;-7, 

/3(X)  =  9. 

f{x)          fix)         Mx)        Mx) 

a;  =  —  00 

-              +              -              + 

3  variations. 

ic  =  0 

+              -              -               + 

2  variations. 

a;=  +  oo 

+ 

+              + 

f 

0  variations. 

.*.  There  is  one  negative  root  and  two  positive  roots. 
Again  /(_4)  =  -41,  /(-3)  =  +  13. 

.-.  The  negative  root  lies  between  —  3  and  —  4. 

/(3)  =  +  l,  /(4)  =  -l,  /(5)  =  +  13. 

.-.  One  positive  root  lies  between  3  and  4,  the  otber  between  4  and  5. 

2.   x«-6a:3+7a:-3  =  0. 

/  (x)  =  ar»-6a»  +  7a;-3, 
/(a;)  =  3a;2-12a;  +  7. 
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3- 
6- 
6- 

-12+7 
-24  +  14 
-  3 

1_   6+    7-   3 
3-18  +  21-   9 
3-12+    7 

1- 
3- 

-2 
-3 

-21  +  14 
-6+4 
-6+3 

-  6  +  14-   9 

-  6  +  24-14 

-10+5 
2-   1 

+    1 
*-   1 

.•./(x)=.a^-6a:»  +  7x-3, 
/(x)  =  3x»-12x  +  7, 
/,(a:)-2aT-l. 

X=  —  00 

a:  =  0 

X=  +  00 

/W       /(^)       /,W       Mx) 

-  +             -            - 

-  +             -            - 
+             +             +            - 

2  variations. 
2  variations. 
1  variation. 

.'.  There  is  one  positive  root  and  no  negative  roots. 
Again  /(4)  =  -7.  /(5)  =  +  7. 

.'.  The  only  real  root  lies  between  4  and  5. 

3.  x*-4ar«  +  a3  +  6x  +  2  =  0. 

/(a;)  =  x*-4ic»  +  a:»  +  6a;  +  2, 
/(x)  =  4x»-12x»  +  2x  +  6. 


4_12+    2+    6 
2-   6+    1+    3 

10-30+   5  +  15 

10  -  20  -  14 

-10  +  19  +  15 
-10  +  20  +  14 


-    1  + 
1- 


1-4+1+   6+    2 

2-8  +  2  +  12+    4 
2-6+1+    3 


-2  +  1  + 

9  + 

4 

-2  +  6- 

1- 

3 

-5  + 

10  + 

7 

5- 

10- 

7 

5- 

5 

__ 

5- 

7 

- 

5  + 

5 

-12 
+  12 


1-1 


2-2 
5-5 
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•./(x)  =  a^-4a:8- 

f  x2  +  6a;  +  2, 

/(a;)  =  4a^-12a:»  +  2a; 

+  6, 

/,(x)  =  5^-10. 

c-7, 

/,(aj)  =  aj-l, 

/iW  =  +  12. 

m 

f{x)       Mx) 

/sW 

M^) 

a;=-  —  00 

+ 

-             + 

-- 

+ 

4  variations. 

a;  =  0 

+ 

+ 

- 

+ 

2  variations. 

a;=  +00 

+ 

+             + 

+ 

+ 

0  variations. 

/.  There  are  two  positive  roots  and  two  negative  roots. 

Again,  /(0)  =  2,    /(-J)  =  --^,    /(-I)  =  2. 

.-.  One  negative  root  lies  between  0  and  —  J,  and  one  between  —  J 
and  —  1. 

Also,  /{2)  =  2,    /(21)  =  - 0.1875,    /(3)  =  2. 

.*.  One  positive  root  lies  between  2  and  2^,  and  one  between  2 J 
and  3. 


4.   a^-6x«+10x2-6x-21  =  0. 

/  (x)  =  a:*  -  5ar»  +  10a:»  -  6a;  -  21, 
/(a;)  =  4r»-15a;«  +  20ar-6. 


4-  15+  20-  6 
20-  75+  100-  30 
20  +  112-  1464 


-187  + 

1564- 

30 

-935  + 

7820- 

150 

-935- 

5236  + 

68442 

13056  -  68592 
272+  1429 


1_5  +  10-  6-21 
4-20  +  40-  24-  84 
4  -  15  +  20  -  6 


-   5 

+  20- 

18- 

84 

-20 

+  80- 

72- 

336 

-20 

+  75- 

100  + 

30 

5+  28-366 
-  5-  28  +  366 
1360-  7616  +  99552 
1360+  7145 

- 14761  +  99552 


1-5 


-4  +  187 
+  5 


564 


ALGEBRA. 


U^) 


.-. /(ar)  =  a:*  -  5a:»  +  10x» -  6x  -  21, 
/(x>  =  4a^-15a;«  +  20a;-6, 
/,(ar)  =  -5a:«-28a;  +  366, 
/,(a;)  =  - 272a; +  1429, 

/W  /W  /.W  AW 

a;=-  — oQ              ^.            _            _  4- 

a;  =  0                   -           «            +  + 

x=  +  oo               +            +            _  _ 

.".  There  is  one  positive  root,  one  negative  root,  and  two  imaginary 
roots. 
Again,  /(0)  =  -21,  /(-I)  =  +  5. 

.*.  The  negative  root  lies  between  0  and  —  1. 

Also,  /(3)^ 3.  /(4)  =  +  51. 

.-.  The  positive  root  lies  between  3  and  4. 


3  variations. 
2  variations. 
1  variation. 


/(x)  =  4r»-3.'c«-2a;. 


4-  3- 

2  + 

0 

44-  33- 

22  + 

0 

44+  8- 

384 

-  41  + 

362  + 

0 

-451  + 

3982  + 

0 

-451- 

82  + 

3936 

4064  -  3936 
-    127+    123 


1-1- 

4-4 
4-3- 

-  1+0+  6 

-  4  +  0  +  24 

-  2  +  0 

-1- 

-4 

-4 

-  2  +  0  +  24 

-  8.+ 0  +  96 
f  3+2+  0 

1397  + 
1397- 

-11-2  +  96 
11  +  2-96 
254  - 12192 

1353 

I'W  - 12192 

+ 

.-.  /  (a;)  =  a:*  -  ic»  -  a;*  +  6, 

}i(a;)  =  llx«  +  2a;-96, 
/3(a;)  =  - 127^  +  123, 


1-1 


4-41 
-11 
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2  variations. 
2  variations. 
2  variations. 


/W     /W     /»(^)     /sW     /iW 

a:  =  -oo  +  -  +  +  + 

a;  =  0  +  -  -  +  + 

ar=  +  oo+  +  +  -  + 

.-.  There  are  four  imaginary  roots. 

6.   :r*-2a:8_3a^^.i0x-4  =  0. 

/  (.t).=  jr*-  2r»  -  3a;«  +  10a:  -  4, 


/(a;)  =  4ic'-6a:»-6a;  +  10. 

4 

2 

18 

-   6-   6  +  10 
-3-3+5 

-27-27  +  45 
-54  +  22 

27-49  +  45 
27  -  81  +  33 

32  +  12 
-8-3 

1-2-3  +  10-   4 
2-4-6  +  20-   8 
2-3-3+    5 

1- 

2  + 
-9 

1 

18 

_1_3  +  15-   8 
-2-6  +  30-16 
-2  +  3+    3-   5 

-9  +  27-11 
9-27  +  11 

72-    216+      88 
72+     27 

3 

+  243 

-    243+      88 
-1944+    704 
-1944-    729 

+  1433 
-1433 

/W  =  4. 

-2r*-3aj2  +  10a:-4 

2-27a;  +  ll, 

8j;-3, 

1433. 

a;  =  — 00 
x  =  0 
«=»  +  00 

+.            - 

+ 

+            + 

+             + 
+             - 
+ 

f,(^) 

3  variations. 
2  variations. 
1  variation. 

.*.  There  is  one  positive  root,  one  negative  root,  and  two  imaginary 
rootB. 
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Again.  /(-  2)  -  -  4.       /(-  3)  =  +  74. 

.*.  The  negative  root  lies  between  —  2  and  —  3. 
Alflo.  /(0)  =  -4.  /(I)- +  2. 

.*.  The  positive  root  lies  between  0  and  1. 


/  (x)  =  ir*  +  2a:*  +  3a^  +  3x« -  1, 
/(j-)  =  5a:*  +  8x«  +  9«*  +  6x. 

Both/(a;)  and /'(a?)  vanish  when  or  =  —  1. 
X  =  —  1  is  therefore  a  double  root  of /(x)  =  0. 
Divide/(a;)by  (x  +  l)». 
The  depressed  equation  is 

a^  +  2x-l  =0. 
Now  let  /  (j-)  =  ar»  +  2ar-l. 

Then  /(j)=»3a:»  +  2. 


3 

12 
12 

+    0+2 
+    0+8 
-    9 

1+0+2-1 
3+0+6-3 
3+0  +  2 

1 
-3-9 

9+    8 
36+32 
36-27 

4-3 
-4  +  3 

+  59 
-59 

.•./(x)  =  x»  +  2a;-l. 
/(x)  =  3x^  +  2, 
/,(a:)  =  -4x  +  3, 
Mx) 59. 

• 

X  =  — 00 

x  =  0 

X=  +00 

+ 

+             + 
f             + 

AW 

2  variations 
2  variations. 
1  variation. 

.-.  There  is  one  positive  root  and  two  imaginary  roots. 

Again.  /(0)  =  -l.       /(I)  =  +  2.    • 

.-.  The  incommensurable  real  root  lies  between  0  and  1. 
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8.   ar^  +  o^  — 2.T2  +  3a:-2  =  0. 

/  (a?)  =  a:*  +  a^  -  2a:»  +  3a; - 
/(a:)=«5a?*  +  3a:«-4a;  +  3. 


5+   0+      3-     4+         3 
5-15+30-25      ■ 


15- 
15- 

27+    21  + 
45+    90- 

3 
75 

18-  69+  78 

6+23-  26 

210  +  805-  910 
•  210  +  372 

433  -  910 
15155  -  31850 
15155  -  26896 


1+0  +  1-  2+  3-  2 
5  +  0  +  5-10  +  15-10 
5  +  0  +  3  -4+3 

2-  6  +  12-10 
-1+  3-  6+  5 
-6  +  18-36  +  30 
-6  +  23-26 


— 

5- 

- 10  +  30 

— 

6- 

-12  +  36 

- 

6  +  23  - 

-26 

-35  +  62 
35-62 


-5-15 
1+1 


-6  +  433 


/  (a;)  =  ar^  +  «»  -  2a;«  +  3a;  -  2, 
/(a;)  =  5a;*  +  3a;«-4a;  +  3. 
/2(a;)  =  -ar»  +  3x«-  6a;  +  5, 
/,  (a;)  =  _6ar»  + 23  a; -26, 
/^  (a;)  =  35  a; -62, 

/W    /W    /»W    /sW  Mx)   Mx) 

a;  =  —  00—        +         +         —  —         +         3  variations. 

a;  =  0                —        +         +         —  —         +         3  variations. 

a;  =  +  oo            +        +         —         —  +         +         2  variations. 
.*.  There  is  one  positive  root  and  four  imaginary  roots. 

Agaia,                  /(0)  =  -2,  /(1)-  +  1. 
.*.  The  real  root  lies  between  0  and  1. 
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Exercise  145. 
Prove  the  following  relations  by  expanding : 
1. 


1^    ft, 


«i|__i«i  fti|=_h 


ft,  I 


ift,  ftii 


|ftl     6|  I  =  ''»^>  •"">*» 


ftiU 


|ft,     6i|  =  aA~a,6i  |  a,    ai|  =  aA-a26, 


fti     ft,     ^s 


I  ^  ^: 

Cj  C,  Cj 

«8  «,  «1 

^!  t\  l[ 


flj    a,    aj 


fti  ^i  «i 
fts  Cs  «s 
ft,    c,    a. 


ft,     ft,     fti 


=  as<^,fti  +  «Aci  +  OiCsfca  —  03^1*,  -  V361  -  OiCj)^ 
=  «!  Vs  +  «,ft8<^i  +  ^sfti^^s  —  «ifts<^,  —  ^A^i  —  ^^\ 

=  a  Acs  +  a,6sCi  +  OgdiC,  —  a  Acj  —  aA<^3  —  «,ft:i<^i 


12    3 

2  4    4 

3  4    5 

In  the  expansion  of 
«i    «,    «s 


Cl       C,       Cj 

1  2    3 

2  4    4 

3  4    5 


put  a,  =  1,  o,  =r  2,  flj  =  3,  6j  =  2,  etc. 

=1x4x5+2x4x3+3x2x4-1x4x4 
^  -2x2x5-3x4x3 


3  2  4 
7  6  1 
5  3  8 


=3x6x8+2x1x5+4x7x3-3x3x1 
-2x7x8-4x6x5 
=  -3 


6. 


4   6   21=4X2X5-5X3X6+2X1X4-4X4X3 
-1   2-3  +5X1X5-2X2X6 

6-4  6  =  —  89 
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6.  Count  the  inversions  in  the  series : 

6413  2.       761436  2.       d  a  c  e  b. 
4162  3.       664213  7.       c  e  b  d  a. 

6  4  1  3  2  has    8  inversions,  64,  61,  63,  62,  41,  43,  42,  32. 

4  1  6  2  3  has    6  inversions,  41,  42,  43,  62,  63. 
7614362  has  13  inversions,  76, 71, 74, 73, 76, 72, 61. 64, 63, 62, 43, 42, 62. 
6642137  has  13  inversions,  66,64,62,61,63,64,62,61,63,42,41,43,21. 

d  a  c  e  b  has    6  inversions,  da,  dc,  db,  cb,  eb. 

c  e  b  d  a  has    7  inversions,  cb,  ca^  eb,  ed,  ea,  ba,  da, 

7.  In  the  determinant  [aiVs^^^sl  ^^^  ^^®  signs  of  the  following 
terms. 

afi^c^d^y  aj)yC^d^ey  e^c^aj)^dy 

flaVs^i**'  Vs'^i^s^a-  CiOgfts^^rfj. 

^iVs^s^s  ^^^  ^  subscript  inversions,  43,  42,  63,  62,  32. 

.*.  Its  sign  is  — . 

^sVs^i^A  has  6  subscript  inversions,  21,  63,  61,  64,  31. 

.*.  Its  sign  is  — . 

<z&Vs^4^2  ^^^  ^  subscript  inversions,  61,  63,  64,  62,  32,  42. 

.*.  Its  sign  is  +. 

OiVs^a^s  ^*8  ^  subscript  inversions,  42,  43,  62,  63. 
.'.  Its  sign  is  +. 

^sVA*i  ^**  7  subscript  inversions,  21,  64,  63,  61,  43,  41,  31. 
.*.  Its  sign  i^  — . 

ajb^c^d^e^  has  6  subscript  inversions,  63,  61,  62,  64,  31,  32. 
.'.  Its  sign  is  + 

8.  Write,  with  their  proper  signs,  all  the  terms  of  the  determinant 

«1  Vs^4  —  ^iVA  —  ^lV2^4  +  ^iVA  +  <'lV2^S  ""  ^ih^^i 

—  ajb^c^d^  +  aJ)iC^d^  +  «2*3^i^4  ""  ^aV*^!  —  «2Vi<'s  +  ojf^c^d^ 
+  ajbic^d^  —  036104^2  —  a^b^Cjd^  +  o^K^^d^  +  ^sVi^^a  —  "sVa^'i 
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9.  Write,  with  their  proper  signs,  all  the  terms  of  the  deter- 
minant |aiVs^4^5l  which  contain  both  a^  and  b^;  all  the  terms 
which  contain  both  6,  and  ey 

(2)  fcjCjC—  OjCjrf^  +  a^c^d^  +  a^jrf^  —  a^c^d^  —  o^Cirf,  +  a^c^di)  ■ 


10. 


a  6  0  0 
6  a  0  0 
0  a  a  b 
0    b     b    a 

Since  a,,  a^,  6,,  6^,  c„  and  rfj  are  here  all  0,  the  formula  of  Ex- 
ample 8  reduces  to 

afi^c^d^  -  fliVWs  -  aA^A  +  oA^A  =  («i*2  -  «2^)  (c3«?4  -  cA) 

=  (a2-62)(a2-^) 
=  (o2-ft2)2. 


11. 


The  formula  of  Example  8  reduces  to 


12. 


6  c 

a  b 

c  a 

b  c 


The  formula  of  Example  8  reduces  to 

aiV»^4  —  O'lVA  ~"  «2^1^3^4  +  «2Vl*^4  +  ^A^2^i  ~"  <'sVl^4 

=  a'  —  afcc  —  6ca  +  ^  +  c*  —  c^^ 
=  a8  +  6*  +  c8  — 3a6c. 


EXERC 

[SE   146. 

Show  that: 

0    a    6 

0    a     b 

1. 

a    0    c 

=  2abc. 

a     0    c 

b     c    0 

b     c    0 

=  abc  +  obc  =  2  a6c. 
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2. 


3. 


b  a 
a  a. 
a     h 


=  aab  +  hah  +  aha  —  aaa  —  hhb  -^  aah 

=  a%  +  a6«  +  a26  —  a«  —  68  —  a^ft 

=  -(aS  +  68-a26-a62) 

=  -  [(o  +  6)(a2 -  afc  +  62)  -  ah(a  +  6)] 

=  -.(o  +  6)(a2-2a6  +  62) 

=  -(a  +  6)(a-6)2. 


6  +  c  o         a 

6  c  +  a      6 

c  c  a  +  6 

6  +  c  a         a 

h  c  4-  a      6 

c  c  a  +  6 


=  4a6c. 

--  (h  +  c)(c  +  o)(o  +  6)  +  a6c  +  ahc 

—  (6  +  c)6c  —  a6(a  +  6)  —  oc(c  +  a) 
=  4a6c. 


62 


62 


(o-6)(6-c)(c-a). 


0  a-6  a2-62 


0  6-c 

1  c 


62. 


=  (a-6)(6-c) 


0   1   a  +  6 

0  1   6  +  c 

1  c      c2 


=  (a-6)(6-c) 


0  0  o  — c 

0  1    6  +  c 

1  c      c2 


=  (a— 6)  (6— c)  (c— fl). 


Process :  Subtract  the  second  row  from  the  first,  and  the  third 
row  from  the  second.  Take  out  the  factors  a  —  6  and  h  —  c  from 
the  first  and  second  rows.  Subtract  the  second  row  from  the 
first,  and  expand  the  resulting  determinant. 

=  -1x2x3+1x4x1 

=  _6  +  4  =  -2. 

Process:  Subtract  the  sum  of  the  first  and  second  columns 
from  the  third.    Expand  the  resulting  determinant. 


6. 


3    5    7 

3    5 

-1 

2    13 

= 

2     1 

0 

4    3    7 

4    3 

0 

2    13    20 

2    13    20 

0 

7 

8 

3      9    18 

=  3 

1      3      6 

=  3 

1 

3 

6 

5    10    23 

5    10    23 

0 

-5 

-7 

=  3(1X7X7- 1X5X8)  =  3(49-40)  =27. 
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Process :  Take  out  3  as  a  factor  from  the  second  row.  Sub- 
tract twice  the  second  row  from  the  first.  Subtract  5  times  the 
second  row  from  the  third.    Expand  the  resulting  determinant. 


19  13  16 
25  16  28 
28   10  19 


3 

2   13   1 

2 

=  9 

3   10  4 

=  9 

9 

0   10  3 

0 

0       1 

-1 

-36    4 

3 

-24    3 

=  9(1  xl  X29  + 1  X3 x36)  =  9(29+ 108)=  12a3. 

Process :  Subtract  the  second  column  from  the  first  and  from 
the  third.  Take  out  3  as  a  factor  from  the  first  column  and  the 
third.  Subtract  2  times  the  third  column  from  the  first,  and  13 
times  the  third  column  from  the  second.  Expand  the  resulting 
determinant. 


8. 


a 

a2     be 

Show  that 

b     l^    ac 

c     c2    ab 

a    a^    be 

a^b 

b     62    ac 

=r 

b-c 

c     c3    ab 

c 

=  — (a-6)(6-c)(c  — a)(a6  +  6c+ca). 


a2-62 
62 -c2 


=  (a-6)(6-c) 


=  (a-6)(6-c) 


be  —  ae 

ac  —  ab 

ab 

a  +  b 

6  +  c 

c2 

a-^c 
b  +  c 


=  («-6)(6-c)(a-c) 


=  (a-b)(b-'e)(a^c) 


—  c 

—  a 
ab 

a  —  c 
—  a 
ab 
1 

6  +  c 

C2 

1 

6  +  c 
-be 


1 
—  a 
ab 
1 
—  a 
ab  +  ae 


=  (a  -  6)  (6  -  c)  (a  -  c)  [-  (ab  +  ac)  -  6c] 
=  (a  -  6)  (6  —  c)  (c  —  a)  (a6  +  6r  +  ca) . 

Process :  Subtract  the  second  row  from  the  first,  and  the  third 
row  from  the  second.  Take  out  the  factor  a  —  b  from  the  first 
row,  and  the  factor  b  —  c  from  the  second  row.  Subtract  the 
second  row  from  the  first.  Take  out  the  factor  a  —  c  from  the 
first  row.  Subtract  c  times  the  second  row  from  the  third. 
Expand  the  resulting  determinant. 
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a  +  26    a  +  46    a  +  6ft 
b  b  b 

b  b  b 


=  0, 


a  +  26    a  +  Ab    a  +  66 
9.     a  +  36    a  +  66    a  +  76 
a  +  4b    a  +  66    a  +  86 
since  two  rows  are  identical. 

Process :  Subtract  the  first  row  from  the  second,  and  the  sec- 
ond from  the  third. 

fl2 


10. 


(a +  6)2 


c2 
a2  (6  +  c)2         a- 

62  62  (c  +  a)2 

(a  +  6)2-c2  0  c2 

0  (6  +  c)2-a2  a2 

62«j(c  +  a)2     62-(c  +  a)2     (c  +  a)^ 
a+6— c  0 

=  (a  +  6  +  c)2         0  6  +  c  — a 

6  — c  — a    6  — c  — a 
a+6— c  0 

=  (a  +  6  +  c)2  0  6  +  c-o 

-2a  -2c 

=  (a+6+c)2{(a+6-c)  [(6+c-tf  )2  ac+2  a2c]+2  ac2(6+c-a)} 
=  2a6c(a  +  6  +  c)8. 
Process :  Subtract  the  third  column  from  the  first  and  second. 
Remove  the  factor  a  +  6  +  c  from  the  first  and  second  columns. 
Subtract  the  sum  of  the  first  and  second  rows  from  the  third  row. 


a* 
(c  +  a)2 
c2 


2ac 


Exercise  147. 
1.  In  the  determinant  |ai  6^  c,  d^  \  write  the  co-factors  of  a^,  6^, 


Write  out  the  determinant 


Then  ^3  = 


Cr- 


«1 

<h 

<h 

«« 

h 

\ 

h 

h 

«1 

c. 

Cj 

«4 

<i^ 

d. 

dz 

rf, 

A  =  - 


*1 

i. 

^4 

«1 

Cj 

C^ 

i 

rf, 

d. 

^4. 

0,     Oj 

^4 

*,  *, 

h 

i 

d.    d. 

<^i 

flj 

«2 

a* 

- 

&1 

6, 

h 

B,= 


C,  =  . 


rfj    d^    d^ 

Ol      «2      «3 

6j     62     63 
d^    c?j    c?a 


^4  = 


A  = 


rfi      e/2     ^3 


6,    k 
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2.  Express  as  a  single  detenninant 


«     /   9 

beg 

b    9    f 

h    f    t 

f    h    k 

+ 

c    f    k 

+ 

c    k    h 

+ 

c    h   f 

9     h     I 

d    9     I 

d     I    k 

d    k    g 

The  sum  may  be  written : 


«    /  9 

beg 

b   f    9 

b     e    f 

f    h    k 

+ 

c    f    k 

— 

c    h     k 

— 

c    f    h 

9     k    I 

d    g     I 

d    k     I 

d    g    k 

'    f    9 

h   f    9 

beg 

b    e    f 

f    h    k 

— 

c    h     k 

+ 

c   f    k 

— 

c    f    h 

9     k     1 

d    k     I 

d    g     I 

d    g    k 

These  four  determinants  are  evidently  the  co-factors  of  the 
first  row  of  the  determinant : 
1111 


b  e  f  g 
c  f  h  k 
d    g    k     I 


,  which  is  therefore  the  required  sum. 


Expand : 


abb 
baa 
a  a  b 
0    a     b 


Subtract  the  fourth  row  from  the  third. 

abb 

b    a    a     b 

a    0    0    0 

0    a     b     b 

Subtract  the  second  row  from  the  first » and  the  third  from  the 
second. 


The  result  is 


b 

b 

a 

=  a 

a 

a 

b 

a 

b 

b 

The  result  is  a 


b-a 
0 
a 


^aia^-hYl 


b^a 

a-b 

h 

-1     1 

a       b 


a^b 
0 
b 


aia-'by 


-1 

0 

a 


-1 

1 
6 


d 
0 
b 
c 


Multiply  the  first  column  by^,2,  and  subtract  from  it  the  sum 
of  the  other  three  columns. 
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-3rf    d    d    d 

-3111 

The  result  is    } 

0        0     a     a 
0        6    0     6 
0        c     c     0 

=  Ja6crf 

0    0    11 
0    10    1 
0    110 

=  —  §  abed 

0  1     I 

1  0     1 
1     1     0 

-^abcd    \     I    ^iabcd    I    \ 

=:-.3a6crf 

5. 

I     a     a     a 
1     b    a     a 
1     a     b    a 
I     a    a     b 

Subtract  the  second  row  from  the  first. 

The  result  is 

0  fl-fc    0    0 

1  baa 
1        a        b     a 
1        a        a     b 

=r-(a-6) 

\     a    a 
1     6     a 
lab 

Again,  subtract  the  second  row  from  the  first. 

The  result  is    —(a  — 6) 

0  a-b    0 

1  6        a 
1        a        b 

=  («-*)^    }     6 

=  -(a«6)8  =  (^,_a)8 

6. 

3    2    2    2 
2     3    2     2 
2    2     3    2 
2    2    2    3 

• 

Subtract  the  fourth  row  from  each  of  the  others. 

10    0-1 

The  result  is 

0     10-1 
0    0    1-1 
2    2    2       a 

Add  the  sum  of  the  first  three  columns  to  the  fourth. 

10    0    0 

The  result  is 

0     10    0 
0    0    10 
2    2     19 

=  9 

7. 

3      2 

15  29 

16  19 
33    39 

1 
2 
3 
8 

4 
14 
17 
38 

• 

Subtract  twice  the  first  row  from  the  second,  3  times  the  first  row 
from  the  third,  and  8  times  the  first  row  from  the  fourth. 
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The  result  is 


3  2 

9  25 

7  16 

9  23 


9  26  6 
7  13  5 
9    23    6 


Subtract  the  third  row  from  the  first. 


The  result  is 


0      2    0 
7     13    6 


=  -2 


7    61 
9    6 


=  6 


2  13  4 
7    4    5  9 

3  3    6  2 
17     7  6 

Subtract  twice  the  second  column  from  the  first,  3  times  the  second 
column  from  the  third,  and  4  times  the  second  column  from  the  fourth. 


The  result  is 


0  1  0  0 

-1  4  -7  -7 

__3  3  -3  -10 

-13  7  -14  -23 


117      7 

3      3    10 

13    14    23 


Subtract  7  times  the  first  column  from  the  second  and  third. 

118     111      17    111 


The  result  is 


1  0  01 

3    -18    -11   =  I 
13    -77    -68 


=  377 


9. 


3x-4y  +  2z=      1) 
2x+3y-32r  =  — 1  [' 
6x  — 6y  +  4z=     7j 


The  solutions  are : 


But      - 


1    -4 
-1        3 

7    -6 

2 

-3 

4 

y  = 

3 

2 
6 

1 

-1 

7 

2 

-3 
4 

Z  =  ' 

I 

5 

-4 

3 

-5 

1 
-1 

7 

3    -4 
2        3 
6    -6 

2 

-3 

4 

3 
2 
6 

-4 

3 
-6 

2 

-3 

4 

3 
2 
5 

-4 

3 

-6 

2 

-8 

4 

1    -4 
-1        3 
7    -6 

2 

-3 

4 

= 

1 
-1 

7 

0 

-1 

23 

0 

-1 

-10 

=  33 

3        1 
2    -1 
6        7 

2 
-3 

4 

= 

0 

6 

-16 

1 
-1 

7 

0 

-1 

-10 

=  66 

3    -4 
2        3 
6    -5 

1 
-1 

7 

= 

0 

6 

16 

0 

-1 

23 

1 

-1 

7 

=  99 
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3 

-4 

2 

2 

3 

-3 

= 

6 

-5 

4 

1 

0 

2 

6 

-3 

-3 

=. 

1 

3 

4 

1 

0 

0 

5 

-3 

-13 

1 

3 

2 

=  33 


...  x  =  i|  =  l,        y  =  H  =  2.        *  =  H  =  3. 


p-7y+    «  =  16) 
r+    y-2«=10V. 
r-6y-3«=10j 


4x  — 7y+    «=161 
10.    3x- 

The  solutions  are : 


But 


16    - 
10 
10    - 


4    - 
3 
6    - 


16  -7  1 
10  1  -2 
10    -6    -3 


y  = 


4 

16 

1 

3 

10 

-2 

6 

10 

-3 

4 

-7 

1 

3 

1 

-2 

5 

-6 

-3 

4 

-7 

16 

3 

1 

10 

6 

-6 

10 

4 

-7 

1 

3 

1 

-2 

6 

-6 

-3 

0  0        1 

42    -13    -2 
58    -27    -3 


=  -380 


16  1 
10  -2 
10    -3 


4  -7  16 

3  1  10 

5  -6  10 

4  -7  1 
3  1  -2 

5  -6  -3 


-76 


=  5, 


0 

0 

1 

11 

42 

-2 

=:  — 

76 

17 

58 

-3 

25 

0 

86 

3 

1 

10 

=r  — 

228 

23 

0 

70 

0 

0 

1 

11 

-13 

-2 

^  «. 

76 

17 

-27 

-3 

y  = 

-76 

- 1   •  — 

-228 

-76 

-  *■» 

-76 

=  3. 


/    jS 


o^ 


^> 


/^<.*6d>M. 


7 


/)^ 


^•^A 


/'^^'""^^^-^^/J 


^/ 


< 


I 


